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The effects of the scalar and vector potentials in quantum mechanics, which were pointed out recently 
by Aharonov and Bohm, are discussed from the point of view of the consistency of the quantum-mechanical 
description of interference experiments. A well-known requirement for this consistency is that if any meas- 
uring device is introduced that can be used to determine which path the particle has taken, it must have 
the effect of eliminating the interference phenomenon. Two conceptual experiments are discussed, corre- 
sponding to the two phase effects noted by Aharonov and Bohm. In each case it is found that the phase 
effect is of just the magnitude required to destroy the interference pattern when the circumstances are 


such that no pattern should be observed. 


1. INTRODUCTION 


N classical physics the electromagnetic field strengths 

are regarded as basic physical quantities, and the 
potentials as mathematical auxiliary quantities. This 
same attitude has been carried over into many discus- 
sions of quantum theory. In both kinds of theory it is 
customary to motivate and interpret the invariance of 
the equations under gauge transformations in terms of 
this attitude. 

Recently Aharonov and Bohm! have pointed out 
some effects of potentials in quantum theory which 
have appeared surprising to many physicists, and which 
show that a more careful discussion of the part played 
by potentials is required. The purpose of the present 
note is to discuss these effects from a different point of 
view, which we believe can help in understanding 
their significance. 

Aharonov and Bohm have discussed the possibility 
of observing these effects experimentally, particularly 
the second (magnetic) effect, and have given references 
to work that is of interest in this connection. We are 
concerned here with the bearing of these effects on 
discussions of the consistency of quantum mechanics. 
Our diagrams are schematized accordingly, and depart 
rather far from what might actually be feasible; but 


1 Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959). We 
wish to thank Professor Purcell for acquainting us with these 
arguments before the appearance of the Aharonov-Bohm paper, 
and for stimulating discussions. 


the principles involved are just those discussed by 
Aharonov and Bohm. 

We shall be dealing with the principle of comple- 
mentarity as applied to a two-slit experiment on the 
interference of de Broglie waves. As has been empha- 
sized in many discussions,’ the key point here for the 
consistency of the theory is that the interference 
phenomenon can be observed only when a wave picture, 
with waves passing through both slits, can legitimately 
be used to describe the process. The introduction of 
any device that can tell which slit the particle went 
through must have some effect that will cause the 
destruction of the interference pattern. 

We chall discuss in turn the two effects of potentials 
pointed out by Aharonov and Bohm. For each, we 
sketch an arrangement that in principle could be used 
to demonstrate the effect, by observation of an inter- 
ference pattern. We then point out how a different 
procedure with the same arrangement could be used 
to tell which slit the particle has gone through. For 
this procedure it is found that the uncertainty in the 
phase effect of the potential is of just the magnitude 
required to eliminate the interference pattern. 


*N. Bohr, in Albert Einstein, Philosopher-Scientist, edited by 
P. A. Schilpp (Tudor Publishing Company, New York, 1951), 
especially pp. 217-218; W. Pauli, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1957), Vol. 5, Part 1, pp. 1, 2; D. Bohm, 
Quantum Theory (Prentice-Hall, Inc., Englewood Cliffs, 1951), 
pp. 118, 119, and 124-129 
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2. THE SCALAR-POTENTIAL EFFECT 


If, in a two-slit experiment, the slits are a few 
wavelengths wide, and if plane waves fall on them, then 
the waves emerging from the slits diverge only slightly 
in angle; they will, however, overlap and produce an 
interference pattern if the screen on which they fall is 
far enough from the slits. 

The use of only slightly divergent waves makes it 
possible in principle to let the waves travel some part 
of the distance beyond the slits inside two metal pipes 
P’ and P” (Fig. 1). We now use not an infinite wave 
train, but a finite train or “wave packet” which is very 
long compared to the wavelength but short compared 
to the length of the pipes. There will then be a time 
interval during which the waves are well inside the 
pipes. During a time T in the middle of this interval 
we apply a potential difference V to the tubes; for 
definiteness, let us keep P’ at potential zero, and raise 
the potential of P” to the value V for the time 7. 
Before the beginning of the time interval 7, and after 
its end, the potential is zero everywhere. 

With this procedure the waves travel only in regions 
where the field is zero at the time of their passage. The 
waves in pipe P” show no change in their probability 
distribution, either in coordinate space or momentum 
space. The only difference from the case V=0 is that 
during the time interval 7 the frequency of each 
monochromatic component of the packet, being equal 
to the total energy divided by h, is increased for the 
waves in pipe P”’ by the amount eV /h. Thus the wave 
function of the packet that emerges from the pipe P”’ 
is changed by the phase factor e~‘*, with g=eVT/h. 
The general nature of the interference pattern on the 
screen is not changed, but if eV7/h is not a multiple of 
2m there will be a shift of the interference fringes. In 
principle, though presumably not in practice, one could 
demonstrate and study the phase effect by observing 
the patterns obtained with various precisely fixed 
values of the product V7. 

Let us now consider a different use of this apparatus. 
It provides in principle a method for obtaining some 
information about the process of the passage of a 
particle through the two-slit arrangement. For this 
purpose we must use a wave train that is the wave 
function of a single particle, and suppose that the 
pattern is obtained by many repetitions of the experi- 
ment. The pipes P’, P”’ provide electrostatic shielding 
for the regions inside them, and allow us to use an 
electric field produced by the particle to get information 
about its location, without subjecting it to any field 
produced by the test body. 

The test body, of charge g, is between two condenser 
plates separated by a distance / (Fig. 1). It is held 
fixed half-way between them («=//2) until the waves 


are inside the tubes, and is brought back to this position 
before the waves emerge; thus it produces no field 
between the pipes at any time when the field could 
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rostatic efiects 


act on the particle. The test body is free io move 
during a time interval JT when the waves are certainly 
inside the pipes, and by observing the direction in 
which it is accelerated during this time JT we can find 
out which tube contains the particle. 

The potential difference produced by the presence of 
the particle in one tube or the other is »=+e/(2C), 
where C is the total capacity of the condenser and 
attached pipes. The magnitude of the field strength is 
thus® 


E e/ (21C). (1) 


The force on the test body is gE. If its direction is to 
be determined, it must produce a change of the mo- 
mentum of the test body that is larger than the uncer- 
tainty in that momentum 


g| E|T>Ap. (2) 


Displacement of the test body from its central position 
at x=1/2 produc esa potential difference* 


V = (¢/¢ x—1/2)/l, 


| 
and the uncertainty of the potentiai difference is 
Al g/IC) Ax. (3) 


Substituting Eq. (1) 
Eq. (3), we have 


in Eq. (2) and multiplying by 


geTAV/(2IC)> (g/IC)ApAx> (¢/IC) -h/2. 


Theref« re 
eTAV>h, (4) 


and the uncertainty in the phase difference ¢ caused by 
the potential produced by the test body is 
Ag=eTAV/h>1. (5) 


* The discrete nature of the mobile charges in the conducting 
materials would of « argument of all meaning, 
if ¢ is the charge of an electron. A basic principle accepted in all 
such arguments is that the materials used for the apparatus are 
to be treated as ideal continua, and no significance is to be attached 
to the actual numerical values of the charges and masses of 
particles [see N. Bohr and E. Rosenfeld, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 12, No. 8 (1933) | 

* This formula results from the application of Green’s electro- 
static reciprocity theorem to the parallel-plate geometry; the 
argument is a familiar one in calculations on the collection of ions. 
The reciprocity theorem can be used to show that the final result 
of Eq. (4) holds for any arrangement for producing a fairly 
uniform field in the region where the test body is accelerated. 


yurse deprive the 





SIGNIFICANCE OF 


We get fairly certain information as to which slit the 
particle went through if we make g| E|T at least three 
times Ap; Ag then has a value 23, which is precisely 
enough to wipe out the interference pattern. 


3. THE VECTOR-POTENTIAL EFFECT 


We consider the same sort of two-slit experiment as 
before, with slits wide enough so that the waves from 
them remain fairly weil separated until they have 
travelled a considerable distance beyond the slits, after 
which they overlap and interfere. Beyond the slits, in 
the space between the separated beams of waves, is a 
region R in which there can be a nonvanishing magnetic 
flux @. Aharonov and Bohm speak of either a long, 
closely-wound solenoid or a ferromagnetic rod or 
‘“‘whisker.”’ We shall consider the case of a ferromagnetic 
rod. It can be thought of as infinitely long in the 
direction perpendicular to the plane of the diagram 
(Fig. 2), so that there is no stray flux outside it, and 
thus no field in the regions traversed by the de Broglie 
waves. Actually a yoke could be used to close the 
magnetic circuit and secure the same effect. 

Although there is no field outside the rod R, the line 
integral of the vector potential A around any path 
inclosing R is equal to the flux ®. In hydrodynamical 
language, the vector potential has zero rotation but a 
circulation equal to #. Aharonov and Bohm point out 
that there is a resulting phase difference g= (e/hc)® 
between the waves that have passed above and below 
R. This means that in principle a phase effect of the 
vector potential can be demonstrated by observation 
of a shift of the interference fringes, in a case in which 
the particle is never subject to a field; apparently the 
actual demonstration may not be beyond the range of 
experimental possibilities. 

We now consider an apparatus in which a search 
coil of N turns is wound around R and connected to 
the condenser plates C. Passage of a particle through 
S’ and on to the screen involves a transient current that 
flows counterclockwise with respect to R; passage 
through S” means a transient clockwise current. By 
Lenz’s law, in either case a current in the opposite 
direction is induced in the search coil. Observation of 
the sign of the resulting charge on C will then reveal 
which slit the particle went through. 

For the greatest convenience in the discussion and 
the most favorable conditions for the proposed obser- 
vation, we make two assumptions: 

(a) The permeability of the rod R is enormous, and 
the resistance of the search coil and plates is zero. The 
current induced in the search coil is then just that 
required to prevent any change in the flux ®. Passage 
of the particle through either slit and on to the screen 
is tantamount to flow of the charge e through one-half 
turn; accordingly, the charge delivered to C is® 

Oi= e/2N. (6) 


' The comment of footnote 3 applies with the same force here. 


POTENTIALS 


IN QUANTUM THEORY 
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Fic. 2. Magnetic effects. 











(b) The characteristic time of the circuit® 
T=(LC)*/c 


is very long compared with the time of passage of the 
wave packet through the apparatus. Thus we can have 
the advantage, as compared with the case of the 
scalar-potential experiment, of ample time for the 
determination of the sign of Q. 

The apparatus now under consideration, unlike the 
purely electrostatic apparatus of Fig. 1, necessarily 
involves a nonvanishing inductance.’ The circuit thus 
has two canonically-conjugate dynamical variables, 
the charge Q and the flux linkage N®, which appear in 
the Hamiltonian for the equivalent harmonic oscillator, 

H=(0?/2C+ (N®)*/2L, 

and satisfy the uncertainty relation 
40: NA®> Flic. (7) 
If we are to determine the sign of Q;, we must have 

| 

10,| >A. (8) 
From this and Eqs. (6) and (7) we get 
eA®> hic, (9) 
and the uncertainty in the phase difference ¢ caused by 
the vector potential associated with the flux ® is 
Ag= (e/hc)4b>1. (10) 


Thus if ¢ is well enough determined so that we can (in 
repeated experiments) observe an interference pattern, 
then AQ is so large that we cannot learn which slit a 
particle has gone through by observing the sign of Q,; 
and if the oscillating circuit is prepared in such a way 
that we can learn which slit the particle has gone 
through, the phase effect from the uncertainty in the 
flux will eliminate the interference pattern. 


4. CONCLUSION 


In view of the discussion given by Aharonov and 
Bohm, and the discussion in the present paper, the 


* Like Aharonov and Bohm, we are expressing ¢ in esu and ® 
in Maxwells. L and C are in cm. The factor c in the uncertainty 
relation (7) is also characteristic of the use of these electrical 
units. 

1 The deflecting plates in Fig. 1 could of course be much more 
directly connected to the pipes; in principle they could be parts 
of the outer surfaces of the pipes. 
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following statements can be made about the effects of 
the potentials in quantum theory: 

1. These effects change only the phase of the wave 
function, and the phase changes are independent of the 
kinetic energy and kinetic momentum of the particle. 
Thus they are intrinsically quantum-mechanical effects, 
with no analog in classical theory. 

2. These effects do not affect the gauge invariance of 
the theory. 

3. These effects can have objective meaning only 
when they act differently on different parts of the wave 
function of the same particle. A classical particle could 
show effects of an electrostatic potential difference or a 
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magnetic flux only by following a path passing through a 
region of nonvanishing field. A quantum-mechanical par- 
ticle need not enter such a region to detect its existence; 
the de Broglie waves can pass on either side of it 
and receive a relative phase shift that is in principle 
observable. 

4. These effects are not accidental results of a 
particular way of formulating the theory, and they do 
not constitute any paradox or inconsistency in the 
theory. On the contrary, our discussions of conceptual 
experiments have shown that these effects prevent 
paradoxes and are essential for the consistency of the 
theory. 
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Electric Field Distributions in an Ionized Gas. II* 


Bernarp Mozert AND MICHEL BARANGER 
Carnegie Institute of Technology, Pittsburgh, Pennsyloania 


(Received November 23, 1959) 


A method previously described is used to calculate the probability distribution of the low-frequency 


component of the electric field at a neutral point, the distribution of the 
ion, and that of the high-frequency component at an electron. The results are comp 


by other authors. 


1. INTRODUCTION 


N a previous paper,' a method was described by 

which the Holtsmark? distribution can be systemati- 
cally corrected for the correlations between the particles 
producing the field, provided that this correction is not 
too large. The result was to put the Fourier transform 
F(k) of the field distribution in the form 


(n?/P!)hp(k) }, (1) 


I 


F(k)=expl > 
Pp 


where m is the density of particles and the functions 
hp(k) correspond to increasing orders in a cluster 
expansion. Those can in turn be expressed in terms of 
other functions gp, 


hp(k) f ¥ig2'** OP 


Re, Ze, °**, Beg \Px d*x.- ° ‘Pp, 


X ep 
where 
¢i=exp(ik- E,;)—1, 


* Supported by the Office of Naval Research. 

t Now at Brookhaven National Laboratory, Upton, New York 
The material in this article is part of a thesis submitted by Bernard 
Mozer in partial! fulfillment of the requirements for the Degree of 
Doctor of Philosophy at the Carnegie Institute of Technology. 

1M. Baranger and B. Mozer, Phys. Rev. 115, 521 (1959), 
referred to in the following as I 

? J. Holtsmark, Ann. Physik 58, 577 (1919). 


(3) 


low-frequency component at an 
ured with those obtained 


and E, is the electric field produced by the particle of 
coordinates x;. The present calculations include only 
the first two terms of the series in (1). The corresponding 
g functions will be rewritten here explicitly, 


gi (x) 


(4) 


£2(\X1,X2) P,(x;)P1(x2) ], (5) 
P, and P; being the single-particle and pair distribution 
functions, respectively, and U being the volume of the 
container. The field distribution itself, W(E), is ob- 
tained from 


W (E) = (27) [ex ik- E)F(k)d*k. (6) 


made in I between the low- 
frequency component and the high-frequency component 
of the electric field in an ionized gas or plasma. The 
former is that part of the field whose time variation is 
governed by the motion of the ions. It is obtained by 
averaging the total field over a time long compared to 
typical electronic relaxation times, but short compared 
to ionic times. Therefore, it consists of the sum of the 
fields from the ions, each field being shielded by a cloud 
of electrons. Only the case of singly charged ions will 


The distinction was 


be considered. Other cases would be equally easy to 
treat. The electron and ion densities are then equal and 
both denoted by nm. Thermal equilibrium will also be 
assumed. One can then use the shielded field given by 





ELECTRIC FIELD DISTRIBU 
the Debye-Hiickel’ theory. Its range of validity is the 
same as that of the present cluster expansion method. 
The shielded field at the origin due to an ion located at 
point x, distance r, is then 

E, = —er*x(1+1/d) exp(—r/d), (7) 
with 

A= («7'/4erne*)! 


It is important to realize that only the electrons par- 
ticipate in this shielding of the field of each ion. Ion-ion 
correlations cannot be treated by the Debye-Hiickel 
theory, as far as their influence on the field distribution 
is concerned, because the Debye-Hiickel field is a long- 
time average, while one only wants to average over a 
time short compared to ion-ion collision times. Ion-ion 
correlations are taken into account by the cluster 
expansion. The high-frequency component is the differ- 
ence between the total field and the low-frequency 
component. The surmise was made in I that its distri 
bution was correctly given by considering an electron 
gas of density » with uniform positive background 
It consists, therefore, of the sum of the unshielded 
Coulomb fields of each electron. For an electron at 
point x, distance r, this is 


Ey =er~*x. (9) 

The method has already been applied in I to the 
calculation of the distribution of the high-frequency 
component at a neutral point. In Sec. 2, the distribution 
of the low-frequency component at a neutral point is 
discussed. In Sec. 3, the method is applied to the 
distribution of the high-frequency component at an 
electron and that of the low-frequency component at 
an ion. In Sec. 4, the results are discussed and compared 
with the work of other authors. 


2. DISTRIBUTION OF THE LOW-FREQUENCY 
COMPONENT AT A NEUTRAL POINT 


Let the origin be the point at which the field distri- 
bution is calculated. The one-body function /,(k) is 
given by 


hy (k) J Coxptt-By)— 1), 10 


since the function g,(x) is unity for this case. As in I, 
all lengths will be expressed in units of ro given by 


(4/15) (29) 'rn=1, (11): 
and y, x, and @ will be defined by 
y=7r0/X, 
x=kEo, 
as B= E/Eo, 
* P. Debye and E. Hiickel, Physix. Z. 24, 185 (1923). 
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where Zp is the normal field strength 
Ey (15) 


With these notations, the contribution of one-body 
clusters to the series in (1) can be written in the form 


(16) 


e/T*. 


nh, (k) = — xb" (xy) 


The function x’ was found by numerical integration. 
It depends only on the variable x'y and is plotted in 
Fig. 1. 

For calculating the second term of the series in (1), 
the pair correlation function is needed. For this, it is 
proper to use the result of the Debye-Hiickel theory. 
The corresponding expression for g» was derived in I 
and is 

22(X1,X2) = —e™D,y'/xT, (17) 
with 
®,,’ X) 'exp(— | X1— Xg /r’). 


~ Xe (18) 


The Debye length which enters this equation must 
express the shielding of the ion-ion interaction by both 
the electrons and the other ions; hence, it must be 
calculated with 2n as particle density. It differs then by 
a factor V2 from the previously defined X, 

\’ = (xT /8ane*)'=d/Vv2. (19) 


The two-body function /A,(k) is given by 


ho(k) =—(¢ 1) f f C10 yx id* xo. (20) 


The three factors of the integrand were expanded in 
spherical harmonics, in analogy with Eqs. (24), (25), 
(26) of I. As in the case of I, one can see that the series 
thus obtained is convergent and that the main contri- 
bution comes from the second term, i.e., /=1. Only the 
first three terms of the series were evaluated. The 
calculations are harder than those of I because one 
must use the shielded field E, instead of the straight 
Coulomb field Ey. The result will be written in the form 


4n*ho(k) = xby’ (xy). (21) 


The function y’ is plotted in Fig. 1. The pair corrections 
for the low-frequency component are an order of magni- 
tude smaller than those for the high-frequency com- 





Fic. 1. The one-body func 
tion x’ and the two-body func 
tion ¥ for the low-frequency 
component at a neutral point 
versus xy. See text for the 
explanation 
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ponent. This is a consequence of the use of the shielded 
field and is due to the fact that the main contribution to 
the pair effects is made by pairs that are fairly distant 
from the field point, of the order of a Debye length 
away. Therefore, the use of the shielded field reduces 
their effect drastically. 

Finally, the Fourier transform of the field distribution 
takes the form 


F (x)= exp{ — x!’ (x*y)—W (xy) J}. (22) 
For all values of the parameter y that were used, yf’ is 
much smaller than x’, which indicates that the cluster 
expansion is good. The field distribution itself is given 
by (6) and is independent of angles. Therefore, the 
probability distribution H(@) for the scalar quantity £ is 


H(8)=4rB8’°W (8) 


a 


2x ef sin(@x)F (x)xdx. 


0 


3. FIELD DISTRIBUTIONS AT ONE OF 
THE CHARGED PARTICLES 


For the calculation of the distribution of the high- 
frequency component at an electron, and that of the 
low-frequency component at an ion, the function g,(x) 
is not unity. Rather, it is equal to the pair correlation 
function with one member of the pair located at the 
origin. For this it is again appropriate to use the Debye- 
Hiickel result which is 
exp[ —e? 


gi(Xx) rxT)~ exp(—r/X) } 


(high-freq. comp.), 
exp[ —e®(rxT)— exp(—r/X’) ] 

(low-freq. comp.). (24) 
The first term of the series in (1) was then obtained by 
performing numerically the integral in Eq. (2) for P=1, 
the electric field used being Ey and E, for the high- and 
low-frequency components, respectively. The result is 
a complicated function of both variables x and y. 

The two-body function g2(x:,x2) may be considered 
as the sum of two parts. The first part is the same two- 
body function that was used in the calculation of the 
field distribution at a neutral point. The second part 
is the correction necessary to take into account the 
existence of a charged particle at the origin. This 
correction, however, is a three-body effect whose order 
of magnitude would be the same as that of the third 
term of the Since all other three-body 
effects have been neglected, it is consistent to drop this 


series in (1 


one too and to use as the second-term of the cluster 


expansion (1) the same expression that was used for 


the field distributions at a neutral point, namely, (21) 
31) for the 
high-frequency component. This was done, and further 


for the low-frequency component and (I, 


M. BARANGER 

justification was obtained from a rough numerical 
estimate of the correction, which showed it to be small 
for all values of ro/\ considered. The smallness of the 
correction may be understood on the basis of the re- 
mark, made in Sec. 2, that the pairs that contribute to 
h2(k) are rather distant from the origin; therefore, the 
presence of a charged particle at the 
matter much. 


origin does not 


Taste I. Distribution of the low-frequency component, (8), 
at a neutral point for several values of ro/A. This distribution is 
to be used in line broadening calculations involving a neutral 
radiator when the perturbing ions are treated by the static approxi 
mation. The accuracy of the numerical work, for this and the 
following tables, is of a few units in the last figure quoted. The 
case ro/A=0, the Holtsmark distribution, was calculated entirely 
by numerical integration and therefore shows some very slight 
deviations from the distribution previously published*; the present 
calculation is to be p 


referred 


A=0 o/A=0.2 re/A=O04 ro/K=0.6 £6/K=08 
0.00422 
0.01667 
0.03664 
0.06308 


0.09460 


0.00729 
0.02848 
0.06168 
0.10401 
0.15201 


0.01327 
0.05102 
0.10751 
0.17482 
0.24450 


0.02333 0.03813 
0.08757 0.13867 
0.17774 0.26834 
0.27530 0.39237 
0.36386 0.48754 


0.12959 
0.16636 
0.20323 
0.23864 


0.27122 


0.20201 
0.25054 
0.29472 
0.33234 


0.36203 


0.30911 
0.36324 
0.40392 
0.43032 


0.44324 


0.43269 0.54520 
0.47746 0.56760 
0.49898 0.56241 
0.50101 0.53841 
0.48846 0.50329 


0.29987 0 
0.32378 
0.34246 
0.35570 
0.36357 


32370 0.44451 
0.39591 0.43645 
0.40078 0.42143 
0.39873 0.40159 
0.39091 0.37878 


0.46611 0.46291 
0.43795 0.42121 
0.40703 0.38073 
0.37545 0.34287 
0.34457 0.30829 


— ee ee 


0.36633 
0.35850 
0.33694 

30684 


27275 


0.37852 0.35444 0.31521 0.27721 
0.34459 0.30527 0.26253 0.22516 
0.30475 0 0.21848 0.18476 
0.26444 0.15345 
0.22682 0.12896 


oct 
59051 


0.21935 


NN he 


0.18523 


23822 
20557 
0.17606 
0.14437 
0.11837 


0.19338 0.15672 0.12960 
0.16454 0.13314 0.11034 
0.14012 0.11367 0.09457 
0.11508 6.09401 0.07873 
0.09514 0.07845 0.06623 


0.10945 
0.09361 
0.08056 
0.06726 
0.05667 


w wwhr do 


0.09741 
0.08067 
0.06733 
0.05667 
0.04811 


0.07927 
0.06660 
0.05642 
0.04818 
0.04147 


0.06606 
0.05611 
0.04804 
0.04146 
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TABLE IT. Distribution of the low-frequency component, H (8), 
at an ion for several values of ro/A. This distribution should be 
used in line broadening calculations involving a singly-charged 
ion as the radiator. 
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4. RESULTS AND DISCUSSION 


Tables I to LII contain the calculated values of the 
three field distributions for several values of ro/A up to 
0.8. The distribution of the high-frequency component 
at a neutral point will be found in I. Other values of ro/d 
can easily be obtained by interpolation. The theory is 
not expected to be good when 1/A is larger than unity. 
In terms of the ion density m, in cm~*, and the tem- 
perature 7, in degrees Kelvin, ro/X is given by 


ro/h=0.0898n'/*T-4, 


' 


(25) 


In all cases the peak of the distribution shifts smoothly 
toward smaller fields as ro/X increases. 
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In Fig. 2 the four different types of distributions, for 
a common value of ro/A, are compared together and 
with the Holtsmark distribution. One notes that each 
of the curves for the low-frequency component is 
appreciably displaced toward the left compared to the 
corresponding curve for the high-frequency component. 
This displacement is due to the use of the shielded field 
for the low-frequency component and emphasizes the 
importance of the ion-electron correlations. One can 
also compare a distribution at a neutral point with the 
corresponding distribution at a charged point. In both 
cases, the latter distribution has its maximum raised 
and its tail lowered compared to the neutral distribu- 


Tasre III. Distribution of the high-frequency component, 
H (8), at an electron for several values of ro/. For the distribution 
of the high-frequency component at a neutral point.* 
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Fic. 2. A comparison of the field distributions for ro/A=0.8 
Curve 1 is the Holtsmark distribution, curve 2—the high-fre 
quency component at a neutral point, curve 3—the high-frequency 
component at an electron, curve 4—the low-frequency component 
at a neutral point, and curve 5—the low-frequency component 
at an ion. 


tion, but the two maxima occur for practically the 
same 8. In other words, most of the effect of the re- 
pelling charge at the origin consists in cutting down 
the probability of large fields; then the whole curve has 
to be raised in order to preserve the normalization. 
That the presence of the charge at the origin affects 
mostly large fields has been mentioned previously by 
Edmonds‘ and Ecker and Miiller.® 

For very large values of 8, all the neutral distributions 
should tend toward the Holtsmark distribution, which 
itself tends toward 1.4968-!. When there is a repelling 
charge at the origin, on the other hand, Lewis and 
Margenau® found that the leading term for large 8 is 


H(p 


the 


1.4968 exp| — 0.334 (ro d)*84 ], (26) 


in other words that, in spite of the repulsion, large 
fields are still preponderantly due to a single particle 
getting very close. As in the neutral case, unfortunately, 
expression 
and for 8 


26) becomes good only for very large 8, 
10 it is still too small by about 15%. Lewis 
and Margenau' gave the term in the 
asymptotic expansion, but it turns out that higher 
terms have much larger coefficients than it, and this 


also sec ond 


term becomes significant only for extremely large 
values of 8 (of order 10000). An accurate expression 
for moderately large values of 8 is therefore not 
available. 

It is fairly easy, however, to calculate the average 6? 
for the distributions at a charged point (at a neutral 
point, it is divergent). This is simply related to the 
behavior of F(k) for small k. It turns out to be almost 
the same for the high-frequency and the low-frequency 

N. Edmonds, Astrophys. J. 123, 95 (1956). 


x. Ecker and K. G. Miiller, Z. Physik 153, 317 (1958) 
Lewis and H. Margenau, Phys. Rev. 109, 842 (1958). 
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Fic. 3. A « mparisor the t f the low frequency 
component at a neutral | t with the work of Ecker and Miiller 
for ro/A=0.6. Curve 1 neglecting pair correc 
tions (¥’'=0), 2—Ech r’s result (A — X’), and 
curve 3 


curve 


this paper 


components. The explanation of this phenomenon 
of ti 


large 


e contribution to the 
values of 8, and that 
for large 8 the distributions of the two components of 


resides in the fact that most 


average comes from quit« 


the field actually cross ¢ other, the probability of the 


| 


low-frequen: y component becoming larger than the 


other because its pair corrections are smaller. The root 


mean square 6 was four to be well repre sented by 
the formula 

2.99X/r (27) 

The distribution of the 

neutral point will now be compared with the 

Ex ker and Miiller These do 

separate calculation of the effects of ion-ion 


Instead, they argue tl 


low-frequency component at a 
work of 
make a 
orrelations 


authors not 


it those can be taken into account 
by using an electric field shielded by both electrons and 
instead of A. It w 
the introduction to the present paper that this cannot 


ions, i.e., by using \’ in us seen in 


be correct because the instantaneous field is desired, 
ige Indeed, it the 
method of Ecker and Miiller overestimates the correc- 
tion due to ion-ion correlations by a 


not a time aver: would seem that 
factor 2 since the 
correlation of a given ion pair is taken into account 
the A’-shielded field for one 
of the ions, and once when they use it for the other. 
curve 1 is obtained 
by using the field (7), but no pair correlations, i.e., by 
omitting the function y’ in (22). Curve 2 is obtained by 
substituting \’ again omitting pair corre- 


twice: once when tl ey use 


Figure 3 shows this to be the case 


for X in (7 
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lations; this is Ecker and Miiller’s result. Curve 3 is 
the result of the present theory, which is seen to lie 
almost halfway in between the other two. Indeed, were 
one to use 


N= (xT /6nne?)' (28) 


as a shielding length, and no pair correlations, one would 
obtain a very accurate result. It must be pointed out 
that the error in Ecker and Miiller’s distributions is 
actually small; all three curves in Fig. 3 are much 
closer together than they are to the Holtsmark distri- 
bution. Work similar to that of Ecker and Miiller has 
also been done by Hoffman and Theimer,’ but their 
numerical accuracy is inferior to that of the former 
althors. 

Work on field distributions at a charged point has 
also been done by Broyles* and Lewis and Margenau.* 
The latter authors used an unshielded field, hence their 
work should be compared with results on the high- 

* H. Hoffman and O. Theimer, Astrophys. J. 127, 477 (1958). 


* A. A. Broyles, Phys. Rev. 100, 1181 (1955); Z. Physik 151, 
187 (1958). 
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frequency component. This is the case where the pair 
term was found here to be quite important. This pair 
term is not included by Lewis and Margenau, so that 
their results differ appreciably from those of the 
present work, their distribution being shifted toward 
larger fields. The werk of Broyles is hard to compare 
with others as it does not yield the Holtsmark distri- 
bution in the limit of small ro/A; this work would be 
useful for large values of ro/A, when the cluster expan- 
sion fails completely. 
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Nuclear Quadrupole Spin-Lattice Relaxation in Alkali Halides* 
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Nuclear quadrupole spin-lattice relaxation times have been measured in alkali halide crystals by the 
pulsed magnetic resonance technique. Measurements were made on Na™ in NaCl, NaBr, and Nal; Ci** 
in NaCl and KC1; Br®-*" in NaBr, KBr, RbBr, and CsBr; Rb*® in RbCl and RbBr; and I’ in Nal, KI, 
and CsI. Over a temperature range of 298°K to 195°K the relaxation times are inversely proportional to 
the square of the absolute temperature. The data are compared to relaxation times calculated from an ionic 
crystal model of Van Kranendonk and a covalent model of Yosida and Moriya. The ionic model is modified 
to include the interaction between the nuclear quadrupole moment and the electric field gradient due to 
electric dipole moments associated with optical modes of vibration. Neither of these models alone predicts 
the experimental relaxation times for all cases, but a combination of the two effects is required. The modified 
ionic model applies reasonably well to crystals which contain the lighter ions 


I. INTRODUCTION 


WO theories have been proposed to explain 
nuclear quadrupole spin-lattice relaxation times 
T, in crystalline solids. The relaxation due to fluctua- 
tions of the electric field gradient originating from 
ionic point charges is considered in the theory of Van 
Kranendonk,' referred to as the ionic model. The 
theory of Yosida and Moriya,? which applies a co- 
valent model, attributes relaxation to the asymmetry 
of the electron charge cloud distribution when two 
* Supported by the Office of Naval Research and the National 
Security Agency 
t Present address: General Atomics, San Diego, California. 
t Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 
1 J. Van Kranendonk, Physica 20, 781 (1954) 
*K. Yosida and T. Moriya, J. Phys. Soc. (Japan) 11, 33 (1956) 


ions are in a state of covalent bonding. These theories 
were applied to the alkali halides and our interest will 
be confined to these crystals. A recent attempt’ to 
interpret relaxation-time data in terms of these models 
was inconclusive because of the lack of sufficient data. 
With the enlarged data presented in this paper, we 
attempt to confirm, in various cases, the proper 
combination of mechanisms that couple the nuclear 
quadrupole moment to the lattice-phonon distribution 
in the temperature region above the Debye temperature. 

An important of the ionic model, 
calculated by one of the authors (W.E.B.), introduces 
the effect of induced electric dipole moments associated 
with optical modes of the lattice vibration. This 


modification 


+E. G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 
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additional degree of freedom is incorporated into the 
point charge model of Van Kranendonk. 


Il. EXPERIMENTAL RESULTS 


Magnetic resonance pulse techniques‘ were used in 
our measurements because they afford a direct deter- 
mination of nuclear spin-lattice relaxation times 7). 
The inference of relaxation times by the continuous 
(c.w.) saturation method is difficult in 
because of complications involving line-shape inter- 
pretation. The c.w. method, however, is useful for the 
observation of the recovery of nuclear magnetization 
toward thermal equilibrium by an adiabatic fast 
passage measurement® following initial spin saturation 
at an earlier time r. This can be done only if 7; is 
conveniently long. The pulse method in this investiga- 
tion measures 7’; values ranging from 0.01 sec to 12 sec. 
For the short 7; measurements, less than 1 sec, a 
90°-90° two-pulse sequence was employed. At /=0, 
the magnitude of a free nuclear induction signal follow- 
ing a short radiofrequency pulse, having typically a 
width of 40 usec and a rotating field component H, of 
approximately 14 gauss, provides a measure of Mo, 
the nuclear magnetization at thermal equilibrium. A 
second 90° pulse follows at a time 7 later, when r is 
much greater than the free-precession decay time 7», 
giving a signal that measures the exponential recovery 
toward thermal equilibrium. A “picket-90°” pulse 
method was convenient for 7; measurements exceeding 
The initial saturation is produced by a series of 
approximate 90° pulses occurring in rapid succession, 
separated from one another by a time which is greater 
than 7, and much shorter than 7. This picket sequence 
assures complete initial nuclear saturation without the 
necessity of obtaining an exact 90° condition for the 
initial single 90° pulse or on the following 90° pulse. 
These 90° conditions are difficult to obtain for slow 
repetition rates. 

Experiments were performed with optically pure 
single crystals obtained from Harshaw Chemical 
Company, except for NaBr, RbBr, and NaI which 
were grown from our own melt system, and for RbCl, 
which was a polycrystalline sample. Depending upon 
their gyromagnetic ratios, nuclei were studied at Larmor 
frequencies of 12 Mc /sec and 4.5 Mc /sec provided by 
a pulsed oscillator. The pulse from this oscillator has a 
rise-and-fall time of 2 sec, with a peak-to-peak 
amplitude of 3000 volts. A nonoverloading wide-band 
amplifier® is used as a receiver and is decoupled from 
the transmitter by use of a cross-coil arrangement that 
minimizes receiver saturation. The transmitter coil is 


wave solids 


1 sec. 


wound in the form of a Helmholz coil pair, each of 
which is slightly elliptical in shape in order to provide 
a more homogeneous rf. field over the sample. The 
L. Hahn, Phys. Rev. 80, 580 (1950 


E 
F. Bloch, Phys. Rev. 70, 460 (1946) 
R. J. Blume (private communication) 
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receiver coil is wrapped directly around the sample. 
The receiver recovers completely within 10 ysec after 
the trailing edge of the oscillator pulse is clamped. 
The receiver output is coupled through a high-gain 
tuned detector, and the final signal enters a dual 
channel “boxcar” narrow-band integrator,’ which then 
connects to a Brown recorder. 

The experimental results are presented in Table I. 
Each relaxation time was measured at least 5 times, 
and the tabulated results are the average of these 
measurements. Their accuracy is within 10% unless 
otherwise stated. The orientation of crystalline axes 
with respect to the applied field Ho is not specified 
because no dependence of 7; upon orientation was 
observed for any nut leus 

Certain overall conclusions can be drawn from an 
inspection of the data. Above all, the nuclear lattice- 
phonon interactions are quadrupolar in 
nature for the following reasons. 


definitely 

1. In relaxation processes, the transition probability 
is directly proportional to the square of the matrix 
elements® connecting tw ls of the spin system. In 
our case the times prove to be inversely 
proportional to the square of the quadrupole moments 
of two isotopes in the same crystal. For example, the 
thermal relaxation time ratio T7,(Br™”)/7\(Br®) of the 
Br” and Br*® isotopes is measured to within 5% of the 
calculated ratio of the inverse square of their quadrupole 
moments, 1.4, in the four cases of NaBr, KBr, RbBr, 
and CsBr. 


) le ve 
relaxatior 


TaBLe I. Experiment 


Crystal Nucleus Q(b 


NaCl 


Temp(°K) 


Na™ 298 
27 
195 
NaBr Na®™ 298 
Nal Na™ 208 
NaCl Cr 298 
KCi Cr 298 
NaBr Br” 0.050 298 
Br® 0.071 298 
KBr Br” 0.072 298 
0.087 273 
0.166 195 
0.103 298 
0.122 273 
0.230 195 
0.080 298 
0.115 298 
0.250 298 
0.165 298 
0.065+0.040 298 
0.100+0.050 298 
0.012 298 
0.019 298 
0.023 
0.045 
0.010 


Br™ 0.28 


Br*® 0.33 
Br® 0.28 
Rb*® 0.15 
Br*’ 0.15 
Br” 0.33 
Br®™ 0.28 
Nal ya 0.59 
KI [7 0.59 


CsI ps 
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D. E. Kaplan 
(unpublished 
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2. The suspicion that relaxation may be partly due: 
to paramagnetic ions’ was eliminated in the following 
manner. The Na” relaxation time was measured in an 
F-center doped NaCl crystal. Although the crystal was 
noticeably colored, the 7, value of 12 sec at 298°K 
was unchanged from that obtained from an optically 
pure, undoped sample. This characteristic has also 
been found to be true for other nuclei.” Also, if the 
fractional concentration in the number of ion impurities 
is less than 10~°, it has been found" that a relaxation 
time much longer than 12 sec would be expected. The 
impurity mechanism is therefore reasonably excluded 
for all the measurements reported here, in view of the 
fact that the Na” relaxation time is the longest relax- 
ation time measured in our experiments. 

3. The temperature dependence of T; for Na® in NaCl, 
Br®-* in KBr, and I?’ in KI shows that 7; is inversely 
proportional to the square of the absolute temperature. 
Quadrupole relaxation theories'* predict a 7~* depend- 
ence above the Debye temperature because they utilize 
Raman processes to describe the nuclear quadrupole 
lattice-phonon interactions. 

The nature of quadrupole line broadening is evident 
in our experiments. The chlorine, bromine, and iodine 
resonance lines appear at least to be broadened com- 
pletely to first order."* Moreover in the case of RbBr, 
some second-order broadening” was evident in the Br 
resonance line because of the poor signal-to-noise 
ratio encountered. This led to a large error in the 
experimental value of 7). A pulse, 4, seconds wide, is 
able to excite a frequency spectrum of breadth 1/4, 
which evidently was exceeded by the overall line 
width. Furthermore, even if the wings of the spectrum 
are partially excited, the decay from the wings dies 
out very quickly, mostly within the dead time of the 
receiver following a pulse. 


Ill. TRANSITION PROBABILITY EQUATIONS 


The experimenta! relaxation times will be interpreted 
in terms of the ionic and covalent models in Sec. IV. 
It is first necessary to derive the relaxation equations 
that describe the detailed balance between spins 
involved in a given pair of levels and also spins of 
other pairs of levels which have slightly different 
spacing because of a small quadrupole splitting. A 
coupling among spins, via the dipole-dipole interaction, 
is assumed necessary to establish a common spin 
temperature.” For a quadrupole system, both Am= +1 
and Am=-+2 transitions are allowed and correspond, 
respectively, to relaxation rates W,; and W2, as shown 
in Fig. 1. Quadrupole-lattice relaxation between the 
m= +1/2 levels is forbidden to first order. A spin-spin 


* N. Bloembergen, Physica 15, 386 (1949). 

” N. Bloembergen and P. Sorokin, Phys. Rev. 110, 685 (1958) 

" W. E. Blumberg, Ph.D. thesis, University of California, 1959 
(unpublished ). 

@ N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953) 

4% A. Abragam and W. Proctor, Phys. Rev. 109, 1441 (1958). 
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relaxation rate Wo is introduced" to account for dipole- 
dipole coupling, allowing approach to a common spin 
temperature. We assume that spin-spin transitions 
which conserve both energy and angular momentum 
occur via this coupling at the characteristic rate Wo. 
Consider the case for = 3/2. The number of spins 
in each of the four levels is given by a, 5, c, and d. We 
define, for convenience, the population differences, 


A=a-—d, B=b—c 


and 


with A» and By given as these differences at thermal 
equilibrium. Also, it is necessary to define a spin-spin 
transition rate per spin as 
P= Wo/N, 

where V is the total number of nuclei. Since uHo/kT<1, 
where y» is the nuclear magnetic moment, we let 
a=b=c=d=N/4 wherever these terms do not occur 
as differences among themselves, and write PN/4=z. 
Then the rate equations are: 


A=A(—W,—W..—2)+B(W,— W2+32) 
+2Bo(Wi+W3), 
: (1) 
B=A( Wi- W o+32)+B( - Wi- W2—9z) 
+2Bo(2W2—W;). 
Solutions of the form exp(— mi) give 
+[(Wi— Wit {WoP+We }, (2) 
which exists for any linear combination of population 


differences observed. If the W» process is neglected, 
the transient relaxation is described by" 
C+D exp(—2Wt)+E exp(—2W 4), (3) 


where C, D, and E are constants determined by initial 
conditions. It is necessary, however, in our experiments 
to include Wo, and under the assumption that W» 
>W),Ws, the transient relaxation is described by 


C+D expl[—4(Wi+4W)1]+E exp(—§Wo)t. (4) 


All values of 7; in our experiments are of the order of 1 


‘ 0 
0 
cenit 


We. PROCESSES 





GoN.3, 





4 “Wt, 








We |v 
“| | 


W,.W, PROCESSES 


DEN, 





Fic. 1. Nuclear relaxation schemes for spin J=4, indicating 
spin-lattice quadrupole relaxation rates W,, W», and the spin-spin 
relaxation rate Wo. 


“E. F. Taylor and N. Bloembergen, Phys. Rev. 113, 431 
(1959). This paper labels W» as P. The authors would like to 
thank Dr. Taylor for sending his results before publication. 

* L. Cohen and F. Reif, Solid-State Physics, edited by F. Scitz 
and D. Turnbull (Academic Press, New York, 1958), Vol. 5. 
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millisecond and are considerably shorter than 7;. An 
order-of-magnitude estimate of Wo is given by 1/72. 
Consequently, the resolution of our experimental 
apparatus was insufficient for the detection of the fast 
(SW./2) component of relaxation. We therefore define 
T; as 4(W,+4W,)” for nuclei with J=3/2 
[see reference 14, Eq. (15) ]. This equation applies for 
either the pulse or c.w. measurement case. When the 
W process is not included, however, the pulse analysis 
yields Eq. (3) and the c.w. analysis yields 7,= (1/W,) 
+(1/W,). It has been shown'® that when a spin 
temperature assumption is introduced, the relaxation 


those 


is characterized by a single rate which has the form, 
const (W ,+4W 2) This form of the relaxation 
tained upon the assumption of a common spin temper- 
ature. The coupling parameter W» provides the means 


is ob- 


by which the nuclear spins can approach a common 
temperature. 

For the case of J=5/2, 
similar but more complicated by the existence of 6 
Zeeman levels. The form of the relaxation time equation 
remain the const (W,+4W,)-, 
because of the approximation. 
However, the I'?’ 
obvious interpretation based upon the ionic or co- 
valent models, and its analysis will be excluded. It 
does appear, however, that the dominant relaxation 


the relaxation analysis is 


same,'® i.e., 7; 
spin temperature 
nucleus does not lend itself to any 


will 


mechanism of iodine is covalent in nature. 


IV. QUADRUPOLE RELAXATION MECHANISMS 


The many-electron wave function in a crystal, such 
as NaCl, may be written in the form (A| | A||+)| |B) )), 


where the determinant A|\ of the wave function 
corresponds to a configuration of Na and Cl atoms, 
and the determinant | | B|| corresponds to a configura- 
tion of Nat and Cl- ions. The coefficient \ is a small 
number which is a measure of the amount of covalent 
bonding that exists between Na and Cl ions. As a first 
approximation, B can be called the ionic model wave 
function and A can be called the covalent model wave 
function. The latter function includes effects due to 
covalency arising both from charge transfer, where un- 
occupied excited states become occupied, as treated by 
Yosida and Moriya, and from overlap of electron wave 
functions describing states which are already occupied, 
as treated by Kanda and Yamashita.” In the ionic 
model the field gradient at a nucleus is produced by an 
external charge and the electron wave functions only 
serve to enhance the interaction between the nuclear 
quadrupole moment and this charge. This enhancement 
is usually referred to as the Sternheimer factor or anti- 
shielding effect.*"* The problem becomes quite com- 

16 L. C. Hebel and C. P. Slichter, Phys. Rev. 113, 1504 (1959). 
The authors would like to thank Professor Slichter and Dr. 
Mieher for bringing these points to their attention. 


17 J. Kanda and J. Yamashita, J. Phys. Chem. Solids 10, 245 


1959). The authors would like to thank Dr. Kanda for sending 
these results before publication 


18 R. M. Sternheimer, Phys. Rev. 95, 736 (1954). 
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TasBie II. Calculated relaxati tit I d on an ionic model. 


I rT inauced 
mechanism * 
Nucleus 


Crystal sec ) 


Na” NaC! 1? 420 0 
Na” NaBr ‘ 340 10.8 
Na® Nal 350 2.8 
CP NaCl . 6.4 5.8 
cr KCl 12.5 7.0 
K*® KCl ) 202 28 
Br” NaBr 0.052 0.095 0.082 
Br” KBr 0.072 0.244 0.133 
Br? RbBr 0.06540.040 0.252 0.098 
Br”? CsBr 0.084 0.545 0.183 
Rb* RbCl 0.250 1.51 0.845 
Rb* RbBr 0.165 4.8 0.510 
[127 Nal 0.012 0.030 0.028 
[2 KI 0.019 0.091 0.043 
p27 CsI 0.010 0.172 0.060 


* See Sec. IV, 

» Relaxation 
Ti(K™)/Ti(CP 

*Assumed 7; 
elements 


moment matrix 


pli ated if the relaxation is treated in a rigorous 
fashion by including cross-term effects between \| | A 
and | |B terms arise since the total wave 
function occurs squared in the transition probability 
expression. 


theory 


. These cross 


A. The Ionic Model 


The alkali 
considered by Van Kranendonk! to be 
causing relaxation. The acoustic modes of the Debye 
spectrum are assumed to describe the phonon distribu- 
tion in which the ‘second-order’ Raman processes are 
the most important. The ssion for the 
probability from state m to m+-u is given' by 


halides are 
effective in 


nearest-neighbor ions in 


expr transition 


W (m, m+u) =~? | Oum | PCTVE, (T*), (8) 


where C= 272 

the velocity of sound, a is the nearest-neighbor distance, 

T*=T/© is the reduced temperature, © is the Debye 
) 


temperature, Qum=(m-+u)|Q,|m) is the nuclear quadru- 
pole moment matrix element, and / u' T*) is given by 


E3(T* 


32nd*v*a"*, d is the crystal density, v is 


1330(1—0.0056/T7*?), 
(9) 


F42(T* 176(1 


0.0056/7*), 


for T*>0.5. The 
actual ionic 


introduced by assuming that the 
is the electronic 
charge, and the parameter y is a measure of the nuclear 
quadrupole-lattice Wikner 
Das,® we shall write + is defined as 


charge iS g=vY7é, where e 


Following and 
l—y.., 
ictor for the 
} 


coupling 
where Va 
the 
the external charge. 
The enhancement caused by the distortion of the 
electron cloud about the 
T,=3(W1+4W,)—, the 

II. The constants used in 


in Table III. W 


the enhancement f interaction of 


nuclear quadrupole moment wit 
nucleus. Using Eq. (8) and 
results are tabulated in Table 
these expressions are given 
he above expression for 7,, Van 
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Kranendonk’s theory predicts no 7, anisotropy,” i.e., 
T, does not depend on which direction the Hy field is 
applied to the crystal. This fact is verified by our 
experiments. It must be kept in mind, however, that 
any theory that uses the charge symmetry assumed in 
the ionic model will predict the same result. 

For the Na™ and K® nuclei there is a marked dis- 
agreement between the theory based upon the acoustic 
ionic model of Van Kranendonk and the experimental 
values. On the other hand, the acoustic ionic model 
provides reasonable agreement with the relaxation 
times measured for chlorine and bromine: Consideration 
of the induced dipole moment associated with the 
optical modes in addition to the acoustical modes in 
the ionic model serves to correct the serious discrepan- 
cies for Na and K relaxation data. Calculations which 
follow are carried out for the Cl and Br salts of Na, K, 
and Rb. There is overall agreement between the 
following theory and experiment within a factor of two. 


B. The Induced Dipole Mechanism 


Optical vibrations produce large internal electric 
fields inside a crystal, which in turn induce electric 
dipole moments in the electronic shells of the ions.” 
These electric dipole moments produce strong electric 
field gradients at the sites of neighboring ions. A theory 
will be developed for the interaction of the nuclear 
quadrupole moment with the electric dipole moment 
induced by optical vibrations. This interaction will be 
incorporated into the calculation of Van Kranendonk, 
and the result will be applied to some crystals in which 
covalent effects can be neglected. 

The polarization per unit volume produced by an 
optical vibration may be written as the sum of three 
parts, viz., 


P=P,+P_+Ze(u,—u_)a*. (10) 


The displacements of all the positive and negative ions 
in a given region of the NaCl type crystal have been 
written as u,, assuming a long wavelength disturbance, 
and the induced polarization in the positive and 
negative ions is written as P,. Z is the valence of a 
positive ion. Figure 2 will serve to illustrate these three 
parts of the polarization. The scale of the drawing is 
appropriate to the KCI lattice, and the small circles 
represent the positive ions. The mid-section shows 
schematically a short wavelength acoustical wave. Note 
that each ion is shown with the nucleus in the center 
of the electronic shell, and that no dipole moments are 
induced by this type of vibration. On the right is shown 
a long wavelength optical wave. The last term in (10) 
is illustrated by a gross movement of charge. The 

” The authors would like to thank Dr. Mieher and Professor 
Slichter for bringing this to our attention. Mieher and Slichter 
will soon publish a paper which will discuss this problem to a 
greater extent. 

™ M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Clarendon Press, Oxford, 1954). 
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Taare III. Crystal and nuclear constants used in 
relaxation time calculations. 


Velocity 
of sound” 
v(m/sec) 


Lattice 
spacing* 
a(A) 


Density 


Debye temp.° 
d(g/cm*) - 


©(°K) 
2.165 281 
3.203 200 
3.667 151 
1.984 227 
2.75 177 
3.13 130 
2.76 179 
3.35 140 
444 (125)4 
4.51 95 


2.815 4738 
3330 
(2600/4 
4490 
3570 
2940 
(3600 )* 
(3100) 
(2000 )4 
(2100/" 


~ ~~ Nu 


= 


Atomic 
1/r*)values‘ polarizabilities* 
1/8) 10 “, 


Na 1.66 0,28 
K { 1.13 
Rb . : 1.79 
Cl 2.92 
Br 2.05 4.12 
I 7 6.41 
Cs 2.85 


Antishielding 
factor* 


*R. W. G. Wyckopf, Crestal Structures (Interscience Publishers, Inc., 
New York, 1951), Vol. 1. Here “a” is the nearest-neighbor distance, not 
the lattice constant ae 

> Calculated from elastic constant data, viz., » =(Cu/d), where Cu is 
the longitudinal elastic constant, and d is the density. 

*K. Lonsdaie, Acta Cryst. 1, 144 (1948) 

* See reference 3 

'R. G. Barnes and W. V. Smith, Phys. Rev. 93, 9S (1954). 

«See M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
Clarendon Press, Oxford, 1954) 

4 Estimated values 


positive ions are shown displaced downward, and the 
negative ions are displaced upward. This produces an 
effective field in the upward direction, with the result 
that the negatively charged electronic shells of both 
kinds of ions are displaced downward with respect to 
the nucleus. This has caused a dipole moment to be 
introduced in each ion, 
Assume the ionic polarization can be written as 


P, =a,E. a ? (11) 


where E.;; is an effective local electric field acting on 
the positive and negative ions alike, and ay is the 
electric polarizability of the positive or negative ions 
in the crystal.” Then the induced dipole moment of an 
ion may be expressed as 


a,[ Pa’ — Zea, ac )] 


ey, = P,a" (12) 


a,+a 
It is now necessary to calculate P as a function of the 
relative displacement u,—wu_. In the absence of an 
externally applied electric field, the effective Lorentz 
field at any point in the crystal is given by 


E.a= (4a 3)P. (13) 
The effective field can be eliminated from (11), (12), 


" W. Shockley, Phys. Rev. 70, 105 (1946). 
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and (13), to obtain 
Ze(u,—u_) 
P (14) 


a®’— (49/3) (a,+a_) 


The magnitude of the displacement is now written as 
Then the magnitude of the induced dipole moment is 


1 as 
Cus Zee (15) 


ja * Ja, +a 


(44/3) (ay +a 


Because of the assumed isotropy of the crystal, the 
direction of the dipole moment is parallel to the 
relative displacement of the positive and negative ions. 

Any effects of the electric field gradient at the 
nucleus of an ion caused by the electric dipole deforma- 
tion of that ion are considered to be negligible. This is 
presumed to be generally true, based upon a calculation 
by Sternheimer'*® for the Cl- ion, in which the field 
gradient at the chlorine nucleus, caused by an electric 
field acting to polarize the ion shell, occurs only as a 
second-order perturbation. The interaction with the 
nuclear quadrupole moment depends upon the square 
of the electric field and, therefore, upon the square of 
the displacement. For the small displacements caused 
by thermal vibrations, this interaction may be neglected 
in comparison with the field gradient caused by a 
dipole deformation of a neighboring ion, which depends 
linearly upon displacement. 

The treatment and notation of Van Kranendonk are 
followed in the evaluation matrices for the strength 
of the interaction of the nuclear quadrupole moment 
with the surrounding ions. However, some different 
assumptions concerning the nature of the crystal must 
be made. Since the main interest lies in the relaxation 
due to the optical modes of vibration, it cannot be 
assumed that the nuclei are all equivalent. A perfect 
NaCl-type lattice of alternating positive and negative 
ions is assumed, which has dipole polarizabilities a, 
and a_, respectively. The frequency distribution of 
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VIBRATION 


. 2. Schematic representation 

an acoustic and an optical 
vibration emphasizing the distor 
tion of the which occurs 
an optical vibration. The 
is appropriate to KCl, the 
positive ions being represented by 


} 
er circies 


ons 
during 


ScCaic 


the smal 


phonons is taken to be the Debye spectrum. This is 
probably not the most realistic spectrum to assume, 
but it is chosen for in comparing the 
results with those for the case of relaxation due to 
acoustical vibrations using the Debye spectrum. The 
integrated spectrum of optical vibrations is comparable 
to that of acoustical vibration, so that this assumption 
is sufficient in view of errors inherent in other parame- 
ters chosen. The greatest portion of the optical phonons 
have 1/ko>a, where ko=2zx/X is the magnitude of the 
reciprocal wave vector, and those phonons for which 
1/ky is comparable to the constant play a 
negligible role in the relaxation process. However, just 
the opposite is true in the case of acoustical phonons, 
as treated by Van Kranendonk, where the acoustical 
phonons for which 1/ko~a contributed most to the 
relaxation. Under these assumptions, we may write the 
matrix elements of the perturbing Hamiltonian as 


NotlN, 


conve nien e 


lattice 


He’ | = 77 (280 um/ Mew (16) 


where n, is the number of quanta at frequency w, M is 
the mass of the crystal, and the required values of V, 
are computed to be 


N 1= 5292 ( du de)*a~, and V = 8140(du de)*a ot (17) 


for the case in which the magnetic field is along a [100] 
direction in the crystal. Then the expression for the 
transition probability becomes 


W (m,m-+u) 
de f° s32h'V \? 2h exp hw/ kT 
=} & kota )| Mw(exp ho/kT—1 
< Nuy"| Oum|2e2dw, (18) 
where V 
cutoff frequency. 


In order to facilitate 


of Van Kranendonk, it 


is volume of the crystal and w, is the Debye 


a comparison with the theory 
is desirable to write the expres- 
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sion for W in the form, 
W (m, m+) =" | Qum|*CE,T™E’ (T*) (du/de)*?, (19) 


where C is the same as in Eq. (8). The function £, is 
the result of all the geometrical factors governing the 
coefficient of Qum in the matrix elements of Xy’. The 
function E’(7T*) here is not quite the same as defined 
by (9). It is here defined as 


UT etx2dx 
(m)=7 f a, 
0 (e7—1)? 
The relation 


kfa= (6n*) tho 


may be used to introduce the velocity of acoustic 
waves into (18). The values of EF, for this case are 
E,= 4704, E.= 7236. 

Now the results of the induced dipole process may 
be combined with the results of the acoustic case for a 
nuclear spin of 3/2. For this case, the values of 
W (m, m-+-u) are the same for all values of mS3/2—u 
[except W(—1/2,1/2)=0] and may be written as W,,. 
The combined relaxation rate due to both modes of 
vibration is 


1/T (total) =y°O°CT*[1806E* 
+11,940(dy/de)?E"}, (22) 
where E* and E’ are given by Eqs. (9) and (20), 
respectively. Here it is assumed that the antishielding 
factor for each process is the same.” Since covalent 
effects are neglected, and since the electric field gradient 
acting on a given ion arises entirely from a charge 
configuration lying entirely outside that ion, it is 
assumed that the shielding theory of Sternheimer™ 
holds. Relaxation times 7,(total) are computed by 
first obtaining the value of du/de from (15) using the 
values of the crystal polarizabilities computed by 
Shockley. At room temperature, the values of both 
E*(T*) and E’(T*) are approximately unity and 


1 
—=[1+6.62(du/de)*}— cheee 
T T , (acoustic) 


(23) 


Because of the large number of simplifying assumptions 
made in the theory of relaxation caused by a Debye 
spectrum for both phonons and optical phonons, the 
factor 6.62(du/de)? should not be taken too literally. 
‘Some calculations based on (22) are presented in 
Table Ii. The lithium halides and alkali fluorides have 
been omitted from consideration, as relaxation does 
not proceed entirely via the nuclear quadrupole 
moment in these compounds at room temperature. 
The cesium halides and the alkali iodides have been 
omitted for two reasons. The nuclear spins of both 
Cs™ and I’ are greater than 3/2, so the relation 


"= This is justified in a paper by G. Burns and E. G. Wikner 
(to be published). 
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employed in Eq. (4) does not apply. In addition, there 
is possibly some effect on the relaxation time caused by 
the partial covalency exhibited by these large ions, 
especially I’, Results for only one of the isotopes of 
Cl, Br, and Rb have been shown for each element. 
The calculated relaxation times for the other isotopes 
of Cl and Br may be obtained by multiplying the listed 
results by the appropriate inverse square of the ratio 
of quadrupole moments. 

It can be seen from Table II that the values of the 
relaxation time for the halide negative ion nuclei are 
not greatly changed upon addition of the optical 
phonon process. The values for the alkali positive ion 
nuclei, however, show marked reduction in relaxation 
times because of the large polarizability of the neighbor- 
ing negative ions. Thus the importance of the optical 
phonons in the nuclear magnetic relaxation process 
has been demonstrated approximately, whereby the 
nuclear Zeeman energy is taken up by the lattice 
vibrations through an interaction of the nuclear 
quadrupole moment with the time-varying electric 
field gradient arising from ionic and lattice distortion 
caused by optical phonons. The inclusion of this 
relaxation process places the calculated values for the 
relaxation times for each crystal studied in the range 
of experimentally determined values of relaxation 
times. We notice, however, that there is still some 
disagreement between theory and experiment in the 
case of the heavier nuclei. Some of the disagreement 
might be ascribable to the calculated antishielding factor. 
The cubic environment of the nuclei precludes any 
large effect on y.. by the crystalline fields themselves. 
The crystalline environment, on the other hand, will 
modify the free ion wave function used in the 7, 
calculations since the wave function will not now 
extend as far out. The result of this will be to lower 
the radial wave function expectation values leading to 
a decrease in 7... Burns” has computed this effect for 
Cl and finds that y,, decreases from 50 to 27. Also, 
ultrasonic measurements," second-order broadening 
effects,” and field gradient calculations** all tend to 
show that y,.(calc) is fairly reliable for the positive 
ions, but is too large for the negative ions. Modified 
values of y,. for the negative ion, assuming y, for 
positive ions unchanged, can be predicted from the 
measurement of relaxation time ratios of different ions 
in the same crystal. Assuming y,, for Na to be 5, the 
modified ionic model for relaxation times predicts a 7¥,, 
of 20 for Cl, again a smaller value than computed. 

The calculated values of +,, for bromine and iodine 
are uncertain in the original calculation’ because 
interpolated wave functions without exchange were 
used. It appears that +, calculated on this basis is 


=D. A. Jennings, W. H. Tantilla, and O. Kraus, Phys. Rev. 
109, 1059 (1958) 


™D. I. Bolef and M. Menes, Phys. Rev. 114, 1441 (1959), 


* E. Otsuka and J. Kawamura, J. Phys. Soc. (Japan) 12, 1071 
(1957). 


*R. Bersohn, J. Chem. Phys. 29, 362 (1958). 
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overestimated, since Burns has shown for chlorine that 
the ratio of y,, (using Hartree wave functions) to y. 
(using Hartree-Fock wave functions) is 3.1, which 
demonstrates the importance of exchange in reducing 
the value of +... 

The 7; data for the bromine sequence in Table II 
shows a steadily increasing discrepancy between theory 
and experiment through the series NaBr, KBr, and 
CsBr. (RbBr is omitted here because of the large 
inaccuracy in its 7; measurement.) The ratio 
T (calculated) to 7,(experimental) for Br® is 1.13, 
1.32, and 1.56, respectively for this series. If we also 
consider iodine, we find that in passing from KI to CsI, 
a decrease in 7, occurs for I’ which is not predicted by 
the ionic model. This trend can be accounted for by 
introducing covalency effects for the heavier atoms. 


C. The Covalent Model 


Thus far the perturbing influences of the electron 
charge transfer and overlap of electron wave functions 
have been neglected. For a given anion X, these per- 
turbing influences will increase along the series NaX, 
KX, and CsX and thereby lead to a decrease in T; along 
this series. 


1. Theory of Yosida and Moriya 


This theory’ is based upon a covalent crystal model 
and differs from the ionic picture only in the mechanism 
which produces the field gradient. The same assump- 
tions concerning lattice vibrations (Debye model, etc.) 
and nearest-neighbor interactions are employed. For 
an ion with completed electronic shells, the charge 
distribution around the nucleus is spherically sym- 
metric. But in a state of covalent bonding, there is a 
small charge transfer and the asymmetry caused by 
this transfer in the closed shell configuration generates 
an electric field gradient proportional to (r~*), at the 
position of the nucleus. The subscript p refers to the 
outermost p state of the ion in question. Based on this 
model, Yosida and Moriya obtain the following expres- 
sion for the transition probability equations: 


W (m, m+u)=A"co 


4 
| Oum|27? >) NuwD.(T*), (24) 


nent 


where A’=}eA(r™),, A=eQ/I(2I—1), c&=(6x*) for 
sc crystals, and ¢o=9v3e"/2 for bee crystals. The 
D,,(T*) terms have the form (x+y)T*”, where x and y 
are constants. The .V,,, terms have the form 


Vun=NLa+bd(r'/dA)+c(d'/A)2?+d(0\"/d)], (25) 


where a, b, c, and d are numerical constants, \ is the 
degree of covalen y obtained from chemical shift data,? 
and \’ and X” are, respectively, the first and second 
derivatives of \ with respect to the interionic distance. 
These derivatives arise since Raman processes, which 
are of second order, are used in describing the nuclear 
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quadrupole-lattice interactions. These are estimated 
by assuming \~exp(—r/0.345), after Born and Mayer, 
where r is the interionic distance. The representation 
of the excited covalent-state wave functions by such a 
simple exponential term is, of course, only a first 
approximation. This approximation is crude since the 
value of .V,,, is essentially dominated by the magnitude 
of the X” term. To improve this model, however, 
would require an accurate knowledge of the electron 
distribution near the peripheral regions of the ion, and 
band necessary to 
obtain the electron wave functions. Another point to 


hence a structure calculation is 
consider is the phenomenon of double repulsion among 
the cations. In the Li and Na halide crystals especially, 
the disparity in ionic sizes between the alkalies and 
halides allows the like-charged halides to overlap, thus 
enhancing the repulsive forces they experience. This 
will further distortion of the electron 
charge density for these crystals, and therefore a 
nearest-neighbor model is insufficient. The inclusion of 
next nearest neighbors could be carried out by a difficult 
and involved band-structure calculation. 

The formula relating the chemical shift to the degree 
of covalency is based on the same model used in the 
covalent relaxation theory. However, for crystals com- 
as the cesium halides, the 
chemical shift formula should be modified to include 
bonding d orbitals. This would be especially true for 
nuclei which exhibit a comparatively large chemical 
shift, such as Br in CsBr and I in CsI (see Table IV). 
Undoubtedly this is the cause of some of the discrepan- 


increase the 


posed of large ions, such 


cies that arise in the calculations to follow. 

In Table IV are listed the measured chemical shifts 
a; the degree of covalen y A; the energy of excitation 
AE between ground and excited states, as deduced by 
Yosida and Moriya,’ and Kanda and Yamashita"’; the 
relaxation times as calculated from Eq. (24); and the 
experimental relaxation times. The degrees of covalency 
listed in parentheses are estimates, because the formula 
relating the chemical shift to the degree of covalency 
assumes a negative shift while these ions exhibited a 
positive shift. A positive shift most likely means the 
reference point is somewhat uncertain and the assump- 
tion that the reference aqueous salt solution is com- 
pletely ionized is not entirely correct. The theoretical 
ratio 7;(Na)/7,(Cl) =R in NaCl, obtained from Table 
IV, is about 500 as compared to the measured R of 
about two. The great difference in these ratios is ac- 
counted for by the respec tive (r~* values (see Table ITI) 
of Na and Cl obtained from hyperfine-structure data, 
where corrections due to the Sternheimer polarization 
effects on the These are 
usually important and would be expected to modify the 
tabulated (r~*) values “correct” 
theoretical R in Na value for Na would 
have to be increased by a factor of 10 which is rather 
unreasonable for this 


atomic core are neglected 
However, to obtain a 
Cl. the r 


tightly bound ion. It would also 


choose a higher covalent bond 


be unreasonable to 
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Tasie IV. Calculated 7, values." 


(a) Calculated 7, values based on the covalent model 
Chemical 

shift o 7; (calc) 
x (10°) AE(ev) 


(0.01) 


T,(exp.) 


(sec) (sec 


3X10 12 


Nucleus Crystal 
Na” NaCl none 
observed 
none 
observed 
+0.3 
+0.58 
—0.22 
—2.5 
—0.9 
—1.29 
—1.2 
—1.0 
-5.0 


NaBr (0.01)»" 2 KI 6 
NaCl 
NaBr 
KBr 
CsBr 
RbC! 


(0.01)” 44 5.2 
(0.002)" 2 0.050 
0.004 0.190 0.072 
0.02 0.002 0.080 
0.007 0.012 0.250 
0.0083 0.003 0.165 
0.0091 See part (b) below 
0.0076 See part (b) below 
0.0284 Sce part (b) below 


(b) Ratios of I relaxation times 7; in KI and Cs! to 
that of I" in Nal 
Nal 


Expt. 
Covalent (calc) 
Ionic (calc) 


* The Br and I shifts are obtained from reference 10. The Rb data are 
obtained from reference 17. AE is obtained from reference 2 
> Estimated values 


character for the Na ion, since, for Br in KBr, which 
exhibits a larger chemical shift, the covalent character 
is only 0.4% per bond. The essential arguments are the 
same for NaBr, and thus it is apparent that the charge 
transfer covalent model is inadequate in explaining the 
observed relaxation times in these crystals. For the Br 
sequence, it is evident that the spin-lattice relaxation 
of Br in NaBr is dominated by an ionic process, because 
the amount of covalent bond character (2.84%) needed 
to give agreement is much too high (the CsBr bond 
character is only 2%). The dominating relaxation 
process in KBr is difficult to determine, but certainly 
in CsBr it is covalent in nature. Also, as mentioned 
previously, the I’ nuclear quadrupole relaxation 
process also appears to be dominantly covalent in 
nature. 


2. Theory of Overlap Covalency 


Recently, Kanda and Yamashita’? have calculated 
the influence of the overlap covalency, arising from the 
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so-called “exchange effect’ alone, on the nuclear 
quadrupole spin-lattice relaxation. The charge distribu- 
tion around an ion is nonspherical because of the 
mutual! overlap of the electron charge clouds of nearest- 
neighbor ions. This distribution provides a field gradient 
at the nucleus which is modulated by the lattice 
vibrations. It differs mainly from the Yosida and 
Moriya theory in the appearance of an overlap integral 
between the metal and halogen orbitals, instead of the 
covalency, and in the case of the metal ion, there 
appears the value of (r*) for an occupied orbital 
instead of the excited outer orbital. The relaxation 
times for the alkali and halogen nuclei then become of 
the same order of magnitude. We learned of the results 
of Kanda and Yamashita near the end of our investi- 
gation and therefore did not include their mechanism 
in the prediction of relaxation due to covalency. 


V. CONCLUSIONS 


It appears that the predominant contribution to the 
relaxation times is neither covalent nor ionic, but that 
both effects must be considered. When dealing with 
relaxation processes it is not valid to consider the 
crystals studied here as being purely ionic in character. 
However, the theory for the ionic model, based on the 
original calculation of Van Kranendonk, and later 
modified to include the antishielding factor and the 
induced dipole polarization, is better established than 
the covalent model. The latter has been only in- 
completely studied at this point by virtue of the 
neglect of the overlap covalency and the treatment of 
the charge transfer calculation of Yosida and Moriya. 
Although the two conditions, ionic and covalent, may 
be in some cases of equal importance in contributing 
to the relaxation mechanism, considerable improvement 
is necessary in the covalent theory. 
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Effect of Oxidation on the Characteristic Loss Spectra of Aluminum and Magnesium* 
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Measurements of the characteristic electron energy loss spectra of aluminum and magnesium were made 
(in a reflection experiment) during oxidation of a fresh evaporated layer of either metal. It was found that 
surface oxidation results in the rapid disappearance of the iow-lying energy losses (10.3 ev in aluminum and 
7.1 ev in magnesium) and the appearance of modified low-lying losses of 7.1 ev in aluminum and 4.9 ev in 
magnesium. The genera! changes in the loss spectra and the particular changes in the spectrum of aluminum 
were in good agreement with the predictions of Ferrell and Stern. 


INTRODUCTION 


EASUREMENTS by the present authors of the 
characteristic electron energy loss spectra of 
aluminum! and magnesium? have shown that the loss 
spectrum of each element consists of combinations of 
two elementary energy losses, 10.3 and 15.3 ev in 
aluminum and 7.1 and 10.6 ev in magnesium. The 
larger elementary loss in each material has been 
identified with the bulk plasma loss proposed by Bohm 
and Pines’ (predicted to occur at fw,, where w, is the 
plasma frequency), and the smaller low-lying loss with 
the lowered plasma loss proposed by Ritchie‘ (predicted 
to occur at fw,/V2). These conclusions were supported 
by observations of the energy losses in aluminum- 
magnesium alloys.® 
Stern and Ferrell® have recently investigated theo- 
retically the origin of the lowered plasma loss in greater 
detail, and find that this loss results from excitation of 
a surface plasma oscillation in which part of the 
restoring electric field extends beyond the specimen 
boundary, in contrast to the bulk plasma oscillation 
in which essentially none of the restoring field extends 
outside the specimen. The surface plasma oscillation 
can, therefore, be affected by the presence of any films 
or contaminants on the specimen surface. Ferrell and 
Stern find in particular that the presence of a thin layer 
of oxide on an aluminum surface should lead to the 
disappearance of the lowered plasma loss at fw,/V2, 
and to the appearance of a modified low-lying loss at 
about 6.5 ev which should rise to a maximum intensity 


* Work oe by the Research Grants Committee of the 


University of Western Australia 

t Now at the Imperial College of Science and Technology, 
London, England. 

t Now on leave at Brookhaven National Laboratory, Upton, 
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2C. J. Powell and J. B. Swan, Phys. Rev. 116, 81 (1959). 

* D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952); D. Pines, 
Revs. Modern Phys. 28, 184 (1956); P. Nozitres and D. Pines, 
Phys. Rev. 109, 1062 (1958) 

*R. H. Ritchie, Phys. Rev. 106, 874 (1957) 
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approximately 40% of that of the fw,/v2 loss in 
unoxidized aluminum. 

The present paper reports measurements made to 
check the predictions of Ferrell and Stern by obser- 
vation of the characteristic loss spectra of aluminum 
and magnesium as oxidation of an initially clean metal 
surface proceeded. 


EXPERIMENTAL PROCEDURE 


The electron energy spectra were obtained with the 
127° electrostatic electron spectrometer and associated 
apparatus, employing the reflection arrangement pre- 
viously described.'*: A primary electron energy of 
750 ev was used throughout, as it had been found that 
the low-lying loss is more prominent under these 
conditions than with higher primary energies, and 
hence its behavior could be studied more easily. 

The specimen films were prepared by the rapid 
evaporation of spectrographically pure aluminum and 
magnesium from tungsten heaters, as before, onto a 
substrate at room temperature. The pressure in the 
target chamber was generally less than 5K 10-* mm Hg, 





Fic. 1. Portions of 
the characteristic loss 
spectra of aluminum in 
progressive stages of 
oxidation. The number 
against each curve is the 
average value of t/t, 
where ¢ was the elapsed 
time after evaporation 
of aluminum and ft was 
the time in which the 
measured intensity of 
the plasma loss de- 
creased to half its initial 
value. All curves are 
drawn to the same arbi 
trary linear intensity 
scale, the zero of which 
is shown in each case. 
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Fic. 2. Portions of 
the characteristic loss 
spectra of magnesium in 
progressive stages of 
oxidation corresponding 
to the values of t/t 
indicated. 
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though it rose to about 5X 10-* mm Hg during evapora- 
tions. Immediately after an evaporation, repetitive 
recording of the loss spectrum of the target in the region 
of the two elementary energy losses was commenced 
at a scanning rate of approximately 25 ev per minute. 
As previous deposits could be covered by the evapora- 
tion of a fresh layer of metal, the experiment could be 
repeated up to about twenty times without opening 
the vacuum system to recharge the furnaces. 


RESULTS 


In the absence of any independent identification of 
the nature of the final surface of the specimen, it has 
been assumed that the observed changes in the loss 
spectra with time are primarily, and probably entirely, 
due to progressive surface oxidation. It was found that 
the rate at which the changes occurred decreased 
considerably with frequent evaporations, and it is 
considered that the gettering action of successive 
evaporated films reduces the partial pressure of oxygen 
in the specimen chamber, thus decreasing the rate of 
oxide formation. It appears likely that similar surface 
changes in the aluminum or magnesium specimens 
would have occurred before the measurements could 
have been made in earlier investigations. Thus, whether 
or not the specimen changes in the present experiment 
are due to oxidation, the changes in the loss spectra 
are significant in that they show a probable source of 
misinterpretation of the origin of some losses in the 
past. As the final spectra in the present work are 
generally similar to the corresponding metal oxide 
spectra found previously by other workers, however, 
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the assumption that oxidation predominates appears 
well founded. 

Some typical loss spectra of aluminum and mag- 
nesium specimens, in progressive stages of oxidation, 
are shown in Figs. 1 and 2. It was found that the 
intensity of the low-lying loss (10.3 ev in aluminum 
and 7.1 ev in magnesium) decreased rapidly with time, 
without change in position, and that a new low-lying 
loss appeared at 7.1+0.1 ev in aluminum and at 
4.9+0.1 ev in magnesium. The intensity of this new 
loss was observed to decrease with time in each case 
and the spectrum of the target eventually became 
characteristic of the metal oxide. The spectra of both 
oxides exhibit a broad prominent energy loss of 
22.24-0.1 ev, with a weaker loss peak in magnesium 
oxide of 39.4+0.4 ev. 

The measured relative intensities of the plasma loss, 
the low-lying loss, and the modified low-lying loss are 
shown in Figs. 3 and 4 for aluminum and magnesium, 
respectively, plotted as a function of t/to, where ¢ was 
the elapsed time after evaporation in each particular 
series of measurements. A time parameter fy was 
adopted in order to compare the results taken with 
different oxidation rates, and was defined as the time 
required for the observed intensity of the plasma loss 
to decrease to half its initial measured value. The 
oxidation rate in the present work was generally such 
that fo lay between one and five minutes, its value 
depending on the initial vacuum obtained before 
commencing a set of observations and on the number 
of evaporations prior to any particular observation. In 
the studies reported previously, where lower pressures 
and repeated gettering evaporations were employed 
before spectra were recorded, fo was approximately 30 
minutes. 
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Fic. 3. Intensities of the plasma loss (0), the low-lying loss (@), 
and the modified low-lying loss (4) in aluminum as a function of 
t/t. Each intensity measurement was made by subtracting an 
appropriate background from the observed height of the loss peak. 
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1c. 4. Intensities of the plasma loss (©), the low-lying loss (@), 
and the modified low-lying loss (4) in magnesium as a function of 
t/to. The large scatter in the measurements of the low-lying and 
modified low-lying loss intensities in the vicinity of t/to=1 results 
from each peak appearing on a steep background due to the 
other peak. 


As the net electron current to the target was stabil- 
ized, changes in the average secondary electron emission 
coefficient of the target during oxidation would cause 
variations in the primary bombarding current. Since 
such current variations are not measurable in the 
apparatus used, it is not possible to make meaningful 
comparisons of the measured intensities of any loss at 
different times. Comparisons of the intensities of any 
losses at the same time, however, are possible from 
the curves in Figs. 3 and 4. It should be noted that all 
peak intensity measurements were subject to errors of 
the order of 10% because of the uncertainty in location 
of the background due to inelastic electron scattering 
and to the generally unknown contribution of the loss 
spectrum of the oxide. 

It may be seen from Figs. 3 and 4 that the original 
low-lying loss has practically disappeared at t/to=1, 
while at about the same stage of oxidation the modified 
low-lying loss has reached its maximum intensity. As 
t/to increases, the oxide loss spectrum becomes more 
prominent and the plasma and modified low-lying loss 
intensities decrease together at approximately the same 
rate. The eventual disappearance of the modified low- 
lying loss indicates that it occurs not in the oxide but 
in the metal, and then only when a surface layer of 
oxide is present. 

As explained above, comparisons of intensities at 
different times are not meaningful. However, an indirect 
comparison of the modified low-lying loss intensity with 
the initial intensity of the low-lying loss may be made 
in terms of the plasma loss intensity at subsequent 
times. Thus the plasma and low-lying loss intensities 
are approximately equal for a clean surface; for values 
of t/te>1 the intensity of the modified low-lying loss 
in aluminum is approximately 45% of the intensity of 
the plasma loss, implying that it has reached a similar 
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fraction of the initial low-lying loss intensity in accord 
with the predictions of Ferrell and Stern. In magnesium, 
for which no predictions have yet been made, the 
intensity of the modified low-lying loss exceeds the 
plasma loss intensity for all ¢/tp>1.5. 


DISCUSSION 


The above observations verify the earlier conclusion! 
that the low-lying losses in aluminum and magnesium 
are strongly dependent on the surface state of the 
specimens. The implicit assumption by many workers 
that a thin layer of oxide contributes effectively only 
to the general background has thus been shown to be 
untenable. Moreover, it is probable that the presence 
of a substrate in transmission measurements would have 
a similar modifying effect on the low-lying losses. 

Most previous measurements of the characteristic 
losses in aluminum and magnesium have been made 
using the transmission technique, the specimen foils 
usually being prepared by vacuum evaporation onto a 
substrate either in the analyzer or in a separate unit. 
The results of the present work show that, quite apart 
from any effects caused by the substrate, the loss 
spectra would be severely modified by surface oxidation 
within a time for which ¢/fo=1. Without preliminary 
gettering the parameter /, is about one minute in the 
present vacuum system. As similar vacuum systems 
(and residual gas pressures) have been utilized by other 
workers, it is apparent that oxidation of the specimen 
sufficient to change the loss spectra would have occurred 
before reliable measurements could have been made, 
even where the specimen was prepared in the analyzer 
vacuum system; such oxidation would be completely 
unavoidable where the foils were pre pared outside the 
analyzer vacuum system and exposed to the atmosphere 
in transfer. The 10.3 ev low-lying loss in aluminum has 
not been reported by any other author. It is believed 
that the low-lying loss found by other workers, at 
approximately 7 ev, arises from the presence of surface 
oxide films. The low-lying loss in magnesium observed 
by Kleinn’ at 4.7 ev is similarly considered to be due 
to the presence of oxide, particularly as the broad 
oxide loss at 22.1 ev in his spectrum is more prominent 
than the sharper losses now interpreted as plasma and 
modified low-lying losses. Gornyi*® has observed losses 
at 4.5 and 7.5 ev in magnesium in a reflection type 
experiment with primary electron energies between 
30 and 100 ev; the 7.5-ev loss may now be interpreted 
as the low-lying loss and the 4.5-ev loss is believed 
to be a modified low-lying loss due to the presence of a 
surface layer of oxide. The magnesium spectra of both 
Kleinn and Gornyi are similar in appearance to inter- 
mediate spectra in Fig. 2. 

The energy losses observed by previous workers in 


7W. Kleinn, Optik 11, 226 (1954) 


*N. B. Gornyi, Izvest 
(1958). 


Akad. Nauk. S.S.S.R. Ser. Fiz. 22, 475 





CHARACTERISTIC 


Taste I. Published values of the characteristic electron energy 
losses in aluminum oxide (in ev). The column headings are 
reference numbers. 


11 12 13 14 


22 22.5 
45.6 46 


23.0 
46.0 


what are stated to be the oxides of aluminum or 
magnesium are given in Tables I and II.**’ The 
prominent loss of 22.2 ev observed for both the oxides 
in the present work agrees well with other measure- 
ments. The losses of 6.9 and 11.7 ev observed by 
Rudberg in magnesium oxide were stated by him to be 
doubtful, as the oxide specimens were often thin and 
nonuniform, and as these losses coincided with those 
observed with the platinum backing alone. One or two 
losses between 4.5 and 5.5 ev have been observed by 
Jull, Watanabe, and Gornyi. Watanabe considered that 
the loss of about 5.5 ev observed by him represents a 
localized level in the first forbidden band. Although 
he states that electron diffraction measurements show 
complete oxidation, it is not clear that the diffraction 
examinations were made before the energy loss measure- 
ments. It is possible, therefore, that Watanabe’s 
specimens may have been incompletely oxidized at the 

*G. Ruthemann, Ann. phys. 6, 113 (1948). 

” G. Mollenstedt, Optik 5, 499 (1949). 

4 A. Gschlossl, Physik Verhandl. 4, 68 (1951). 

“H. Watanabe, J. Phys. Soc. Japan 9, 920 (1954); Phys. Rev 
95, 1684 (1954). 

8 J. A. Simpson, T 
104, 64 (1956) 

“ G. W. Jull, Proc. Phys. Soc. (London) B69, 1237 (1956 

‘6 L. B. Leder, Phys. Rev. 103, 1721 (1956). 

6 G. Haberstroh, Z. Physik 145, 20 (1956). 

17 E. Rudberg, Proc. Roy. Soc. (London) A127, 111 (1930) 
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Taste II. Published values of the characteristic electron 


energy losses in magnesium oxide (in ev). The column headings 
are reference numbers 


time of measurement and that the 5.5 ev loss could be a 
modified low-lying magnesium loss. 


CONCLUSION 


It has been shown that surface oxidation leads to the 
disappearance of the low-lying energy losses of 10.3 ev 
in aluminum and 7.1 ev in magnesium, and to the 
appearance of modified low-lying losses of 7.1 ev and 
4.9 ev, respectively. The changes in the energy losses 
and the loss intensities in aluminum are in good agree- 
ment with the theoretical predictions of Ferrell and 
Stern. It appears that many previous measurements of 
characteristic losses in aluminum and magnesium have 
been affected adversely by surface oxidation, and the 
present observations again emphasize the necessity 
for clean unoxidized surfaces in this type of work. 
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The heat capacity of bismuth has been measured from 0.1 to 2.0°K and found to be represented by 


C=2.8X10-7T-*+-2.1X 10° *T +-1944(7/6)* joules/mole deg with @= 120.4 


0.677. The 7-* term in the 


heat capacity is assumed to be associated with the alignment of the nuclear electric quadrupole moment in 
the electric field gradient of the crystal and is used to obtain the value 25 Mc/sec for the quadrupole coupling 
constant. The linear term is used, together with known parameters for the electrons in the conduction band, 
to obtain an average effective mass for the holes in the valence band of 0.9 times the free electron mass 


I. INTRODUCTION 
| grgnqpereep. of the electronic heat capacity 


of a metal permits a direct evaluation of the 
total density of states at the Fermi !evel from the 
relation! 


y= 4' F'n’ (Ep), (1) 


in which y is the coefficient of the linear term in the 
electronic heat capacity, & is Boltzmann’s constant, 
and n’(E,») is the number of states per unit range of 
energy at the Fermi energy Ey. For bismuth the 
electronic heat capacity is unusually small relative to 
the lattice heat capacity, (12/5)#*k(7//6)*. At the lowest 
temperatures accessible with liquid helium, the elec- 
tronic term is only a few percent of the total and an 
accurate measure of y can be obtained only at tem- 
peratures well below 1°K. 

In addition to the electronic and lattice heat capaci- 
ties, a contribution from the alignment of the nuclear 
electric quadrupole moment in the electric field gradient 
of the crystal can be expected to be important at 
temperatures of the order of 0.1°K. Keesom and Bryant? 
have observed a heat capacity of this type at somewhat 
higher temperatures in rhenium, which has an un- 
usually large quadrupole moment. When the nucleus 
is in an axially symmetric field gradient, the orientation 
dependent part of the nuclear energy is given by* 


egQ 
a= [3m?—I(I+-1)], 
47(2T—1) 


in which m is the projection of the nuclear spin, 7, on 
the symmetry axis, ¢ is the electron charge, Q is the 
scalar quadrupole moment of the nucleus, and g is the 
largest component of the electric field gradient tensor 
in the principal axis system. An energy level system of 
this type produces a Schottky-type heat capacity 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
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Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
New York, 1957), Suppl. 1. 


anomaly with a maximum at a temperature determined 
largely by e’g?, the quadrupole coupling constant. 
Naturally occurring bismuth consists of a single isotope, 
Bi™, which has a spin 7=9/2 and a quadrupole 
moment Q0=—0.4X10-" cm’. By analogy with the 
field gradients existing in gallium’ and indium® for 
which the pure quadrupole resonance spectra have 
been observed, and in rhenium? for which &gQ has been 
measured calorimetrically, the temperature of the 
maximum in the heat capacity can be estimated to be 
of the order of magnitude of 10-*°K. At temperatures 
above the maximum the nuclear quadrupole heat 
capacity, Cg, can be expanded in a power series in T 
with determined by the spacing of the 
energy levels. The first two terms in the expansion, 
calculated from (2) by standard statistical methods, 
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Fic. 1. Total heat capacity plotted as C/T vs T*, for the lower 
temperature points. The straight line was chosen to fit points 
between 7*=0.2 and 7*=1.0 on an extension of this plot. 
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in which R is the gas constant. The result is valid for 
both integral and half-integral spins. 

At temperatures high enough for the second term in 
(3) to be negligible, but low enough to be in the 7* 
region of the lattice heat capacity, the total heat 
capacity is given by 


C= AT*+4T + (12/5)e*R(T/6o)’. (4) 


In the above equation, % is the Debye characteristic 
temperature of the lattice at O0°K and A is obtained 
from the coefficient of T~ in (3). 
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Fic. 2. The nuclear quadrupole heat capacity plotted as 
logCg vs logT. The line has a slope of —2. 


Il. EXPERIMENTAL RESULTS 


The measurements were made on a polycrystalline 
sample with a grain size of about 1 cm. The original 
material was 99.999% pure containing 2K 10% each 
of copper, silver, and lead and less than 10-*% of iron. 
After being cast in vacuum in a high purity graphite 
mold, the final sample was found to have a residual 
resistance ratio p1.5°/p29°= 0.015. 

The method used in the measurements has already 
been described’ and will not be repeated here except 
to point out that temperature measurements below 
1.1°K were based on an extrapolation from higher 
temperatures of a Curie-Weiss law for the suscepti- 
bility of copper potassium sulfate. The temperature 
scale, as defined in this way, is believed to introduce 
errors which increase with decreasing temperature, 
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Fic. 3. The apparent Debye temperature as a 
function of temperature. 





amounting to 3% of the measured heat capacity at 
0.3°K and 15% at 0.1°K. 

Two separate sets of heat capacity measurements 
were made covering the ranges 0.1 to 0.45°K and 0.35 
to 2.0°K. The different sets are distinguished from each 
other in the figures and can be seen to differ by slightly 
more than the scatter of the individual points in the 
region common to both. This is presumably due to 
errors in the choice of constants for extrapolation of the 
Curie-Weiss law. 

The constants y and @) were determined by plotting 
C/T versus T? and fitting the points for 7* between 
0.2 and 1.0 deg® with a straight line. Figure 1 shows 
the low-temperature end of this plot. The resulting 
values are y=0.021XK10-* joule/mole deg* and 
6)=120.4°K. The nuclear quadrupole heat capacity, 
Ce, was taken to be the difference between the indi- 
vidual points below 0.25°K and the straight line of 
Fig. 1. Figure 2 demonstrates the proportionality of 
Cg to T*, and Fig. 3 shows the apparent Debye tem- 
perature for the higher temperature points. 


IIL. DISCUSSION 
1. Muclear Quadrupole Heat Capacity 


The rhombohedral! unit cell of bismuth contains two 
atoms, each located on the triad axis. Thus, the en- 
vironment of each atom has a threefold symmetry axis 
and the quadrupole coupling constant, together with 
the nuclear spin, completely determines the energy 
level pattern and the nuclear quadrupole heat capacity, 
Co. 

The proportionality of Cg to T~* shows that the 
second term of (3) is negligible at the temperatures of 
the experiment and permits an evaluation of the 
quadrupole coupling constant. It is found that 
@qQ/k=1.22K10-*°K or, in terms of the associated 
frequency, 25 Mc/sec. From this it follows that the 
second term in (3) is in fact about 0.1% of Cg at 0.1°K. 
The magnitude of the field gradient in the direction of 
the symmetry axis is given by g= 1.8310 cm~*. 


2. Electronic Heat Capacity 


As pointed out above, the electronic heat capacity 
amounts to only a few percent of the total at liquid 
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helium and measurements above 1°K 
cannot be expected to give reliable values of y. Meas- 
urements to 0.3°K have been made by Kalinkina and 
Strelkov® who find y=0.067X10~* joule/mole deg’ 
compared with the present value of 0.02110~*. The 
electronic heat capacity is only about 15% of the total 
at 0.3°K but the measurements at lower temperatures 
in the present work do not necessarily give a more 
accurate value of y because of the increasing importance 
of the nuclear term. Part of the discrepancy is ap- 
parently produced by the nuclear heat capacity, which 
is comparable to the electronic heat capacity even at 
0.3°K, and which could not be taken into account by 
Kalinkina and Strelkov in the analysis of their data. 
There remains a discrepancy by a factor of two for 
which several explanations seem possible. There may 
be a real difference between the samples. It is known 
that in bismuth the valence band is almost exactly 
filled and, under these conditions, the density of states 
at the Fermi level would be expected to be extremely 
sensitive to the presence of impurities. In residual 
resistivity the present polycrystalline sample is inter- 
mediate between the polycrystalline and single crystal 
forms of the material used by Kalinkina and Strelkov. 
A second possibility is that the difference is related to 
the use of different paramagnetic salts for temperature 
determinations: copper potassium sulfate in this work, 
and iron ammonium sulfate in the experiments of 
Kalinkina and Strelkov. Measured temperature differ- 
ences can be very sensitive to errors in the temperature 
scale and the use of different salts can lead to appre- 
ciably different results even when the available cor- 
rections to thermodynamic temperatures are used.’ 

Jones” has proposed a model for the electronic 
structure of bismuth in which a Brillouin zone capable 
of holding five electrons per atom is almost filled, leaving 
a small number of holes and an equal number of elec- 
trons in the next zone. The portions of the Fermi 
surface in the conduction band consists of three sets 
of ellipsoids arranged to preserve the symmetry of the 
crystal. A study of the de Haas-van Alphen effect by 
Shoenberg" has shown that one set of ellipsoids can 
be represented by 


temperatures 


2mok:, h? aks? +ark,?+a33k 2+ arskyk:, (5) 


if the x and z directions are chosen to be along a diad 
axis and the triad axis, respectively. E, is the Fermi 
energy of the electrons, my the free electron mass, aj; 
the components of the reciprocal mass tensor in units 
mo' and k is the wave number vector. The other 
ellipsoids are related to the first by 120° rotations 
about the triad axis. Abeles and Meiboom"™ were able 

*I. N. Kalinkina and P. G. Strelkov, J. Exptl. Theoret. Phys 
(U.S.S.R.) 34, 616 (1958) [translation: Soviet Phys.-JETP §, 
426 (1958)), 

*N. E. Phillips, Phys. Rev. 100, 1719 (1955) 

” H. Jones, Proc. Roy. Soc. (London) A147, 396 (1934). 

" D. Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939) 

# B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956). 
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to interpret their measurements of galvanomagnetic 
effects in bismuth by including an ellipsoid.of revolution 
for the holes. If /, is the Fermi energy of the hoies and 
8, their reciprocal mass components, the Fermi surface 
for the holes is 


2moE,/#= Bik? Birk,’ +-Bs3k,?. (6) 


A contribution from the electrons has been observed 
in the de Haas-van Alphen effect," 
effects,” cy lotron resonance,'*-!’ 
ation'* and the anomalous skin 
that the parameters in 


13.14 galvanomagnetic 

ultrasonic attenu- 
effect” with the result 
5) are relatively well known 
and can be used to estimate the contribution of the 
electrons, y., to y. The contribution of the holes to y 
is then y,h=y—vy- and can be used to calculate the 
Fermi energy of the and an average effective 
mass which, in combination with the mobilities of the 
holes, gives the values of 8; 


holes 


and 833. 
For a single ellipsoidal energy surface the 
of states is given by 


density 
'(E.) = (8a V /h*) (2E.) ‘m3 f 
n’ (E.) = (8a V/h*) (2 mo*(ay;'a 
Sar V /h®)(2E.)* (my, 
where V is the molar volume, the a 


of the reciprocal mass tensor in the principal axis 
system and the m,;,’ 


‘ are components 
are the corresponding effective 
masses. If Shoenberg’s values of the effective masses, 
m1;/mo= 2.410 *, meoe/my= 2.5, ms3/mo my 
=—().25, and Fermi energy, / 0.0177 ev, are used 
with (1) remembering that are three 
ellipsoids for the electrons, we obtain Ye 0.0027 K 10 ° 
joule/mole deg.? This for only about one 
tenth of the measured electronic heat capacity. The 
obtained by subtraction, is 


0.05, mes 


and 7) there 


accounts 


contribution of the holes, 
yn.= 0.018 X 10-* 


is related to their Fermi energy and density of states by 


jwoule/ Mole deg 


The density of holes 


I $n, /2n'(E,) (8) 


where V is the Avogadro number and n, is the number 
of holes per atom. Taking m, equal to the number of 
electrons per atom” calculated from Shoenberg’s data, 
the Fermi energy of the holes is £,=0.0027 ev and the 
overlap of the valence and conduction bands is E.+ EF, 
=0.020 ev. A value of 0.73 mp is then obtained for the 
average effective mass of the holes, mo(81:°833)~', by 
application of (7) with / ‘ replaced by Ey and 
Bi, respectively. Heine” has estimated ar 


and a 


average 


%T). Shoenberg, Phil. Trans. Roy 0 London) A245, 1 
(1952) 

“J. S. Dhillon and D. Sh 
(London) A248, 1 (1955) 

1B. Lax, K J Button, H J Ze 
Rev. 102, 715 (1956) 

1¢ J. E. Aubrey and R. G. Chambers, J. Phys. Chem. Solids 3, 
128 (1957). 

17 J. K. Galt et al., Phys. Rev. 114, 1396 (1959) 

18D. H. Reneker, Phys. Rev. 115, 303 (1959 

1% G. E. Smith, Phys. Rev. 115, 1561 (1959 

* For a discussion of this point see: V. Heine, Proc. Phys. Soc 
(London) A69, 505, 513 (1956 


venberg, Phil. Trans. Roy. Soc. 
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NUCLEAR AND 
effective mass of 1.5mm» from a consideration of the 
effect of alloying on the de Haas-van Alphen periods 
and Galt et al.'’ obtained an average effective mass of 
0.16m, from cyclotron resonance experiments. If the 
relaxation time for the holes is assumed isotropic, the 
ratio of the reciprocal mass components 843/81 is the 
ratio of the mobilities and the data of Abeles and 
Meiboom give §3;/8::=0.27. In combination with the 
above estimate of 8);°833 this leads to the values 8;;= 2.1 
and 83,;=0.58. These values of 61, and 83; may be com- 
pared with the values 1.7 and 0.13, respectively, 
obtained from anomalous skin effect experiments,” and 
14.7 and 1.07 from cyclotron resonance experiments."’ 

As a result of inadequacies in the theory and the 
combinations in which the various quantities appear in 
the theoretical expressions, the de Haas-van Alphen 
experiments give some of the parameters for the elec- 
trons more accurately than others. Aubrey and 
Chambers'® have suggested that ai, a22, as3, and aes 
be taken as 168, 2.0, 100, and —10, respectively, to 
give better agreement with the galvanomagnetic and 
cyclotron resonance experiments and at the same time 
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preserve unchanged the ratios most accurately deter- 
mined in the de Haas-van Alphen experiments. With 
these values of the ay the parameters for the holes 
become: £,=0.0016 ev and the average effective mass 
is 0.90 Mo. 


3. Lattice Heat Capacity 


Over the temperature range of the measurements the 
lattice heat capacity is Cp=(12/5)x*R(7T/6)* with 6 
given by @=120.4—0.67" to within a scatter of about 
1%. This is in good agreement with other measure- 
ments. Kalkinkina and Strelkov® found @)=118.5+1 
and approximately the same curvature of @ vs 7. From 
measurements above 1°K Ramanathan and Srinivasan* 
found @)=120°K and Keesom and Pearlman” report 
an average 6 of 117°K between 1.0 and 2.3°K, 


* K. G. Ramanathan and T. M. Srinivasan, Phys. Rev. 99, 442 
(1955). 

# Pp. H. Keesom and N. Pearlman, Phys. Rev. 96, 897 (1954). 

Note added in proof.—-R. R. Hewitt and W. D. Knight (private 
communication) have found two quadrupole resonance absorption 
frequencies which are consistent with the above value of the 
nuclear quadrupole heat capacity. 
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Spin Resonance of Charge Carriers in Graphite 
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The observations reported here of the electron spin resonance in quite perfect singie crystals of graphite 
clearly establish that the resonance arises from mobile charge carriers. The line shape is of the Dysonian 
form which is characteristic of conduction electron spin resonance in metals. The intensity of the spin 
resonance agrees, both in absolute magnitude and in temperature dependence, with values calculated 
from the band model of graphite by McClure. The g value of the resonance shows a remarkably large 
anisotropy which depends strongly on temperature and on the position of the Fermi level with respect to 
the band edge. At room temperature in pure graphite, g varies from 2.00264-0.0002 to 2.04954-0.0002 as 
the magnetic field is shifted from perpendicular to parallel to the c axis. The g-value anisotropy increases 
with decreasing temperature; g;; becomes 2.127 at 77°K while g; remains constant. The line width of the 
resonance is a few gauss (7;=2.0X10~* sec) which is extremely narrow in comparison with the field shifts 
caused by changes of anisotropy with temperature. This indicates that for conduction states in graphite, 
the g value is a strong function of the wave vector and that the line is narrowed by an averaging process in 
k space. This averaging is similar to that which occurs in motional and exchange narrowing. 


I. INTRODUCTION electron spin resonance and whose intensity agrees with 


HE purpose of these experiments was to determine 

the nature of the unpaired spins which give rise 
to the electron spin resonance in graphite.':? The investi- 
gation leads us to conclude that the spin resonance in 
pure, relatively perfect, single crystals is due to the 
mobile charge carriers. Both electrons and holes are 
thought to contribute to a single resonance line whose 
shape is described by Dyson’s theory’ of conduction 


1 J. G. Castle, Phys. Rev. 92, 1063 (1953). 

2G. R. Hennig, B. Smaller, and E. L. Yasaitis, Phys. Rev. 95, 
1088 (1954). 

2 F. J. Dyson, Phys. Rev. 98, 349 (1955). 


the band theoretical result of J. W. McClure. The 
resonance shows a remarkably large g-value anisotropy 
which exhibits a dependence upon temperature and 
Fermi level similar to that predicted by Elliott.‘ The 
band structure of graphite proposed by Wallace’ and 
elaborated by Slonczewski, Noziéres, and others*’ con- 
tains a degenerate band edge. This is just the situation 
which, on Elliott’s theory, would give rise to the 

*R. J. Elliott, Phys. Rev. 96, 266 (1954). 

*P. R. Wallace, Phys. Rev. 71, 622 (1947). 


*J. C. Slonczewski and P. R. Weiss, Phys. Rev. 109, 272 
(1958). 


7 P. Nozitres, Phys. Rev. 109, 1510 (1958). 
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anomalously large g shift observed. It appears that 
graphite is the first material in which the interesting 
effects of a degenerate band edge on the spin resonance 
have been observed. 

The first reported observation of the spin resonance 
in graphite was that by Castle.' In a preliminary report, 
he attributed the resonance to charge carriers. Doubt 
was later cast on this interpretation by the observations 
of Hennig, Smaller, and Yasaitis* who found that the 
resonance in finely divided samples could be destroyed, 
with no attendant change in the Hall coefficient, by 
vacuum annealing at 1500°K. The resonance could then 
be restored by a 1700°K anneal. These annealing effects 
were thought to be due to the influence of oxygen gas 
on the spin centers.* Experiments performed at this 
laboratory in collaboration with L. S. Singer lead us to 
propose an alternative explanation of the annealing 
effects. We believe that the graphite reduces the SiO, 
(quartz) containers in which the experiments were 
performed to produce chemisorbed silicon on the 
graphite surface. The charge carriers then undergo 
spin-lattice relaxation upon collision with the silicon 
bearing surface and the resonance line is so broadened 
that it becomes undetectable. The details of these 
experiments will be published separately. 

Crystals of graphite larger than a few microns show 
skin effects at microwave frequencies which generally 
complicate the line shape in a spin resonance experi- 
ment. By using specimens very large compared to the 
skin depth, however, one can take advantage of the 
skin effect to demonstrate clearly that the resonance is 
due to mobile spin centers. To get a simple skin effect 
geometry and to simplify effects due to the large 
anisotropy of graphite, the observations were made on 
single crystal specimens. There the line shape of the 
spin resonance makes it possible to distinguish three 
cases. First, the spins may be on the surface of the 
conductor and the skin effect does not change the line 
shape (absorption) from the x” form (imaginary part 
of the complex rf susceptibility) which it normally 
takes in an insulating sample. Second, the spins may be 
distributed uniformly throughout the sample at fixed 
sites. Bloembergen® has treated this case in connection 
with nuclear magnetic resonance and has shown that 
the absorption has the form x’+ x” if the sample size 
is large compared to the skin depth. Third, the spins, 
e.g., conduction electrons, may be uniformly distributed 
throughout the sample but are mobile and can diffuse 
through the skin depth in a time comparable with the 
spin lattice relaxation time. Dyson* has treated this 
case and has shown that the line is of a peculiar shape 
whose precise form depends upon the rate of diffusion. 
It is this third case which is observed in graphite single 
crystals. 


*G. R. Hennig and B. Smaller, Proceedings of the Conferences on 
Carbon, The University of Buffalo, Buffalo, New York, 1956 
(The Waverly Press, Inc., Baltimore, Md., 1956). 

*N. Bloembergen, J. Appl. Phys. 23, 1379 (1952). 
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The conclusion from the Dysonian line shape that 
the spin resonance is due to the charge carriers is 
strengthened by the temperature dependence of the 
resonance intensity. The strength of the resonance is 
found to increase approximately linearly with tempera- 
ture in distinct contrast to the Curie law behavior 
which would be most likely for impurity atoms or for 
lattice imperfections. The linearly temperature de- 
pendent spin paramagnetism is just what one would 
expect for graphite at high temperatures on the basis 
of Wallace’s two-dimensional model of graphite. (Mc- 
Clure’s” more complete density of states expression 
goes over approximately to the Wallace two-dimensional 
value at energies on the order of 0.1 ev from the band 
edge.) His model shows the number of carriers to be 
proportional to 7? and, with a power of T removed by 
the Boltzmann factor, this predicts a paramagnetism 
proportional to temperature. Spectroscopic analysis of 
the graphite shows even further that the resonance is 
not due to impurities as the total impurity content is an 
order of magnitude less than the spin concentration. 

The spin resonance of conduction electrons has pre- 
viously been observed only in Na, K, Li, Be,'' and Cs.” 
(In highly doped silicon and germanium, a resonance 
also occurs which is due to the conduction electrons in 
an impurity band.) One might expect similar electron 
resonance in other metals but it has not been reported. 
Presumably the spin-orbit interaction is too great in 
most metals and the result is a short relaxation time 
and a line too broad to be detected. The most complete 
experimental work on conduction electron spin reso- 
nance is that of Feher and Kip,'! who compared the 
line shapes of the above metals with Dyson’s theory 
and the linewidths with the theories of Overhauser” 
and Elliott.‘ In none of the above materials do the 
electrons at the Fermi surface occupy states near a 
degenerate band edge and consequently the interesting 
resonance properties such as the temperature and im- 
purity dependence of the g shift have not previously 
been observed. 


Il. THE EXPERIMENTAL ARRANGEMENT 


The experiments were all performed with 3 cm micro- 
waves and resonant cavities of either rectangular or 
cylindrical shape with the sample suspended at the 
cavity center. An advantage of the cylindrical cavity 
operating in the TZ, mode is that the sample, as it is 
rotated with respect to the magnetic field, does not 
change its symmetry with respect to the microwave 
fields. The cavity Q thus remains constant or nearly 
so as the sample is rotated and the rf currents in the 
sample flow about the cylinder axis, thus avoiding 


” J. W. McClure, Phys. Rev. 108, 612 (1957) 


" G, Feher and A. F. Kip, Phys. Rev. 98, 337 (1955) 

2 R. A. Levy, Phys. Rev. 102, 31 (1956 
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possible depolarizing fields. A standard scheme of video 
microwave detection and lock-in amplification was 
used. The magnetic field modulation was kept less than 
one-quarter of the linewidth to avoid distortion of the 
line shape. The static magnetic field was provided by a 
twelve-inch Varian electromagnet. Measurements at 
77°K were made by simply inserting a quartz Dewar, 
with a small tip containing the sample and liquid 
nitrogen, into the cavity in place of the sample tube 
normally used. An automatic frequency control circuit 
was used to lock the klystron frequency to that of the 
cavity, thereby avoiding noise due to nitrogen bubbling. 
The measurements above room temperature were made 
in a special heater which was fitted into a water-cooled 
cavity. The heater was a quartz tube on which a 
platinum strip had been plated. A heating current was 
passed through the platinum and temperatures as high 
as 600°C were obtained. 


Ill. DESCRIPTION OF THE SAMPLES 


The samples were mainly single crystal specimens but 
some observations were made on more or less finely 
divided specimens. The coarser grades of flake graphite 
(about 0.1 mm diam) gave results in full agreement 
with the single crystal results but, of course, with 
additional complications due to random crystal orienta- 
tions. The finely divided specimens (50-microns diam- 
eter and smaller) did not appear to have a line shape 
predictable simply by averaging over the orientations 
of a single crystal. In this paper only the results ob- 
tained on single crystals are presented. 

The graphite crystals were flakes about 5 mm in 
diameter and 0.1 mm thick. There were small angle 
grain boundaries visible on the surface of the specimens 
but the angles involved were estimated to be less than 
one degree. The samples were ali purified by heating 
to 3000°C in a chlorine atmosphere and subsequent 
cooling in argon. Spectroscopic analysis showed the 
presence of less than 20 ppm of metallic impurities, 
and neutron capture cross sections of nuclear graphite 
purified in a similar manner show that chlorine could 
not be present in more than 20 ppm. It was concluded 
that al! impurities present had a concentration an order 
of magnitude lower than the spin concentration. 

The specimen which was most regular in form and 
upon which most of the measurements were made was a 
synthetic crystal grown from molten iron and later 
purified. There was no observably different behavior 
between this specimen and the purified natura! crystals. 


IV. EXPERIMENTAL RESULTS 
1. Line Shape 
An example of a recorder tracing of the spin resonance 
in a graphite single crystal is shown in Fig. 1. The 


curve is a close approximation toe the first derivative of 
the absorption intensity since the usual (smali) field 
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Fic. 1. Typical! recorder tracing of the graphite spin resonance. 


modulation and phase sensitive detection were em- 
ployed. If the absorption were of the x’+ x” form, the 
ratio of peak heights A/B would have been 2.55. As 
Dyson showed, diffusion of the spins out of the skin 
depth has the effect of increasing A/B, the limiting 
value being about 19 when Tp becomes very short 
compared to T;. Tp is the time required for a spin to 
diffuse across the skin depth, 4, and is given by diffusion 
theory as 
T p= $6*/rA, 


where » is the mean velocity and A is the mean free 
path. 7; is the inverse linewidth and is equal to 7, the 
spin-lattice relaxation time, for conduction electrons."* 
The linewidth and shape are controlled in a complicated 
manner by the spin-lattice relaxation time and by the 
diffusion of the carriers. Analysis of the resonance 
curves using the methods of Feher and Kip"! enables 
one to determine 7, and Tp separately. The experi- 
mentally observed Tp may then be compared with the 
value computed from the mobility in graphite obtained 
from the dc conductivity. 

For graphite at room temperature A/B=3.0+0.1 
and this gives T7p=3.07T; from Fig. 7 of reference 11. 
Figure 5 of the same reference enables one to evaluate 
T:(=T)) from the width at half maximum. The values 
we obtained for graphite are 7;=2.0X10~* sec and 
Tp= (6.040.6)X10-* sec at 300°K. The value of 7, 
varies somewhat from sample to sample and is pre- 
sumably set by the impurity content. Tp, on the other 
hand, is set by lattice scattering and for a given crystal 
surface (see Sec. 4) should be characteristic of graphite. 
The value given above was obtained on the basal planes 
of a single crystal and it agrees within the experimental 
accuracy with the value computed from the dc c-axis 
conductivity." 


2. Estimate of the c-Axis Conductivity 
from the Line Shape 


The spin resonance of only those charge carriers on 
the basal planes may be observed by suitably masking 
off the edges of a graphite single crystal (see below). 
The value of Tp determined from the resonance line 


16 1D. Pines and C. P. Slichter, Phys. Rev. 100, 1014 (1955). 
4 W. Primak, Phys. Rev. 103, 544 (1956). 
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shape then enables one to estimate the c-axis con- 
ductivity as follows: The time taken for an electron to 
diffuse along the ¢ axis across the skin depth in the 
basal plane is 

Tp 36,7 (At Jee 
The conductivity along the c direction can be written 
*,. 2 


o.= Ne?(vA)./m.*v,?. 


At temperatures higher than the Fermi temperature 
(T »~200°K) one can make the approximation that 


m.*v.2= kT. 


These three equations combine to give 


a. §5.2Ne2/T kT. 


Using the values V=2X10" cm™, 6,=3.210™ cm, 
T=300°K, Tp=6X10- sec, one obtains ¢.~3.2 10? 
(ohm-cm)~'. As the measured value’® of a, is 2.610" 
(ohm-cm)~', o,/¢,-= 80. 

Thus the spin resonance line shape leads one to 
conclude that the mobility in the ¢ direction is a factor 
of about 80 lower than that in the basal planes. The 
uncertainty in this value is roughly a factor of two. 
There also may be some error in the assumption made 
in combining the equations for Tp and @, that the 
average values (vA) and (1/vA)~' are equal. The best 
ratio of c-axis resistance to basal plane resistance ob- 
tained from dc measurements is between 100 and 200.'* 
The agreement between the dc value and the value of 
the ratio obtained from spin resonance is excellent if 
one considers the rough approximations involved. 
Further complications due to surface conditions may 
also be present and these presumably could alter the 
ratio A/B from its expected value.!! 


3. Resonant Intensity 


The intensity of the absorption line for charge 
carriers is proportional to the Pauli paramagnetic sus- 
ceptibility, xo. It may be shown" that for a metal 


- of 
Xo=up* gle) — de, 
« de 


L 


where was is the Bohr magneton, g(e) is the density of 
states as a function of energy, and f is the Fermi-Dirac 
distribution function. It is convenient to express this 
integral in terms of an effective number of unpaired 


spins per cubic centimeter, n* whence 


9 


xXo=n* un? /kT. 


McClure” has evaluated the band parameters of 
graphite by fitting the predictions of the theory to the 
experimental observations of de Haas-van Alphen 


effect, magnetoresistance, etc. The band parameters 


7 A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), p. 151 
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thus determined enable hin 
of temperature as'* 


to evaluate m* as a function 


n* =[0.0432T +-0.0000425T? |x 10"* cm 


contributions of both 
holes and electrons to the spin paramagnetism. The 


This expression for * includes the 


value of n* at temperatures above the degeneracy tem- 
perature should, of course, agree with the total number 
of carriers observed in the Hall effect and magneto- 
resistance and this is observed to be the case” (within 
about a factor of two). The curve in Fig. 2 shows the 
theoretical spin paramagnetism as a function of tem- 
perature. Also shown in Fig. 2 are two experimental 
determinations of the absolute value of the spin para- 
magnetism at 77°K and at 300°K. The temperature 
dependence and the absolute magnitude of the measured 
values agree within the experimental accuracy of about 
30% with the This agreement is 
considered quite satisfactory in view of the difficulty of 
measuring absolute spin susceptibilities. 


theoretical curve 


To determine the number of spins per cubic centi- 
meter, we have taker the electrical conductivity in the 
c planes (basal planes) of graphite to be 2.610‘ 
(ohm-cm)~'! at room temperature which, together with 
a frequency of 9.3 kMc/sec, yields a skin depth of 
3.210 cm. For convenience of calculation the line 
was assumed to be of the x’+ x” form, from which it 
deviates by only a small amount, and the appropriate 
corrections were applied to compare it with the reso- 
nance of a known amount of diphenyl picryl hydrazyl. 
The volume susceptibility was obtained from the reso- 
nance signal by the use of Eq. (3.8) of reference 11 
which applies to graphite and Eq. (3.2) which applies 
to hydrazyl. [Note: there is a factor of } missing in 
Eq. (3.8) as published 


dP 
dw 


where the top equatior 3.2) of reference 11, and 
the bottom equation is 


yf reference 11 
When tl 


observing the nce of a single crystal 
suspended in the center of 


licrowave cavity one may 
encounter complications in measuring the absolute spin 
susceptibility which arise from the fact 
ductivity of graphite 


that the con- 


100 to 200 


basal plane. 


aXIS IS 
times smaller than the conductivity in the 
Thus, even though the crystals are very thin flakes with 
an aspect ratio approaching 100, the volume of sample 
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Fic. 2. Spin paramagnetism of graphite as a function 
of temperature. 


seen by the microwave from the crystal edge is about 
equal to the volume of sample seen from the planes. 
Furthermore, the skin depth on the crystal edge is 
about one-third of the height of the sample so the 
electromagnetic plane wave approximation will not be 
valid for computing the resonant absorption intensity. 
To avoid these difficulties, a graphite crystal was 
prepared with its edges plated with copper and over- 
coated with solder to shield from the microwaves all 
regions of the specimen except the two exposed sides 
which consisted entirely of basal plane. The reference 
hydrazyl crystal was affixed to the center of one of the 
plane faces of the crystal to insure that H,; was the 
same for the sample and the reference. We believe that 
the absolute spin susceptibility obtained after observing 
these precautions is accurate to +30%. The room- 
temperature experimental point in Fig. 2 is that given 
by this method, whereas the value of x at 77°K is 
determined relative to the room-temperature result on 
an unplated crystal. 

An attempt was made to determine if a large error 
resulted from the assumption of plane electromagnetic 
waves on the edge of an unplated crystal. The line 
shape and the measured spin susceptibility of an un- 
plated crystal were compared with that of the crystal 
with its edge plated. All results were in agreement well 
within the experimental error for the crystal tested 
which was unusually regular. As the next section shows, 
irregular specimens would not be expected to give 
agreement, as their line shape indicates faster diffusion 
which would reduce the resonance intensity." 


4. Anisotropy of the Diffusion Time 


Dyson, in his theory of the line shape of the spin 
resonance of conduction electrons, assumed for sim- 
plicity that the electrons diffuse like free particles. The 
carriers in graphite, however, have highly anisotropic 
Fermi surfaces with the mobility along a crystallo- 
graphic @ axis about 100 to 200 times that along the 
c axis. The anisotropy was accounted for in the estima- 
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tion of the c-axis conductivity by simply assuming an 
anisotropic diffusion constant D=4(vA) with principal 
values 4(vA), and 4(vA), along the c and a directions. 

The anisotropy of the diffusion in graphite may be 
expected to have a marked effect on the value of Tp 
observed in spin resonance measurement on a surface 
other than a basal plane. For a surface on a graphite 
single crystal whose normal lies at an angle ¥ away 
from the c axis, 

kT? 
Tp= : 
2rwN e*(vA)y (tA) y4e/2 


Tp is the time it takes for a spin to diffuse in the direc- 
tion normal to the surface through a distance equal to 
the penetration depth and it is this parameter which 
determines the line shape of the spin resonance. The 
magnitude of the penetration depth 6 is determined by 
the mobility in the direction ¥+2/2, parallel to the 
sample surface. It is possible to evaluate crudely the 
expression for Tp as a function of ¥ by assuming 


(vA)y= (vA). +[ (vA) a— (vA), ] sin. 


Then 


Tplyp)- 


kT? 


2ewN e?(vA)af{L(vA)./(0A)a ]+sin*y cosy) 


From the ratio of the electrical conductivity in the 
c direction to that in the a direction one knows that 
(vA)./(vA).~10-*. The value of Tp is thus a highly 
anisotropic function of the angle y. 

The general validity of the above result was demon- 
strated by observing the spin resonance of a sand- 
blasted graphite crystal. The effect of sandblasting is 
to make the surface wavy on a microscopic scale. This 
exposes to the microwaves regions of surface with 
values ¥ intermediate between y=0° and 90°. Such 
surfaces should have Tp values very much shorter 
than those surfaces with y=0° or 90°, and the shorter 
value of Tp should increase the ratio of peak heights 
A/B for the resonance curve. The experiment qualita- 
tively confirmed these expectations in that the reso- 
nance curve for the undisturbed crystal had a ratio 
A/B=3 while the same crystal after sandblasting 
yielded A/B=6 showing clearly the enhancement of 
diffusion. 

The expression given above for Tp as a function of y 
is a fairly rough approximation in that scalar values of 
(vA) as a function of ¥ are used, whereas in actual fact 
(nA) (and also the conductivity) is a tensor. A proper 
solution of the problem would include a solution of the 
wave equation with the appropriate boundary condi- 
tions and a correct accounting for the effects of the 
tensor diffusivity. We have not attempted to do this at 
the present time as it is not possible to obtain graphite 
crystals with exposed surfaces having a single definite 
intermediate value of y with which to compare the 


theory. 
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The linewidth of the spin resonance did not change 
when the surface was sandblasted showing that the 
spins do not relax strongly through surface states and 
are thus relatively unaffected by surface conditions. 


5. The g Value 


The most remarkable feature of the spin resonance in 
graphite is the large g-value anisotropy. The spectro- 
scopic splitting factor g, which satisfies the resonance 
condition tw= gun, shows a strong dependence on the 
angle between the crystallographic c axis and the mag- 
netic field. The magnitude of the anisotropy of g also 
depends strongly on temperature and on the position 
of the Fermi level with respect to the band edge. The 
deviation of g from the free electron value of 2.0023 is 
governed by the contribution of orbital angular mo- 
mentum in the electronic states of spins giving rise to 
the resonance. A detailed theoretical treatment for the 
graphite spin resonance has not yet been worked out, 
but it appears that the general theory of Elliott‘ 
accounts qualitatively for the observations. 

The g value of graphite may be very closely fitted by 
the following expression 


g=£:+A cos, 


where @ is the angle between the static magnetic field 
and the ¢ axis, the g-value anisotropy A is 0.047 at 
room temperature in pure graphite, and g, is equal to 
2.0026+0.0002. The value of g, is independent of 
temperature, whereas the anisotropy A is very strongly 
dependent on temperature and changes drastically upon 
the addition of a small amount of electrically active 
impurity. Figure 3 shows the fit of the anisotropy 
expression to the experimentally measured g values of 
a pure single crystal of graphite at room temperature. 
The excellent agreement of the experimental points 
with the curve is evidence that the specimen of graphite 
is quite perfect and contains no large misoriented 
regions. The strong temperature dependence of A is 
shown in Fig. 4. Also given are two values of A (at 77°K 
and at 293°K) for a graphite sample doped with 0.037 
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Fic. 3. The g-value anisotropy of the graphite spin resonance 
at room temperature. 
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atomic percent boron. The astonishing dependence of 
the anisotropy on a small change of the Fermi level is 
clearly demonstrated 

The order of magnitude of the g shift from the free 
electron value may generally be written as 


Ag~/A, 


where A is the spin orbit coupling and A is the energy 
separation of the state being mixed in by the L-S 
coupling. A more precise expression would include the 
appropriate matrix elements and an average over the 
states contributing to the resonances. This has been 
done by Elliott in his theory of the effect of spin orbit 
coupling on the electron spin resonance in semicon- 
ductors. In particular, he treated the case of 
“electrons with kinetic energies large compared to the 
spin-orbit coupling energy occupying states with energies 
near a point where bands are degenerate.” This is just 
the situation which prevails in graphite.®*’ Elliott 
shows that it is the perturbing effect of nearly de- 


has 
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Fic. 4. Temperature dependence of the g-value 
anisotropy of graphite 


generate states that gives a particular state at the 
Fermi surface its large g shift. Thus, the degeneracy of 
the energy bands of graphite at the zone edge appears 
to be the source of the unusual g shift. Elliott’s g-shift 
result, while not directly applicable to graphite as only 
wave functions with the symmetry of a diamond lattice 
are considered, may be expected to give the correct 
order of magnitude. If the dependence on the shape of 
the bands near the state of interest is neglected, the 
g shift has the order of magnitude Ag~X/f, where ¢ is 
the Fermi energy measured relative to the band edge. 
For graphite, \2,~0.0037 ev™ and ¢~0.017 ev,”' and 
thus Ag~0.2. The observed value of Ag for pure 
graphite at 77°K is Ag=0.125. This is much better 
agreement than one would expect from such rough 
considerations. 

Elliott further derives an expression which is expected 


» J. C. Slonczewski, thesis, Rutgers University, 1955 (unpub 
lished ) 
=D. E. Soule, Phys. Rev. 112, 708 
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to be valid at temperatures much greater than the 
degeneracy temperature, 7» (~200°K for graphite). 


Ag= (Tr/T) (dg) re, 


where (Ag)y is the value of Ag measured at a tempera- 
ture much less than Ty. Figure 5 shows Ag as a function 
of 7—'. The linear behavior at high temperatures is 
evident. The slope of the curve may be used to calcu- 
late (4g)r=0.081. This is not unreasonable when 
compared to the observed value of the g shift at 77°K 
of 0.12. There is, however, one discrepancy in that Ag 
does not extrapolate to zero at high temperature, as the 
above formula would indicate, but instead approaches 
the value —0.009. Nonetheless, it is quite clear that 
Elliott’s theory has many features at least in qualitative 
agreement with the observations on graphite. 

That the electron spin resonance in graphite is due 
to both holes and electrons contributing to a single 
resonance absorption may be largely inferred from 
simple relaxation time considerations. The observed 
line width of about four gauss leads to a relaxation, 
time 7; for the spins of 2X 10~* second. The collision 
time of the carriers with the lattice is on the order of 
10-" second. Thus, a charge carrier with its associated 
spin makes 210° collisions between spin flips. This 
enables it to sample the entire Fermi surface and to 
produce a resonance whose g value is just the average 
over all the states (holes and electrons) on the Fermi 
surface. 

In connection with this averaging process, it is 
interesting to note that the change of g value with 
temperature from 77°K to 600°K corresponds to a shift 
in magnetic field for resonance of about 160 gauss, 
which is some 40 times the linewidth. This large change 
must be caused by the change in population of the 
energy states with temperature. As the temperature is 
increased, the population shifts from states close to the 
band edge to those further away which have smaller 
g shifts. 


6. The Linewidth 


The linewidth AH (see Fig. 1) for the purified graphite 
crystals decreases with increasing temperature, the 
values being roughly five gauss at 77°K, four gauss 
at room temperature and one gauss at 600°C. This 
dependence strongly suggests spin-lattice relaxation 
through interaction with the spin-orbit coupling of 
impurity atoms. Following Pines and Slichter'® one can 
obtain an estimated spin-lattice relaxation time of 


1/Ty~ (A*/h*) (0/0) f, 


where A is the spin-orbit coupling, a the dimension of a 
unit cell, f the fraction of impurity atoms, and » the 
electron velocity. At low temperatures, the electron 
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Fic, 5. The g-value anisotropy of pure graphite 
vs inverse temperature. 


gas becomes degenerate and » is the velocity of an 
electron on the Fermi surface. At temperatures well 
above the Fermi temperature, »~[k7/m*]' and the 
linewidth falls off as T~!. The above equation for the 
relaxation time is reasonable in magnitude as well as 
temperature dependence since the graphite impurity 
content of some 20 ppm could easily produce the ob- 
served linewidth. 

It is worth noting that Elliott’s expression for 
spin-lattice relaxation through lattice scattering, i.e., 
T:~rr(g—2)? gives a value some 10’ times shorter 
(broader line) than that observed and furthermore has 
the wrong temperature dependence. (r, is the relaxation 
time characteristic of the electrical resistivity.) 

The linewidth, which might be expected to be large 
from the spread in g values, is motionally narrowed. 
For a motionaily narrowed line, one would expect that" 


1/Ty~r rl (Ag/g)w F. 


For graphite at high temperatures, this expression 
varies as the absolute temperature to the inverse 3.2 
power, which is a much stronger variation with tem- 
perature than the experiments indicate. Moreover, the 
observed magnitude of 7; at room temperature is two 
orders of magnitude less than this expression yields. 
Thus, the motional narrowing must be complete and 
the linewidth is set by a spin-lattice relaxation mecha- 
nism, presumably the one above due to impurities. 
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Infiuence of Cold Work on the Resistivity of Dilute Copper Alloys 
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(Received November 30, 1959) 


Measurements are reported of the residual electrical resistivity of a copper plus 1 atomic percent antimony 
alloy which had been cast and rolled. A large increase was observed on annealing, as noted by Kropschot, 
Garber, and Blatt. However, metallographic examination and the smaliness of the change observed on 
subsequent rerolling suggest that their proposed mechanism of ‘“‘migration” during cold work plays a much 
smaller part than lack of homogeneity in the cast alloy. 


ECENTLY Kropschot, Garber, and Blatt' reported 

preliminary results of measurements of the elec- 
trical resistivity of dilute copper alloys, showing the 
changes in residual resistivity (measured at 4.2°K) ob- 
served on annealing cold-worked specimens of pure 
copper and of copper containing one atomic percent of 
the various solutes germanium, indium, tin, and anti- 
mony. For the alloys they observed quite large increases 
in resistivity on annealing, the increase being most 
pronounced for CuSb, which after casting and rolling 
gave a residual resistivity po~1.3 4 ohm-cm and on 
subsequent annealing gave po=4.0 to 4.3 u ohm-cm. 

For rather pure specimens of metallic elements, it is 
expected and indeed observed that annealing decreases 
the resistivity due to the removal of vacancies, disloca- 
tions, etc., and in many alloys a similar small decrease 
has been observed (see review by Gerritsen’). However 
in a few instances alloys* have been reported to show a 
contrasting small increase during annealing due, per- 
haps, to change in short-range order. In the case of the 
dilute copper alloys, Kropschot et al. suggested that the 
rather large change was a result of the generation of 
vacancies during cold work, these vacancies being suffi- 
ciently mobile at room temperature to aid the diffusion 
of solute atoms which would be ultimately trapped at 
the dislocation lines; on annealing, these atoms would 
be freed to distribute themselves uniformly through the 
solvent and enhance the resistivity. 

It seemed to us improbable that changes due to this 
mechanism would be as large as those observed in CuSb; 
the density of solute atoms at the dislocations would 
need to be unduly high and a lack of homogeneity in the 
original ingot seemed a more likely explanation. Hence, 
we were led to re-examine the electrical resistivity of a 
CuSb alloy and to include observations of thermal con- 
ductivity and the effect of rerolling. If the mechanism 
suggested by Kropschot et al. were correct, rerolling the 
annealed specimen should decrease the resistivity again, 
while data on the lattice thermal conductivity might 


* Present address 
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7A. N. Gerritsen, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 19, p. 137. 

+ J. O. Linde, Appl. Sci. Research B4, 73 (1956). 
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reveal information about the distribution of the scatter- 
ing centers. 

Copper plus one atomic percent antimony specimens 
were made by induction melting a small charge of 
99.99+-%, pure copper (“‘freezing-point” copper from 
the National Bureau of Standards, for which annealed 
test strips showed a resistance ratio po/p2s~~2X 10-*) 
and 99,999,% pure antimony (JM6639) sealed in an 
evacuated silica tube. The cylindrical ingot of about 
8-mm diameter was rolled to form a bar of cross section 
about 16 mm? (specimen No. 1), then annealed in a 
clean helium atmosphere by raising the temperature to 
600°C, then raised further at a rate of 50°C per day to 
940°C and maintained at this temperature for about 
2 days (No. 2 specimen). It was later rerolled to form a 
bar of about 6 mm’ cross section (No. 3). On the speci- 
mens Nos. 1, 2, and 3 values of electrical resistivity at 
temperatures between 2°K and 300°K, and values of 
thermal conductivity between 2°K and 90°K were ob- 
tained by methods described previously.* The electrical 
data in Table I indicate that a substantial increase in 
residual resistivity occurred on annealing, as noted by 
Kropschot et al. but any change on subsequent rerolling 
was only comparable with the experimental error in- 
volved in determining the geometry and using the 
galvanometer amplifier. Values of po for Nos. 2 and 3 
correspond closely to the figure of 5.44 ohm-cm per 
atomic percent of antimony in copper, found by Linde 
(see reference 2). 

The specimens were later electrolytically polished and 
examined under a metallographic microscope. CuSb 
No. 2 and No. 3 both seemed of quite uniform a phase 
(cubic phase) with slight evidence of “equilibrium segre- 


Taste I. Electrical 
specimens in 


resistivities of CuSb 
uw ohm-cm units 


No. 1 (cold worked 
No. 2 (annealed) 
No. 3 (cold worked 
Pure copper* 


* See reference 4 
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gation”’ (McLean®*) at the grain boundaries, i.e., they 
showed variations in the degree of etching at the 
boundaries consistent with the mechanism proposed by 
McLean to explain embrittlement in copper-antimony 
alloys. By contrast, specimen No. 1 showed considerable 
coring of the a phase. These enriched areas of a phase 
and also ¢ phase* (hexagonal phase) regions were shown 
much more clearly in another specimen which was cast 
and inadvertently “homogenized” by heating for 48 
hours at 1050°C. This latter specimen was quite brittle, 
the ¢ phase was distributed along grain boundaries and 
was surrounded by areas of enriched a phase which 
etched much more rapidly than the central areas of 
the grain. 

The specimen No. 1 also showed the most pronounced 
departures of its electrical resistance from Matthiessen’s 
rule, as judged by the deviations of values of py — po from 
the value for pure copper (Table I). 

Values of lattice thermal conductivity, A,, were de- 
duced from the observed total thermal conductivity 
(e.g., see Klemens’ and Kemp et al.*) and indicated 
apparently normal behavior, i.e., proportionality to T* 
below about 10°K with a maximum at around 40°K. 
For the annealed specimen, \g~5X 10 T*w cm™ deg 
at low temperatures, and for the cold-worked specimens 
\g~1X10~ T*. Assuming that for the latter specimens 
dislocations are the dominant scattering source in this 
region, a dislocation density of 2X10" lines cm~ is 
deduced from the theoretical phonon scattering proba- 
bility.” Previous work® indicates that the number of 


*D. McLean, Grain Boundaries in Medals (Oxford University 
Press, New York, 1957), p. 140. 

* M. Hansen, Constitution of Binary Alloys (McGraw-Hill Book 
Company, Inc., New York, 1958). 

7P. G. Klemens, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 1 


*W. R. G. Kemp, P. G. Klemens, and R. J. Tainsh. Phil 
Mag. 4, 845 (1959); J. N. Lomer and H. M. Rosenberg, Phil. 
Mag. 4, 467 (1959) 
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dislocations is overestimated by a factor of 3 to 6, so 
that we are led to a density of about 5X10" for the 
cold-worked CuSb specimens. 


Summarizing our evidence, 


(i) rerolling produced no significant change in elec- 
trical resistivity ; 

(ii) metallographic examination indicated that our 
specimens were inhomogeneous before they were an- 
nealed; the observed departures from Matthiessen’s 
rule support this; 

(iii) the known a-phase solubility limit® (about 5 
atomic percent antimony at 640°C and 2 atomic percent 
at room temperature) and complex phase diagram make 
it not unlikely that most specimens are similarly in- 
homogeneous until they are carefully heat treated ; 

(iv) heat conductivity observations suggest that the 
density of dislocations is not unduly large in the cold- 
worked specimens and it therefore seems improbable 
that a majority of impurity atoms (nearly 5X10” per 
cm’ for antimony) could be trapped at these lines. 
Therefore we believe that the suggested large-scale mi- 
gration of solute atoms to dislocations on cold working 
does not occur, but that specimens as cast and first 
rolled are probably inhomogeneous and hence scatter 
the charge carriers less effectively than later when they 
are annealed to become relatively homogeneous. Of 
course, this does not rule out the possibility that small 
decreases in resistivity may occur in some alloys during 
cold work, by the mechanism proposed by Kropschot 
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A counter example is given to a conjecture of Fisher and Sykes on the number of self-avoiding walks arising 
in the excluded volume problem in the Ising model of ferromagnetism. 





N their discussion of the excluded volume problem 
and the Ising model of ferromagnetism, Fisher and 
Sykes! deal extensively with the quantity 


w= limens1/Ca, 


n-*® 


(1) 


where c, is the number of n-stepped self-avoiding walks 
on a lattice. They say the assumption that the limit in 
(1) exists “is by no means obvious mathematically but 
Hammersley has been able to justify the assumption 
rigorously.” In a footnote to this they add “More 
precisely Hammersley’ has shown that 


lima Inc, 


-® 


In (2) 
exists.” Since these two statements may lead to mis- 
understanding, it seems worth stating that the actual 
situation is: 


(i) I proved (2), as stated by Fisher and Sykes; but 

(ii) (2) is not a more precise statement than (1); 

(iii) the limit in (1) does mot exist in general; and 

(iv) (2) is strictly weaker than (1), in that the as- 
sumed truth of (1) in itself implies (2) without any 
reference to those properties of a lattice or a crystal 
otherwise needed to establish (2). 


It is quite easy to construct lattices for which (1) is 
false, if we permit the lattice to have more than one 
outlike class (see reference 2 for a definition of “crystal” 
and “outlike class”: All physical lattices are crystals, 
though not all crystals are lattices). For example, (1) is 
obviously false for the decorated honeycomb lattice,’ 


M. E. Fisher and M. F. Sykes, Phys. Rev. 114, 45 (1959). 
J Proc. Cambridge Phil. Soc. 53, 642 (1957) 
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which has two outlike classes. However, all the lattices 
considered by Fisher and Sykes are lattices with the 
special property that each only possesses one outlike 
class. One might hope that this special property would 
secure the truth of (1); but this hope is unfulfilled. The 
counter example below is a lattice with only one outlike 
class. It may perhaps be true that (1) is true for the 
particular lattices considered by Fisher and Sykes; but 
it should be realized that this is a very open conjecture, 
as yet quite unsubstantiated by mathematical argument. 

Counter example to (1): Consider the lattice whose 
points have coordinates x=0, +1, +2, --- ona straight 


line, and whose bonds are two-way bonds (i.e., bonds 
which may be traversed in either direction) between 
nearest neighbors x and x+1, there being either one or 
two such bonds according as x 
calculation shows that co, = 2.2" 


is odd or even. An easy 
and Cen41= 3.2"; so that 
Cn41/Cn=$ or $ according as m is odd or even, and 
consequently (1) does not exist. Of course, (2) exists and 
gives Inu=4 In2. 

Proof that (1) implies (2) : If (1) is true, then to every 
e>0O there corresponds mo(e) such that 
n> Mno(e). (3) 


Inéas1—Inu—Inc,| Se, 


Hence, for n> m2 no(e), 


|Inc,— (n—m) Inu—Inc,! < > | Inej.3—In—Inc; 


n—m)e. (4) 


Fix m, divide (4) by m, and let n— « with the result 


m sup/|” ny 


NCa- 


se 


and now (2) follows from (5) because « is arbitrary. 
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A partial substitution of the oxygen ions by fluorine in BaO-6Fe,0, is reported. The new compound with 
a formula near to BaF;-2FeO-5Fe,0; has at room temperature a magnetization saturation of 72 cgs units/ 
gram compared to 67 cgs units/gram for BaO-6Fe,0;. The specific. gravity, Curie temperature, and unit 
cell dimensions are practically the same for both compounds. 


ANY cation substitutions have been carried out 

in various ferrimagnetic oxides. Oxygen substi- 
tutions, on the other hand, were reported only in 
spinels.' A partial replacement of oxygen by fluorine’ in 
several compounds was tried in our laboratory. The 
fluorine ion was chosen because its ionic size is similar 
to that of the oxygen. The compound analogous to 
BaO-6Fe.O; shall be described here. 

Samples with differing ratios of BaF, to Fe2O; were 
prepared in the usual ceramic way. The final firing was 
carried out at a temperature of 1250°C for 20 hours in 
an atmosphere of thoroughly dry oxygen. As BaF; is 
volatile at this high temperature, single phase samples 
are difficult to obtain. After washing the powdered 
samples in HCl, a pure magnetoplumbite phase was 
obtained as shown by x-ray powder diagrams. It should 
be noted that the pure sample is much less soluble in 
HCl than BaO-6Fe,0;. The specific gravity of the 
purified material, measured by the powder picnometric 
method, is 5.25. The same value was obtained for 
BaO-6Fe,0;. Weisenberg difraction patterns of single 
crystals* of both compounds show intensity differences 
in some reflections. These differences can be explained 


t The publication of this article has been delayed 6 months at 
the request of the authors. 

'F. K. Lotgering, thesis, Utrecht, 1956 (unpublished) 

? Magnetic fluorides which do not contain any oxygen ions were 
reported by E. Gruner and W. Klemm, Naturwissenschaften 25, 
59 (1937), and by K. Knox and S. Geller, Phys. Rev. 110, 771 
(1958). 

* Small single crystals were grown in cavities bored in a pressed 
prefired sample after a slow cooling from 1300°C. 


by changes in the anions but not in the number of 
cations.‘ Chemical analysis of the purified compound 
suggests a formula near to BaF,-2FeO-5Fe,0,. This 
formula is in agreement with specific-gravity and x-ray 
data. This means that two fluorine ions replaced oxygen 
ones in BaO-6Fe,O; and two trivalent iron ions were 
reduced to divalent without changing the crystallo- 
graphic structure. 

Saturation magnetization measured by the ponder- 
ometer technique’ on oriented samples of the purified 
fluorine compound at room temperature is 72 cgs units/g. 
Nonpurified samples had lower saturation magnetiza- 
tion. The room temperature value obtained by us for 
oriented BaO-6FeO; both for various commercial 


samples and for samples synthesized in our laboratory 


is 67 cgs units/g, in agreement with Henry.® The higher 
magnetization of the fluorine compound suggests, ac- 
cepting the magnetic structure of BaO-6FeO, given 
by Went et al.,’ that the divalent iron ions are in the 
4f2 sites." The fluorine ions, according to this picture, are 
near the barium ions. 

Work is now being done on Pb and Sr homo- 
logs of this compound and in the ternary system 
BaF,—CoO— Fess. 


* The authors wish to thank Dr. S. Hirschfeld for this suggestion 

*G. W. Rathenau and J. L. Snoek, Philips Research Repts. 1, 
239 (1948). 

*W. E. Henry, Phys. Rev. 112, 326 (1958). 

7 Went, Rathenau, Gorter, and van Oosterhaut, Philips Tech. 
Rev. 13, 194 (1952). 

*V. Addskjgid, Ark. Kemi Min. Geol. 12A, 1 (1938). 
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The boundary condition for the transverse magnetization is derived when there is 


a surface anisotropy 


field H7,. Writing the transverse magnetization as a sinkz+ 8 coskz, we have 
a/p= —tka + (H,/H ak . 


where //, is the exchange field and a the lattice constant. A similar result is found when there is an antiferro 
magnetic surface layer. For 1,0 spin-wave modes can be excited by a uniform rf field in a ferromagnet 
The power absorbed in each mode in an insulator is calculated as a function of the surface anisotropy field 


The excitation of the exchange modes is calculated for a metal with eddy-current damping 
currents are found to have a large effect only on long wavelength spin waves 


metal plate is calculated for H» normal to the plate. 


I. INTRODUCTION 


T has been shown by Kittel’ that under appropriate 

boundary conditions spin waves may be excited in 
a ferromagnetic insulator by a uniform rf field. Jarrett 
and Waring’? have observed multiple resonances in 
NiMnO; which have been tentatively identified as 
spin-wave resonances. Seavey and Tannenwald* and 
Kooi and Moss‘ have observed spin-wave excitations 
in thin permalloy films. We consider here the theory of 
these excitations in an insulator in more detail than 
was done in reference 1, and we also investigate the 
phenomenon in a metal where there is eddy-current 
damping. 
,. it is convenient in dealing with special interactions 
on the surface atoms to work with the Hamiltonian in 
the Heisenberg form, rather than in the Landau form, 
as surface singularities are avoided. We assume nearest- 
neighbor exchange forces, for convenience. Then 


HK -2J > S,-S;— gue > S.-H, (1) 
i>j é 


where H, is the effective magnetic field at the ith spin 
resulting from external fields, demagnetizing fields, and 


anisotropy fields. We know that S? commutes with the 
Hamiltonian if H, is the same for all spins, and hence 


no spin waves can be coupled to the uniform mode. 
This holds only in the absence of dipolar interactions. 
We know that interactions having a dipolar character 
can couple the uniform mode to a degenerate spin-wave 
mode and at high rf powers lead to the Bloembergen- 
Wang-Suhl breakdown.® In an inhomogeneous rf excit- 
ing field one may also observe higher modes, for 
example, the magnetostatic modes observed by White 
and Solt.® It is further possible to excite exchange modes 
* Work partially supported by the National Science Foundation. 
'C. Kittel, Phys. Rev. 110, 1295 (1958) 
*H. S. Jarrett and R. K. Waring, Phys. Rev. 111, 1223 (1958). 
*M. H. Seavey, Jr., and P. E. Tannenwald, Phys. Rev. Letters 
, 168 (1958 
*C. F. Kooi and R. W. Moss, Bull. Am. Phys. Soc 
5 H. Suhl, J Phys. Chem. Solids 1, 209 (1957) 
*R. L. White and J. H. Solt, Phys. Rev. 104, 56 (1956). 


4, 353 (1959). 


The eddy 


in a thick 


The line shape 


by a uniform rf field in a thin film if the direction of 
the surface magnetization is pinned by local anisotropy 
interactions; this is the effect which we are 
concerned here. Such interactions may arise from the 
lower symmetry of atoms at the surface or with differ- 
ences in chemical composition, such as the formation of 
antiferromagnetic oxide layers at the surface. 

In Sec. II, we discuss the effect of surface boundary 
conditions on the transverse components of the magnet- 
ization. We show that surface anisotropies are likely 
to be adequate to pin the directions of the end spins. 
In Sec. III, we consider the modes of a film of a ferro- 
magnetic insulator as a function of the degree of 
pinning. We derive an expression for the power absorbed 
in each mode. In Sec. IV, we treat the problem of a 
metal: here eddy-current damping of the rf fields 
broadens the resonance 


with 


lines and can also give rise to 
We calculate the surface im- 
pedance for a metal specimen in which the direction of 
the surface magnetization is completely pinned; we 
treat the eddy-current 
magnetic field normal plane of the specimen. 
Existing experimental results are also discussed. 


spin-wave excitations 


problem only for a static 


to the 


Il. BOUNDARY CONDITIONS 


ickness 
field normal to the surface and in a uniform rf magnetic 
field parallel to the surface. 
ary conditions, becaus¢ 


We consider a slab of t! L in a static magnetic 
In the discussion of bound- 
of the symmetry of the problem, 
we may usually restrict ourselves to a one-dimensional 
line of spins. We give a more general discussion than is 
found in the original paper by Kittel, and we inci- 
dentally correct an unimportant error in his analysis. 
Ament and Rado’ ! suggested that at a boundary 
the normal derivative of the transverse part of the 
magnetization must vanish. However, their derivation 
tion does not correc tly treat the 
surface 


ave 


of the boundary condi 
Landau form of 
t, near the 


when the 


fac 


Ament and G. T. Ra PI 


discontinuity at a 


. 
the Hamiltonian is used. I surface, an 


™W.S Rev. 97, 1558 (1955). 
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additional term proportional to the gradient of the 
magnetization must be included in their analysis. The 
antinode boundary condition is only rigorously true 
for the uniform (k=0) mode when there is no surface 
anisotropy and is never true when there is surface 
anisotropy. We know that relatively large anisotropies 
can act on the surface spins since interactions which 
cancel in the interior as a result of cubic symmetry 
will not cancel at the surface as pointed out by Néel.* 
An antiferromagnetic oxide layer on the surface of a 
metallic film can also give rise to an anisotropy which 
may tend to pin the end spins. Such an exchange surface 
anisotropy was first observed by Meiklejohn and Bean’ 
in Co with a CoO surface layer. 

We now derive the boundary conditions when an 
anisotropy field H, acts on the end spins by a semi- 
classical treatment of the equations of motion. In 
Appendix A we derive precisely the same condition by 
the quantum-mechanical method of Bloch."° We show 
also how an antiferromagnetic surface layer may pin 
the directions of the end spins of a ferromagnetic chain. 

The equation of motion for a surface spin §, is 


as, ot= (2J h)S:XS8.+-7S8.x« (Hy +H,), (2) 


where J is the exchange integral, Hy is the 2-<directed 
static field, H, is the surface anisotropy field, and 
y= ge/2mc. We take H, in the z direction, normal to 
the surface. If we expand S, as 


S.~S,+4(dS,/dz)+4a*(0S,/d2)+---, (3) 


where a is the lattice constant, and let S* 
Eq. (2) becomes 
—i(0S;+/dt)=w{a(0S;*/d2)+4a?(#S;*/d2") | 

—- (wotw,)Si*, (4) 
where w,=2/S/h, wo=yHo, and w,=yH,. For an 
interior spin, the linear term in the lattice constant and 
the term in w, vanish by symmetry, giving in the 
interior 


= §7+7S%, 


—1i(0S*/ dl) =wa?(0?7S*/d2*) —woS*. (5) 
We now look for a solution of (5) of the form 
S*+=e~—'“*(@ sinks +8 coskz), (6) 


where a and § are constants whose magnitudes are 
determined by the strength of the exciting field. Substi- 
tution of (6) into (5) gives the usual ferromagnetic 
dispersion law : 

w=wotw ak’, (7) 


where wo is the Zeeman frequency corrected for de- 
magnetization effects. The ratio a/f is determined by 


*L. Néel, Compt. rend. 237, 1468 (1953); J. phys. radium 15, 
225 (1954). 

*W. H. Meiklejohn and C. P. Bean, Phys. Rev. 102, 1413 
(1956). A similar effect has also been observed in Fe with an FeO 
surface layer. W. H. Meiklejohn and C. P. Bean, J. Appl. Phys 
29, 454 (1958) 

” F. Bloch, Z. Physik 61, 206 (1930). 
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substitution of (6) into (4), using (7) and setting 
s=0 for the surface spin. We find 


a/8= —hkat+ (w,/wak). (8) 


For the spin waves of interest at microwave frequencies 
ka~10~*, so we may neglect the first term on the right. 
If w,~0.1w,, we find a/8~10, which implies that the 
end spins are effectively pinned in direction. The 
solution (6) is then dominated by the term in a sinks 
which has a node at the surface. When w, tends to zero, 
there is very little pinning because ka is usually quite 
small, but a is identically zero, i.e., antinode at surface, 
only when k= 0. That is, the modes of the pure exchange 
problem are not simply of the form cosks. 

We can estimate the magnitude of the surface 
anisotropy by assuming that an anisotropic exchange 
interaction acts on the surface spins 


“C> S&S/. (9) 
‘>i 

This form is used for the anisotropy rather than just a 
pseudodipolar interaction because, as Néel*® has shown, 
for certain orientations of the surface in a cubic lattice 
[ (100) and (111) planes in a bee and (111) plane in sc] 
the pseudodipolar anisotropy still vanishes at the 
surface in the classical limit. This disappearance of the 
pseudodipolar anisotropy energy at a surface arises 
only because of a cancellation of the anisotropy energy 
with part of the exchange energy. However, the 
symmetry of a surface is really uniaxial and hence we 
expect a uniaxial type anisotropy, such as the aniso- 
tropic exchange, which will not vanish at the surface 
for any orientations of a cubic crystal. The magnitude 
of the constant C can be estimated. Suppose we assume 
all the bulk anisotropy in nickel, for example, arises 
from pseudodipolar interactions. We fit C to the 
extrapolated experimental values" of the anisotropy 
constant K,; at 0°K using the theoretical expression 
obtained by Van Vieck™ and given in the present form 
by Keffer and Oguchi,” 


K,(0)=—~3NSC*/64J, (10) 


for a face-centered cubic lattice; here N is the number 
of spins per unit volume. For C= fw /2S, where z is the 
number of nearest neighbors to a surface spin, we obtain 
w /w.~01. At finite temperatures, the surface ani- 
sotropy is expected to fall off slower with increasing 
temperature than the volume anisotropy because of 
the lower symmetry at the surface. We should empha- 
size that there is no firm evidence that the pseudo- 
dipolar anisotropy accounts for the observed bulk 
anisotropy of nickel. Our argument above is simply to 
show what would happen if this were so. 

"R. Bozorth, Ferromagnelism (D 
Inc., Princeton, 1951) 

J. H. Van Vieck, Phys. Rev. 52, 1178 (1937). 

4 F. Keffer and T. Oguchi, Phys. Rev. 117, 718 (1960). 
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We now show how an antiferromagnetic surface 
layer may pin the direction of the end spins of a 
ferromagnetic chain. Qualitatively, because it usually 
takes more energy to excite an antiferromagnet than a 
ferromagnet, the end spins of the ferromagnetic region 
will be effectively frozen into the antiferromagnetic 
lattice, in which excitations at the ferromagnetic reso- 
nant frequency fall off exponentially. In order to derive 
the boundary condition, we consider the equations of 
motion of a layer of N antiferromagnetically coupled 
spins followed by the ferromagnetic region, i.e., the 
Nth spin is coupled antiferromagnetically to the V +st, 
and the V + 1st spin is coupled ferromagnetically to the 
N+2nd spin. If Hy, is the anisotropy field in the 
antiferromagnetic region, and J and J’ (both written 
as positive) are the exchange integrals in the ferro- 
magnetic and antiferromagnetic regions, respectively, 
the equations of motion are 

dS,/dt= — (2J'/h)S.* So+7S8iX (Ho+H,), 

dS8./di pom (2J’ h)SoX (Si:+S,)+7S8.x (Ho— H,), 


(11 
dS, dl= 


— (2J’/h)SwX (Sw4itSy_s) 
+~7Sw X (Hy—H,), 

dSw, 1/dt= —(2J'/h Sy Pp, 4 Sy 

+ (2) /h)SwiiX Swot 784i X Mo, 
where JN is taken to be even. If the transverse compo- 
nents of the spins vary as e~'“* (11) can be rewritten, 
when we are driving the spins at the frequency wo 
+w,a*k*, as 

Sit (wah? @a~ w,’) = we Sst, 


Sot (wah? +w4+2w,') = —w,' (S;++S;*), 


(12) 


Syt (oh?+wrtw,.’) = —w (Syiit+Sw41*), 


. 212 ’ te . 
S N+ 1* (wa? “We—We )=We Snt—weSnys", 


where w,’=2J'S/h. Now (12) is a set of difference 
equations having the solution 


Syt=RwySwxt", (13) 
where 
Ry=F+t{1—FtF-/(1—F-Ry_:) T', (14) 
and 
R.=F+ 


(1—F*F»). (15) 


Here F+, F-, and Fo are given by 
(wa+2w,’), 
(16) 


If we try a solution of the form of (6) in the ferro- 
magnetic region and use (13) and the last of (12), 
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we find the pinning condition for the end spin of the 
ferromagnetic chain: 


a/B = —tka+ we’ (1+Ry)/wak. (17) 


For w,/>>wa, it is easy to show from (14), (15), and 
(16) that 


1+Ry~Nwa/w’. (18) 


The boundary condition becomes, for ka<1, 
(19) 


a/B=Nw,/wak 


If wa~0.lw, and N~10, then we find a/8~1@. 
Hence even a thin antiferromagnetic oxide 
layer can be quite effective in causing the end spins of 
a ferromagnetic chain to be pinned. 


surface 


Ill, EXCITATION IN A FERROMAGNETIC 
INSULATOR 


In this section we discuss the excitation of spin-wave 
modes in an insulator, and we calculate the power 
absorbed in each mode as a function of the boundary 
conditions. We omit all relaxation mechanisms; conse- 
quently all the calculated peaks will be infinitely sharp. 
We discuss here the case of H» normal to the film, and 
defer until Appendix B the case of Ho parallel to the 
film. If 

Ht=Kt (20) 
is a small transverse rf field, (5) becomes 
—i(dS*+/dl) =w.a?(#S*/dz woSt+yShk*. (21) 
We shall assume eigenmodes of the form of (6) and write 

g(k a/p (22) 
Because the Hamiltonian is symmetric with respect to 
reflection in the center of the film we must have 


g(k) sinkL+-coskL= +1, (23) 


which determines the eigenvalues &. Equation (23) 
reduces to the following transcendental equations for 
to the choice of sign above: 


(24a) 
(24b) 


the wave vectors, according 
g(k)=tan(kL/2), 
g(k) = —cot(kl a 


with g(&) given by (8). Here (24a) corresponds to modes 
which are even with respect to reflection in the xy plane 
at s=L/2, and (24b) gives the odd modes. With a 
uniform field, only the even modes can be excited. 
However, if A+ is not homogeneous and not invariant 
under the reflection, the odd modes can also be excited. 
It is easily seen from (8) that for large surface ani- 
sotropies the solutions of (24a) are very close to 


k pr a 
where p is an odd integer. For very small ws the 
solutions are approximately given by (25) with even 
integers p. 


(25) 
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If we let 
V,=cosk,z+(k,) sink,s, (26) 
we can write the solution to (21) as 
St=e* 5) Bs», 


where the sum is over all solutions of (24). Substitution 
of (27) into (21) gives 


ySh* = L» Bs¥,(wp—w), 


(27) 


(28) 
where 
(29) 


Wp=wotwe'*k,’. 
We now calculate the amplitude coefficients 8, by 


multiplying both sides of (28) by VY, and integrating. 
The two integrals in question are 


L 
Ii(ky)= f WW ds=Lbopbnp 
0 


+12(ky)8n0+O(Ry)d pn, (30) 


where 
QO(ky) =4L+gyko'+4¢,'L, (31) 


and 


L 


r(k,)= f V,dt=L 
0 


if p=0 


=2gk," if g=tankL/2 


=0 if g=—cotkL/2. (32) 
We see from (32) that only the modes even with respect 
to reflection are excited. From (30) and (32), it is 


readily seen that when w,=0, 
Bo= ySh*/(wo—w), Bpno=9. 


Thus, when there is no surface anisotropy or field 
inhomogeneity, there is no coupling between a uniform 
rf field and nonuniform spin wave modes. However, 
for nonvanishing w,, we obtain 


By= 2g(kp)ySH*/kO(kp) (wy—w), 


where the &,’s are the solutions of (24a). The power 
absorbed in the spin-wave modes is then 


P=4hY Sh" ¥ [b(wp—w)g* (ky) /kPLO(k,) }. 


For w,— «© the pinning is compiete and the power 
absorbed per mode is inversely proportional to &,’. 


(33) 


(34) 


(35) 


IV. FERROMAGNETIC METAL 


In a metal one source of damping of the spin-wave 


modes is the interaction with the conduction electrons . 


through eddy currents. The effect of eddy-current 
damping on the spin-wave resonances decreases with 
increasing k. The problem is to solve the spin-wave 
equation simultaneously with the Maxwell equation: 


c curlH = 4xcE, 


(36 
¢ curlE=— (9/at)(H-+4eM). 9) 
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The dec field H» interacting with the spins is given by 
Hyo= H—4nM, (37) 


where 47M is the demagnetizing field. Eliminating the 
electric fieid from (36) gives 


c ) H+ o dH+ «MM ast 
(- wea Ss a 
If we assume solutions of H+ and S* of the form of 


(6), and solve the secular determinant arising from 
(21) and (38), we obtain the dispersion law 


w= woth + 4ryM/ (14-8). (39) 


This is a well-known result. The skin depth 4 is defined 
by 


(38) 


(40) 


P= 2/2row. 


We see from (39) that for short wavelength spin waves, 
i.e., k5>>1, the frequency w is largely real and there is 
very little damping by the eddy currents. We now use 
the usual boundary condition that H* is continuous 
across the surface, and we assume that there is complete 
pinning of the spin directions at the surfaces. The four 
boundary conditions are 


kt (0)=h*(L)=ho; S*(0)=S*+(L)=0. (41) 


To calculate the absorption curve, we need the surface 
impedance Z defined by 


n- (EX H*) 1 dit 
z=te(————)_ --(-—)} , 
||? zZ—0 h* OZ F 2.0 


where m is a unit vector normal to the surface. The 
surface impedance is related to the absorbed power 
per unit area by 

P= (2/0) (c/4r)*| H|* ReZ. (43) 


On combining (6), (39), and (42) we obtain the following 
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Fic. 1. Real part of the surface impedance vs (w—ws) for 
L=4X10°* cm, wa?= 10 rad cm*/sec, = 10* cm*, 44M = 10' 
oersteds. 
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expression for the surface impedance: 


— 2iLk; tanhk,L— kz tanhkel+ hie hiko(ke tandk,L—k, tanhhol 


(44) 


&(k,— k,*) 


Here k,’ and k,? are the two complex solutions to (39). 
One of them resembles an electromagnetic eddy-current 
solution mixed with a small amount of spin-wave 
excitation, while the other corresponds to a spin wave 
with a small admixture of electromagnetic field. In 
Fig. 1, we have plotted the first few modes in a thin 
film for typical values of the parameters. This absorp- 
tion curve looks more like (although our calculated 
high modes are too narrow) the experimental curves of 
Seavey and Tannenwald’ than the absorption calculated 
for antinode boundary conditions.“ The latter boundary 
condition allows excitation of the spin-wave modes by 
a sort of White-Solt effect, and the inhomogeneity in 
the rf fields caused by the eddy currents is not large 
enough to give rise to the experimental resonances of 
Seavey and Tannenwald. In the high mode number 
(short wavelength) limit, 26>>1, 


hi = kot 4aryMi/ke?*(w— wo), (45) 
where 
(46) 


(w— wo) /w.a?; 


here kz is quite small and approaches 2(7)'/6. In this 
limit, the surface impedance can approximately be 
written as 


Z=—8ryMi tan$k,L/Pk,(w— wo), 


which gives resonances at ki= pr/L, where p is an odd 
integer. The power absorption on resonance is given by 


P rea™ Che?/4x*Lo. 


(47) 


(48) 


We see then that for the short wavelength modes the 
amplitudes of the resonances tend to a constant value; 
however, the line widths can be seen to decrease with 
increasing k,. The fact that the eddy-current damping 





Fic. 2. Real part 
of the surface imped 
ance for an infinite 
slab. The parameters 
are the same as in 
Fig. 1. 











4M. H. Seavey, Jr., and P. E. Tannenwald, J. phys. radium 
20, 323 (1959). 


decreases with increasing k was realized by Ament and 
Rado’ and Kittel.'® 

Another rather interesting limiting case of (44) is 
that of a thick slab, i.e., L—> «. Hy is still taken to be 
normal to the surface of the slab. MacDonald'® and 
Ament and Rado’ treated with Ho 
parallel to the surface. A similar problem has been 
solved by Gurevich" using the Ament-Rado antinode 
boundary condition. For the antinode boundary condi- 
tions, the line width and exchange shift of the resonance 
are found to be approximately one half of the corre- 
sponding values for pinned boundaries. In this limiting 
case, for pinned boundaries, (44) becomes 


Z=2(1 


have the case 


hid*ki ke) /F (kit ke). (49) 
In Fig. 2 we plot the real part of (49) for the same 
values of the parameters as in Fig. 1. We see from 
(49) that all the subsidiary spin-wave resonances have 
disappeared and the resonant frequency is given by 

32ryMw,)', 


=Woat \a/o 


(50) 


or in terms of the Landau exchange stiffness constant A, 


j 


w=wot (8y/5) (aA (51) 


The exchange shift w—wo is quite small and, for ex- 
ample, in Permalloy at about 10‘ megacycles/second, 
is only a few percent of wo. The shift is equivalent to a 
very small increase in the spectroscopic splitting factor, 
g. The eddy current line width is approximately the 
same as the exchange shift. In materials of lower 
resistivity than Permalloy the exchange shift will of 
course be larger. 

Rado and Weertman"™ have estimated the exchange 
stiffness constant A for a Fe-Ni alloy (66% Ni) as 
3.3X10-* erg/cm by fitting their experimental reso- 
nance for the antinode 
boundary condition. This value is in serious disagree- 
ment with values (A=0.8X10-*—1X10~ erg/cm) 
obtained from experiments by Kondorsky and Fedotov™ 
and Bean” on similar materials. However, the Rado- 
Weertman estimate may have been too high by as 
much as a factor of four if the surface spins were pinned. 
Then, the Rado-Weertman value would be changed to 


curves to a theoretical curve 


1 C. Kittel, Phys. Rev. 110, 836 (1958 

16 J. R. MacDonald, thesis, oxford, 1950 (unpublished 

7'V. L. Gurevich, J. Exptl. Theoret. Phys. U. S. S. R. 33, 1497 
(1957) [translation: Soviet Phys.-JETP 6(33), 1155 (1958) } 

8G. T. Rado and J. R. Weertman, J. Phys. Chem. Solids (to 
be published). 

% E. Kondorsky and L. M. Fedotov 
Phys. Ser. 16, 432 (1952 

™C. P. Bean, Proceedings 
Magnetism and Magnetic Mat: 


, Bull. Acad. Sci. U.S. S. R. 


the Pittsburgh Conference on 


rials, 1955 (unpublished), p. 365 
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A~0.8X10~* erg/cm, bringing their exchange constant 
into agreement with the other experiments. 

Young and Uehling™ have carried out ferromagnetic 
resonance experiments on Supermalloy with H» perpen- 
dicular to the surface of the sample. Their results show 
relatively large line widths of about 400 oersteds. Eddy 
current line widths of these materials are only about 
50 oersteds. Hence, this is some indication that there is 
a line broadening mechanism in addition to the eddy 
current damping. The experimental curves fit quite 
well with a Bloch type damping with 7, of the order 
of 10-* sec. Young and Uehling state that their experi- 
ments were quite sensitive to surface conditions, and 
hence there may be some type of surface broadening 
mechanism, possibly from mechanical distortion of the 
surface. 

Hoskins” has also carried out ferromagnetic resonance 
experiments in Fe-Ni alloys (30-50% Ni) for the 
perpendicular field geometry at 25 kMc/sec. He finds 
line widths of the order of 200 oersteds which are also 
too large to be completely explained by eddy current 
damping. 
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B 2gusH s 
(g;|K Vv, =-— 2c, 1° + 2C j4.1*+ | V-—4)C + : C/ for 
2 4 


= — (J/2)[2C'+(N—2)Co*] 
= —(J/2)[2Cw_1*+(N—2)Cy*] for 


If we write the eigenvalue equation as 


RY,= EM, 
then 
(g;|KR|¥,)= E,C}. 


If we try an expression for C/* of the form 
C/§=a sinjak+8 cos jak, 


where a is the lattice constant, and combine Eq. (A6) 
with Eq. (A4), we obtain the usual energy expression : 


E,y= — (J/2)(N—4)—2J cosak—gurHs. (A8) 


Now, combining Eq. (A8) with Eq. (A4), and using 
the approximaticn ka<1, we arrive at precisely the 
same boundary condition as that given by Eq. (8). 


APPENDIX B 


In a general geometry, there is an additional magnetic 
field H,, parallel to k, arising from the dipolar inter- 
action of the spins themselves. In the perpendicular 


1 J. A. Young, Jr., and E. A. Uehling, Phys. Rev. 94, 544 (1954) 
2 R. Hoskins, thesis, University of California, 1955 (unpub- 
lished ). 
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APPENDIX A. QUANTUM-MECHANICAL DERIVATION 
OF BOUNDARY CONDITIONS 


We now rederive Eq. (8), using the Bloch spin-wave 
states. We consider a finite line of N+1 spins (S=4), 
with the ends experiencing a surface anisotropy field 
Hs. The Hamiltonian can be written as 


J 
K=—-—> Lotosf+4(oite;-+0,-0;*) ] 


>i 
cee 
o Hs(oo'+on"*), (Al) 


where we consider only nearest-neighbor interactions; 
the o’s are the Pauli spin matrices. For one reversed 
spin, we look for an eigenfunction of the Bloch form: 


Wi= Ls Chey, (A2) 
where 


Gj Mgt * ay 1B ptjyi* + Gn. (A3) 


Here a and £ are the eigenvectors of o* with eigenvalues 
+1 and —1, respectively. Then 


j#0, N, 


for 


(A4) 





field problem treated in Sec. III, Hy, vanishes, but it is 
nonzero for other geometries. Kittel and Herring” have 
derived the ferromagnetic dispersion relation as a 
function of the angle, 6, between k and the magnet- 
ization. We calculate here the power absorption per 
mode in the parallel case, ie., &=2/2. The constant 
magnetic field is taken along the z axis, parallel to the 
surface of the film. The spin waves are directed along 
the x axis perpendicular to the surface. 

The field H, is determined by the Maxwell equations: 


div(H,+4*M)=0, curlH,=0. (B1) 
We look for solutions 
S*= R(k) coswt(a sinkx+ 8 coskx), 
S¥= sinwt(a sinkx+8 coskzx), 


where R(k) is to be determined. From (B1) and (B2), 
we obtain 


H,?=—44MS*/S, Hy*= H,'=0. 
The equations of motion become 
aS*/dt= —wa*(d"/3x2)+-woS", 
OS*/At= w a? (PS*/ dx") — woS*+7SH,*. 
~ ®C. Herring and C. Kittel, Phys. Rev. 81, 869 (1951). 


(B2) 


(B3) 


(B4) 
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Substituting (B2) into (B4), we obtain the dispersion 
law 


w= (wotw,a7hk*) (wot wa*kh?+4ryM). (B5) 


When k=0, this is the usual (BH)! resonance condition; 


combining (B2), (B4), (B5), we find that R(&) is given 
by 


R(k) = —[ (wot w.a*k*)/(wotwah?+4ryM) }. (B6) 


Following Sec. III, we apply a uniform transverse rf 
field (Ao coswt, ho sinwl,0) and calculate the amplitude 
coefficients. With the additional rf driving field, the 
equations of motion become 


OS*/dt= — wa? (#S¥/Is*)+-woS*— Sho coswt, 


AS¥/ Ot = wa? (#PS*/x*)— woS* 
+7Sho sinwt+7SH;,?. 


(B7) 


The boundary conditions are the same as those in Sec. 
III and, consequently, the eigenmodes are the same. 
We now define VY,” and ¥,” by 


V,"=a sink,x+8 coskyx, V,7=R(k,)V,". (B8) 
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Then, we try solutions of the form 


S?=coswl wy. Ae S¥= sinwl >» Bp’¥ >”. (B9) 


From (B7) and (B9) we obtain the following coupled 
equations for the amplitude coefficients 8,” and 8,": 
ySho= > [(wotwa*k,”)8,"+wR(k,)85* V5”, 

P 


ySho= >, (w8,*+ (wotwa*k,’ 


? 


(B10) 
+-4aryM)R(k, By" ¥ >". 
The ratio B,*/B,” is then found to be 


oL 2 
wr wy —wa*k 


B,” 
By” R(k,)(w—wo 


. (Bil) 
~ wk? — 4aryM) 
The power absorbed per mode is now easily seen to be 


[1+ R?(k,y) |g?(kp)S(w—wy) 
P= (2b Sk), ——__________——, 
; k,2LQ(k,) 


(B12) 


where w, is given by (B5). We see that the absorption 
per mode in the parallel use is only 4{1+R?(&,) ] of 
that in the perpendicular case. 
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Spin Relaxation and Line Width in Alkali Metal Vapors 


Arnotp L. BLoom 
Varian Associates, Palo Alito, California 


(Received November 16, 1959) 


Relaxation constants 7; and 7; have been computed for experiments involving optical pumping and 
optical detection in alkali metal vapor. The calculations have been performed for several possible spin 
relaxation mechanisms; namely, magnetic dipole, electric quadrupole, spin exchange, and the optical 
pumping process itself. For all of these mechanisms a reorientation experiment will approximately predict 
a spin resonance line width (equivalent to the statement 7,~ 7; for spin-4 particles.) However, a spin re 
orientation experiment of the type originally performed by Dehmelt, employing circularly polarized light, 
gives approximate results because of the nonexponential character of the reorientation. A more suitable ex 
periment is one employing hyperfine population differences and unpolarized light. 


INTRODUCTION 


HE recent observation of long spin reorientation 

times in alkali metal vapors in buffer gases,’ or 
with buffering wall coatings** has prompted consider- 
able speculation as to the existence of correspondingly 
narrow line widths and application to magnetic field 
and frequency measurements. Implicit in this is the 
assumption that conditions in the alkali vapor are 
analogous to those of nuclear magnetic resonance of 
spin-4 nuclei in a nonviscous fluid, for which one has 


1H. G. Dehmelt, Phys. Rev. 105, 1487 (1957). 

*H. G. Robinson, E. S. Ensberg, and H. G. Dehmelt, Bull. Am. 
Phys. Soc. Ser. IT, 3, 9 (1958). 

* W. Franzen, Phys. Rev. 115, 850 (1959). 


equal times (7,:=7:). However, the alkali vapor 
differs from an ensemble of spin-} particles in two 
important respects ; first, because of the strong hyperfine 
coupling, and secondly, because of the special nature of 
the observables measured by optical detection. Thus, 
for example, the quantity measured by the optical 
detection of hyperfine population differences using 
unpolarized light* is not simply related to classical 
dynamical variables such as magnetic dipole moment, 
electric quadrupole moment, etc. 

The observed values of reorientation times in alkali 
vapor, in the limit of vanishing light intensity, are of the 


*W. E. Bell and A. L. Bloom, Phys. Rev. 109, 219 (1958); M. 
Arditi and T. R. Carver, Phys. Rev. 109, 1012 (1958). 
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order of 0.1 second.'* If T;=7;, then the resonance 
line widths should be of the order of 3 cps, however 
published values of line widths, for both Zeeman* and 
hyperfine** transitions, are about 10 times as great. 
It seemed worthwhile, therefore, to investigate the 
relaxation theoretically in enough detail to take the 
facts of the above paragraph into account and to see 
if one could account for the observation 7x7, without 
having to make ad hoc assumptions about sources of 
inhomogeneous line broadening.’ As it turns out, the 
theory does not predict large differences between 7; 
and 7s. More recently, Bender has observed line 
widths of a few cycles per second for Zeeman resonances 
in very weak magnetic fields, where all the resonances 
are superimposed and the signal-to-noise ratio is higher. 
The conclusions of the present study, although not 
strictly valid in very weak fields, are nevertheless 
supported by Bender’s results for Zeeman transitions. 
For hyperfine resonances the situation is less clear. 
The existence of large secular perturbations giving 
rise to pressure shifts®* suggests that there may also 
exist statistical effects, contributing to line broadening, 
of a sort not considered here. 


METHOD 


The calculation is for alkali atoms of nuclear spin } 
and strong hyperfine coupling, with the following 
simplifying assumptions: 

1. The thermal energy &T is very large compared to 
the hyperfine constant so that, in the absence of optical 
pumping, all ground-state sublevel populations are 
assumed equal. 

2. The applied magnetic field is weak enough so that 
F, mp are approximately good quantum numbers but 
strong enough so that there are no overlapping reso- 
nance lines. This condition can be satisfied for all stable 
alkali isotopes of spin § with fields of one gauss or less. 

3. The relaxation is assumed to be of the “classical” 
type," in which the spin is perturbed by an isotropic, 
fluctuating perturbation field whose Fourier com- 
ponents have uniform intensity from w=0 to the 
correlation frequency w=w,. We assume w, much 
greater than the hyperfine frequency, although the 
treatment can be easily modified to suit other situations. 

Bloch” has given a treatment of relaxation which is 


*T. L. Skillman and P. L. Bender, J. Geophys. Research 63, 
513 (1958). 

*M. Arditi, J. phys. radium 19, 873 (1958). 

7 E. C. Beaty, P. L. Bender, and A. R. Chi, Phys. Rev. 112, 
450 (1958). 

* P. L. Bender, E. C. Beaty, and A. R. Chi, Phys. Rev. Letters 
1, 311 (1958). 

* Doppler broadening represents such a possible mechanism 
for the hyperfine lines, though not for the Zeeman lines. However, 
for buffer pressures of 1 cm Hg or above, its effect should be small. 

” P. L. Bender, Proceedings of the Ann Arbor Conference on 
Optical ae June, 1959 Whiversity of Michigan, Ann Arbor, 
1959), page 111. 

" N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 
73, 679 (1948). 

”F. Bloch, Phys. Rev. 102, 104 (1956). 
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applicable to the present problem. However, the 
relaxation parameters I',,” which he employs are used 
here only in the case g=g’, in which case they merely 
represent transition probabilities due to the relaxation 
process. Furthermore we may take e**/*?=0, where 
this term occurs in his equations. Because of this we can 
adopt a simpler notation and merely write W,, 
=«|H,»'|* for the relaxation transition probabilities 
between levels a and 6. H,»' is the matrix element of 
the relaxation part of the Hamiltonian connecting 
states a and 6, and ¢ is a constant which we will choose 
to be unity. 

The line width of the resonance between states a 
and 6 is given in terms of the inverse parameter (7) 4s 
by Bloch’s” equation (3.8) which, simplified, becomes 


1/(T2)eo= Lee (| Hee’ |*+ | Hee'|*)—2M oe’ H es’, (1) 


where & includes all of the magnetic and hyperfine 
sublevels of the ground 45S, state of the atom. 

For the calculation of reorientation effects we use 
Eq. (2.44) of Bloch, but with all off-diagonal elements 
of the density matrix equal to zero, since resonance 
effects are not involved in reorientation experiments. 
We define the following terms: p, is the time-dependent 
population of state i, py is the steady-state or equi- 
librium population, and X,;=p;—p. Then Bloch’s 
general equation (2.44) can be simplified for our 
purposes to the following system of equations: 


dX,/di= —2 > « | Hai |*(Xs—Xs). (2) 


Now, the quantity observed in an optical detection 
experiment as proportional to the intensity of trans- 
mitted light is a linear combination of the p,’s and can 
be expressed by a “monitoring operator’™ Q and 
corresponding observed signal S such that 


S=Tr (Qp). (3) 


In a given experimental situation, Q is uncertain to 
within an additive multiple of the unit operator, 
equivalent to selection of the “base line” of the indicator 
output. We shall choose Q so that 


Tr (Qpo)=0; (4) 


(5) 


the c’s being constants. By properly weighting and 
summing the individual equations in (2) we can write, 


(d/di)(S eX) =Diel/X, (6) 


For certain fortunate choices of Q and H’, and conse- 
quently of the c,’s, we may have 


then 
S=Tr (OX)=d eX, 


ci /cy= constant for all i; (7) 
in this case Eq. (6) reduces simply to 
dS/dt= —S/T, (8) 


4“ W. E. Bell and A. L. Bloom, Phys. Rev. 107, 1559 (1957). 
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with TJ, a unique relaxation time for this particular 
experiment. However if (7) does not hold, there is no 
unique time constant and the relaxation is not only 
nonexponential but depends in detail on the initial 
population distribution. 

The calculations outlined above have been carried 
out with four observables for each of three thermal 
relaxation mechanisms as well as relaxation by the 
incident light itself. The observables are the following: 
(a) The line width parameter 7, of the Zeeman reso- 
nance F=2, my=2— F=2, mp=1. (b) The 72 of the 
field-independent hyperfine resonance F=2, my 
=0Q—» F=1, my=0. (c) The relaxation time 7, for 
reorientation and optical detection by circularly 
polarized light' propagated parallel to the magnetic 
field and with equal intensity in both hyperfine com- 
ponents. This is precisely the experiment performed by 
Franzen,’ in which the light is shut off for varying 
periods of time and the depolarization due to thermal 
relaxation is observed. The signal is given by 


Sm= 2Xo,24+-X2,1—X2,-1— 2X2,-2— X11 FX 1. (9) 


Here the subscripts refer to FP, my, respectively, and 
S,=0 if all populations are equal. (d) The 7; for a 
reorientation experiment similar to (c) except that the 
incident light is unpolarized and is filtered so that it 
can excite atoms out of the F=1 state but not out of 
the F=2 state.* The signal is given by 


itXe, 2) 
—5 (Xia tX1,04+%X1, 1). 


Si =3 (XoXo: 4+XeotXe 
(10) 


The relaxation mechanisms are the following: 


(i) Magnetic dipole relaxation. This is most likely 
the principle contribution to the thermal relaxation 
process. Besides usual direct collision effects, it includes 
the perturbation of the hyperfine coupling that occurs 
during a collision. The matrix elements H,,’ are simply 
the matrix elements for angular momentum operators, 
which are well known in the literature." Numerical 
constants are chosen so that hypothetical alkali atoms 
of spin 4 in the same environment would have unit 
relaxation times (7;=T7>»). 

(ii) Electric quadrupole. The possible importance 
of this mechanism is not known. Nuclear spins in noble 
gases are known to have extremely long relaxation 
times even if the nuclei possess a quadrupole moment" ; 
however, the situation may be different in alkali atoms 
with their valence electron, even if most of the collisions 
are with noble gas atoms. The quadrupole matrix 
elements are also well known. Numerical constants 
used here are arbitrary, since one cannot perform these 


experiments with a bare nucleus. 


“ E. Feenberg and G. E. Pake, Notes on the Quantum Theory 
of Angular Momentum (Addison-Wesley Publishing Company, 
Cambridge, 1953) and (Stanford University Press, Stanford, 
1959). 

18 E. Brun, J. Oeser, H. H. Staub, and C. G 
Rev. 93, 904 (1954) 


Telschow, Phys. 


L. 


BLOOM 


(iii); Electron spin exchange, normalized so that 
T,=1 for spin-} particies. We have in mind here the 
mechanism described in detail by Wittke and Dicke,"* 
in which the exchange energy during a collision is so 
large and so dependent on collision parameters that 
there is no correlation between initial and final states 
(except conservation of total angular momentum). The 
matrix elements are the same as in (i) except that 
diagonal elements and elements connecting states of the 
same m The treatment used here 
requires that the equilibrium populations be equal, 
which implies the presence of a large “sink” of un- 
polarized spins. This is not a usual condition in alkali 
vapor experiments and we have not investigated the 
effect of exchange within an already polarized system.” 

(iv) The incident light itself as a relaxation agent. 
We assume here an alkali sample with buffer gas, so 
that there is complete disorientation in the excited 
state’ and correlation absorption and 
emission even if the atom returns to the same ground- 
state sublevel from which it came. Thus in applying 
Eq. (1), the interference term 2H,,'H,,' is zero and 
D+ Hi; is merely the rate of photon absorption in 
state i. Equation (2) must be replaced by the “pumping 
equation,” ™ 


value are zero. 


no between 


dp/dt piP +h D5 psP 3, (11) 
where P;=}°x Hi:’. The monitoring operators must be 
chosen so that Tr (Vp)=0 when the system is com- 
pletely “pumped” instead of for equal populations. For 
circularly polarized light, pumping the population into 
the F=2, mr=2 level, the signal is 


3X. 1x 


Sm! =Xo,1+ 2X2.04 
T 3X) 1 


For hyperfine filtered light it is 


SH =Xi 1X 


TABLE I. Relaxation times for various experiments and relaxa- 
tion mechanisms. Those cases where there is no unique relaxation 
time are denoted by letters and the corresponding signal equations 
are given in Table II. ‘Line width” in the table refers to the type 
of measurement; the quantity given in 7, . 


Magnetic 
j 


Spin 
Experiment xchange Light 
Zeeman line 

width 
0 — O line 

width 
Spin 

reorientation 
Hyperfine 

reorientation 


* Circularly polarized light 
> Hyperfine filtered light 


1 J. P. Wittke and R. H. Dicke, Phys. Rev 
17 L. W. Anderson, F. M. Pipkin and J. C 
116, 87 (1959) 


103, 620 (1956). 
Baird, Phys. Rev. 
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Taste II. Signal equations for the cases specified in Table I. 
From the definitions, it is possible to replace x by p wherever it 
appears in Eqs. (a) through (d), but not in Eq. (e). SedS/di 


= — $5, +4(X1,1—X1,-1). 
— FeSm—4(X Xi, -1). 
BSB (X21 — Xe -1) +4 1 —-%, -1) 
X21+%,1—3 1+X1, 1) — 8X2 -2 
6(X2 1 +X 
)+12x:, 0. 


X2, 
Sy=—12 Xeot Xs 1)— 4X2. 


+1406, 14%, 


RESULTS 


Table I lists those combinations of experiments and 
interactions for which measurable relaxation times 7; 
or T, exist, and Table II gives the equations corre- 
sponding to Eq. (6) for the other cases. 

The lack of a unique relaxation time under any 
conditions for the Dehmelt spin reorientation experi- 
ment is of interest because this is the experiment that 
has been performed extensively to estimate line widths. 
The worst situation is that of the incident light as a 
relaxation agent, Eq. (d). This has been solved on a 
computer by Franzen and Emslie* for certain initial 
conditions, and the nonexponential character can be 
seen in their published curves. For the other cases 
involving spin reorientation, it may be possible to infer 
approximate values of 7; under certain conditions. 
These situations, Eqs. (a), (b), and (c), differ from a 
purely exponential decay only in the presence of terms 
representing population differences which may be small 
in a thoroughly “pumped” sample. Thus, in an experi- 
ment such as that of Franzen, if only the initial slope 
of the decay is used, the result may well be a usabie 
relaxation constant. The values of 7; derived in this 


'* W. Franzen and A. G. Emslie, Phys. Rev. 108, 1453 (1957). 
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way are 2/5, 16/7, and 2/5 for magnetic, quadrupole, 


and spin exchange relaxation, respectively. 


CONCLUSIONS 


The naive assumption 7, = 7; is shown to be justified 
in a rough sort of way. However, the Dehmelt' type 
of reorientation experiment is not as well suited to 
measurement of 7; as a hyperfine reorientation experi- 
ment. This type of experiment has not, to our 
knowledge, been performed. It differs from the Dehmelt 
experiment only in the substitution of hyperfine-filtered 
light for circularly polarized light. Such light is easily 
available for rubidium*® and cesium,’ and with some 
difficulty for .sodium‘*, and potassium. The hyperfine 
reorientation should be a relatively foolproof experi- 
ment, from the standpoint of experimenial difficulties, 
and will give a unique relaxation time for ali cases 
except spin exchange. Spin-exchange parameters can, 
however, often be inferred from other experiments, 
such as exchange with another species of alkali atom 
not directly involved in the optical pumping process. 

With regard to spin reorientation, if only the initial 
slope of the decay is used, then meaningful results are 
obtainable in Franzen’s experiment, and presumably 
also in Dehmelt’s original experiment where 7, is an 
extrapolated value taken in the limit of zero light 
intensity. What is questionable, however, is the value 
of the initial slope at a given light intensity. In a given 
experimental setup this will probably bear the simple 
inverse relationship postulated by Dehmelt, but its 
exact value must depend in some detail on the manner 
in which the spin reversal was produced. 
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The angular correlation of 2-quantum emission from the annihilation of positrons in different materials 
has been measured in an apparatus with 8 photon counters providing coincidences for 16 output channels. 
As positron targets were chosen indium, water and aqueous solutions of 5 paramagnetic salts and 10 other 
substances. It was confirmed that the amount of singlet positronium formed is influenced by two processes 
a reduction of positronium due to electron capture by oxidizing substances and an increase of the triplet 


singlet conversion due to the electron exchange with paramagnetic ions 


The oxidation potential of positronium is found to be very nearly zero. The conversi 
proportional to the number of unpaired electrons on the dissolved ions. A discrepancy) 


n rate seems to be 


with the interpreta- 


tion of Green and Bell for their lifetime experiments is discussed 


I, INTRODUCTION 


N the study of the angular correlation of two- 

quantum annihilation of positrons it has been 
observed by several authors'~® that part of the anni- 
hilation events give rise to a “narrow component” in 
the angular correlation curve. This component is due 
to quanta emitted with a relative angle differing very 
little from 180°, meaning that the center of mass of the 
annihilating particles has a small momentum. Since it 
is reasonable to assume that the positronium atom has 
a small linear momentum, it is now generally agreed 
that the narrow component is due to self-annihilation 
of singlet positronium. 

Also in positron lifetime experiments evidence for 
two-quantum annihilation of positronium is found in 
the form of a long component r- in the lifetime. Experi- 
mental evidence for a relationship between the 72 and 
the narrow components is provided by a comparison of 
the lifetime measurements by Bell and Graham® and 
the angular correlation studies of Page et al.'? both 
using crystalline and fused quartz as targets. Similar 
evidence is given by the experiments of Green and Bell’ 
and of de Zafra' on paramagnetic ions in water. 

The present investigation was started with the pur- 
pose of establishing this relationship between the two 
methods in more detail. It was considered that more 
insight into the mechanism of annihilation might be 
gained by such a procedure. As the most thorough 
studies on the rz component have been performed by 
Green and Bell* on ions in aqueous solutions, the present 
work was devoted to angular correlation studies on 
similar targets. Besides, aqueous solutions have the 
advantage that a great number of substances can be 
dissolved within a wide range of concentrations, forming 

* Now at A. B. Atomenergi, Studsvik, Tystberga, Sweden. 

1L. A. Page, M. Heinberg, J. Wallace, and T. Trout, Phys. Rev 
98, 206 (1955 

A. Page and M. Heinberg, Phys. Rev. 102, 1545 
Stewart, Phys. Rev. 99, 594 (1955) 
de Zafra and W. T. Joyner, Phys. Rev. 112, 19 (1958). 
de Zafra, Phys. Rev. 113, 1547 (1959). 
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Green and R. E. Bell, Can. J. Phys. 36, 1684 (1958). 
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convenient targets for positron annihilation. Solids may 
be equally convenient, but the formation of positronium 
is known to be dependent upon the crystalline state of 
the target. 

This works shows the expected result, that the pres- 
ence of paramagnetic ions tend to increase the narrow 
component due to the conversion triplet — singlet 
positronium. In addition was also discovered the sur- 
prising effect of narrow component reduction by a 
number of substances. However, this can be explained 
in a general way by the recent suggestion of McGervey 
and DeBenedetti® that oxidizing substances can break 
up the positronium atom. 


Il. EXPERIMENTAL METHOD 
A. Principle 


When an electron-positron pair at rest annihilates 
with the formation of two photons the conservation of 
momentum requires that these photons are emitted in 
exactly opposite directions. An initial center of mass 
momentum might therefore be detected as a deviation 
from the angle x between the emission directions. 

The experiment indicated in Fig. 1 includes two 
photon counters which are essentially line detectors due 
to the very low and very broad horizontal slits that are 
placed in front of them. An annihilation source is placed 
between the counters, so that photons are detected in 
two planes, each plane through the source and through 
one counter slit. When photon coincidences are observed 
as a function of the angle 6 between the two planes this 
experiment measures the distribution of the vertical 
momentum component &, as shown in the figure. This 
component is given by 


(1) 
provided k<m tal center-of mass 
momentum of the annihilating system 


Stewart” has showt is experiment the 


* J. McGervey and S. DeBer 


edett Rev. 114, 495 
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POSITRON ANNIHILATION 


ANNIHIL ATION 
SOURCE 


5 es 
: J — me 


d —~— —~we——-- d ——__—-4 


Fic. 1. Principle of the angular correlation experiment. The 
center-of-mass momentum of the annihilating system is indicated 
by the vector k. 


density in momentum space is 
p(k) = (a,/0) dC(0)/dé, 
and the momentum distribution is given by 
N(k) =a dC (6)/d8. (3) 


In these relations a, and @, are constant factors and 
C(@) is the measured photon coincidence rate. Condi- 
tions for their validity are that p(k) is varying slowly 
within the region Ak, corresponding to the counter slit 
height, and secondly that the maximum momentum 
contributing to p(k) corresponds to less than the width 
of the slits, i.e., 


Rinax/me<b/d 


where b is the effective slit width and d is the distance 
between the source and each counter. 


(4) 


B. Apparatus 


The study of the angular correlation of annihilation 
quanta is always a rather time-consuming experiment ' 
since the solid angles utilized by the photon counters 
have to be very small, of the order of 10~* steradian. 
Therefore the apparatus used in this work was con- 
structed with the aim of obtaining data relatively fast. 
This setup is sketched in Fig. 2, which for the sake of 
clearness, is not drawn to scale. 

A 5-cm diameter reactor irradiated copper disk pro- 
vides the Cu® positron source, having a half-life of 12.8 
hours and an intensity of roughly 300 millicuries when 
extracted from the reactor. This source is mounted 
horizontally in a lead cassette which is open downward. 
The liquid target is-0.7 mm high, 6 cm wide and 4.5 cm 
long, resting on a 0.1-mm mica sheet which is supported 
2 cm below the source. In this way a distant counter at 
approximately the same level can see the target and 
not the source. The lower part of the source-and-target 
unit is surrounded by a thin plastic bag keeping a moist 
atmosphere to prevent evaporation of the liquid. The 
photon counters are 1}-in. diameter by }-in. high 
Nal(T1) crystals mounted directly on photomultiplier 
cathodes. Instead of the customary slits a rectangular 
piece of lead is placed in front of each counter in such 
a way that only a lower crystal slice, the thickness of 
which represents 0.4 milliradian of 6, can see the taryet. 
Thus it is possible to mount the counters behind each 
other in approximately the same direction with respect 
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Fic. 2, Sketch of the apparatus made for the measurement of 
angular correlation of 2-quantum annihilation in li Double 
coincidence rates are observed for pairs consisting of one counter 
from the set A B C D and one from the set Z F G H. The drawing 
is not to scale. 


to the target. Their relative angle is 0.6 milliradian for 
the counters A BC D and 2.4 milliradians for E F G H. 
The series of counter pairs A E, BE,C E, DE, AF, +--+, 
D H therefore represents 16 values of 8 covering 9.6 
milliradians in steps of 0.6 milliradian. The steel beam 
holding counters E F G H also can be turned about a 
horizontal axis through the target, making it possible 
to observe a complete angular correlation curve for 
each of the 16 counter pairs. 

The sensitive slice of D which is the highest one of 
the stationary counters is located 4 cm below the plane 
of the liquid target surface. Measurements are pre- 
dominantly taken with the counter set E F G H above 
the straight line through counter D and the target. In 
this way the absorption of annihilation quanta in the 
liquid target is not varying appreciably with the angle 
6. The electronic registering system is rather simple, 
consisting of 16 conventional germanium diode coinci- 
dence circuits of resolving time 2K10~ sec, each con- 
necting one pair of counters. Coincidences are fed to 16 
output stages, each with a mechanica! register. The 
circuits are set to accept pulses corresponding to energies 
above approximately 250 kev. 


C. Measurements 


In spite of the advantage that coincidences are ob- 
served in 16 channels simultaneously, corresponding to 
16 values of the angle 6, data must be taken with 
frequent change of the angle between the two counter 
sets. The reason for this is that the response of a single 
channel can vary slightly due to electronic drift and 
temperature changes, so that the sensitivity factors 
cannot safely be considered as constant from one day 
to another. By changing the position of the movable 
counters E F G H stepwise up and down again, part of 
a coincidence curve is obtained for each counter pair. 
Independently of single channel sensitivities these 16 
curves can then be joined together to make one curve. 

The background, which is mainly due to random 
coincidences can be measured by setting the smallest 
angle 6 observed by any counter pair equal to 14 
milliradians. In this position practically no 2-quantum 
annihilation coincidences are observed, while the single 





670 GEORG 
counting rates are unchanged. Maximum total single 
channel counting rates were about 25 coincidences per 
minute and about 1 coincidence per minute as back- 
ground. The counting periods were from 4 to 2 hours, 
compensated for the decay of the 12.8-hour half-life 
source. 

The results given below were obtained by about 3 
days of effective counting time on each target. 


Ill. RESULTS 
A. Treatment of Data 


Two-photon angular correlation measurements were 
performed for metallic indium, for distilled water and 
for solutions in water of the following chemicals: MnCly, 
CoCle, NiCle, CuCls, FeCls, NaCl, ZnCle, CdCle, SnCl,, 
NaSO,, SbCl;, NaNOs, NaClO;, KMnO,, and H,Os.. 
All these substances were dissolved as 2 moles per liter 
of solution, except KMnQO, which was dissolved to 
saturation. When added to water SbCl; forms SbOCI 
which was dissolved with dilute hydrochloric acid. 

Green and Bell’* have studied the lifetime of posi- 
trons as a function of concentration in a number of 
these solutions. The quenching effect that they observe 


is generally very near saturation at a concentration of 


2 mole/liter, i.e., no greater change in the positron 
annihilation mechanism would be expected by increasing 
the amount of solute above this value. Similar satura- 
tion effects have been observed in angular correlation 
measurements by De Zafra.° 

The results of the present experiment are given in 
Figs. 3, 4 and 5, where the curves on the left side show 
the measured coincidence intensities C as a function of 
the angle # between the counter pairs. Background due 
to random coincidences has been subtracted and the 
curves have been normalized to the same area. 

The density in momentum space and the momentum 
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Fic. 3. Experimental results for indium metal and water. Rela- 
tions (5) and (6) were used to obtain p(k) and N(k) from C(@). 
The solid curves are just drawn to illustrate the general trend of 
the data, and are not based on any theory. The broken lines 
indicate the separation between the “broad” and “narrow” com 
ponents, as explained in the text 
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Fic. 4. Experimental results for paramagnetic ions, all dissolved 
in water as 2 moles per liter. See also text to Fig. 3 


distribution were calculated from the relations: 


p(k) a,{ 2 6,+-6-) If (@Qs—@,), (5) 


N (k) = a-{ (0:+0 (C(O, 1) /(@e—8,), (6) 


which is a reasonably good approximation to (2) and 
(3) since the changes in C(@) are small compared to the 
difference 6.—6, between neighboring points. 

Solid curves have been drawn as the seemingly best 
fit to the experimental points 
used for any of the calculations 

As the target and counters are 60 and 38 mm wide, 
respectively, the “effective slit width” 5 is about 100 
mm. The maximum momenta contributing to p(k) are 
about 0.015 mc so that the condition (4) for using the 
formulas (2) and (3) is clearly fulfilled. The experi- 
mental resolving power due to target and counter 
heights is something between a gaussian and a rectan- 
gular distribution. This curve is shown below the peaks 
of the coincidence curves. Its half-width is 1.1-milli- 
radian corresponding to 0.0011 mc in momentum units. 
This “effective slit height” is a fairly large quantity 
compared to the variations in of the curves for 
p(k). A correction for this resolving power would move 
all the curves slightly against the origin, and partic- 
ularly would the narrow peaks of C(@) and p(k) become 
narrower and higher. Such a correction was not applied, 
however, since it cannot be done quite unambiguously 
when the statistical errors are as large as here. Also, in 


These curves were not 


some 
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this work we are particularly interested in studying the 
relative difference between the curves. The quantitative 
results on the narrow component which are given below 
are integrated magnitudes which are not influenced by 
geometric corrections applied to the curves. 

An 0.7-mm thick plate of indium metal was used as 
a target in order to compare the obtained result with 
previous data. Stewart” has studied a number of metals 
with the angular correlation method. Our curves for 
indium are essentially the same as he obtained. As 
expected for a metal, one finds that the density in 
momentum space is uniform up to an abrupt cutoff, 
roughly corresponding to thermalized positrons anni- 
hilating in a free electron gas. 


B. The Narrow Component 


The sharp peak found in some of the curves C(@) is 
called the “narrow component” which is generally 
interpreted as resulting from annihilation of singlet 
positronium. Only one clear-cut case of a narrow com- 
ponent superimposed upon a broader distribution is 
known from experiment. This is the case of ice as studied 
by De Zafra and Joyner.‘ For other targets one merely 
finds that the sharpness of the peak varies from one 
substance to another. Thus, from the curve C(@) it is 
difficult to see clearly how the narrow component should 
be separated off. 

A glance at Figs. 3, 4, and 5 shows that the narrow 
component is represented as a characteristic high den- 
sity at low momenta in momentum space. The difference 
between various targets comes out more clearly in this 
representation, but the statistical uncertainties are 
large for the single points on the peaks since p is pro- 
portional to 1/k. 

Those curves for p(k) which have the least narrow 
component can, within the statistical uncertainties, be 
represented by a momentum space density which has 
uniform height po between 0 and about 0.005 mc. Also, 
several of the other curves show an indication of a step 
about the height of po. We shall take this momentum 
space density to represent the “broad component.”’ This 
is indicated as a broken line in Figs. 3, 4, and 5. We 
shall now assume that the narrow component is given 
by the experimental points above this line in the region 
between 0 and 0.004 mc. In the momentum distribution 
representation the straight line p=po is transformed 
into a parabola since .V (k) « p(k)#. The area above this 
parabola, as given by the experimental points, is now 
defined as the narrow component intensity /y, provided 
that the curve \V(&) is normalized to unit area. It is 
seen that Jy is not very sensitive to what form is chosen 
for the broad component at very low momenta. 

In Table I the second column contains the experi- 
mental values of Jy. Also the value of Jy for the solution 
relative to the value for the solvent (water) is given 
Statistical uncertainties for 7y are listed in the fourth 
column. 
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The somewhat arbitrary way of calculating Jy may 
be justified since the main point of the present investiga- 
tion is to compare the effects of various targets by some 
standard procedure. A justification is also provided by 
a comparison with some of the results of Green and 
Bell.* They have measured the amount /; of triplet 
positronium decaying by two-photon annihilation in 
water and in 2 mole/liter NaNO, in water. For neither 
of these targets is there any reason to assume a con- 


version triplet — singlet positronium. As the ratio of 
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Fic. 5. Experimental results for nonmagnetic substances dis- 
solved in water. KMnO, was dissolved to saturation, the other 
chemicals as 2 moles per liter. See also text to Fig. 3 
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Taste I. Experimental results together with other properties 
of the targets. 


Narrow « 
Iw (target) No. of 
Inw( Hg) unpaired potential 
Target (%) // (%) electrons (V) 


omponent 


ope 
Oxidizing from Green 
and Bell 
(10~% cm*) 


Hw 7 0 
As solutes 
MnCl: 
CoCls 
NiCls 


13.3 
74 


* See reference 7 


triplet to singlet positronium formed is as 3 to 1, we 
have Iw=/,/3. 
Green and Bell obtained the results 
1,(HO) = (2145)%, 


I2(2 mole/liter NaNOs;) = (3.5+1.5)%, 


which gives for the narrow component 


Ty (HO) 
Ty (2 mole/liter NaNO) 


(7+1.7)%, 
(1.2+0.5)%. 


Both these results agree within experimental uncer- 
tainties with the data given in Table I. 

De Zafra and Joyner found the value Jy=(8.8+ 
0.9)% for ice where the narrow and broad components 
are easily separated. This also fits well with our value, 
but it must not definitely be taken as the value for 
water since it is not known definitely whether Jy is 
changing or not when the phase changes. 

The target NaCl dissolved in water shows the same 
behavior as water al This is also found for lifetime 

hat neither Na* or Cl are 
influencing the annihilation mechanism. Other cations 
studied were therefore dissolved as chlorides, and the 
anions were sodium compounds, for KMnQ, 
for the present purpose is supposed to have 
essentially the same properties as NaMnQ,. 


me. 


studies,* so we shall assume 


exe ept 


which 


IV. DISCUSSION 
A. Effect of Oxidation 


The first part of the experiment was performed as a 
study of some paramagnetic ions. One expects an en- 
hancement of the in these cases 


narrow component 


corresponding to increased triplet — singlet conversion 
caused by the unpaired electrons of the ions. This 
mechanism was inferred from the observed quenching 
such ions.’ Previous angular 
and Co** in water showed 


of the long lifetime rz by 


correlation studies on Mn** 


TRUMPY 


the expected increase of the narrow component.’ As 
seen from Fig. 4 and Table I, we find that Mn**, Cot, 
and Nit+ produce an and 
Fet++ give rather a reduction of the narrow component. 
These results can not be explained by a change in 
conversion rate only. 

As the two latter ions are both oxidizing, it was found 
to be of considerable interest to study other oxidizing 
substances Such a might also give 
further evidence for the suggestion by McGervey and 
DeBenedetti® that oxidizing might capture the 
electron of the 1} atom according to the 
reaction 


enhancement, while Cut++ 


well. study 


as 


ions 


(7) 
where A is the oxidizing agent. Figure 5 and Table I 
contain the results for a number of solutes without any 
unpaired electrons, i.e., these substances are not sup- 
posed to cause conversion. In the table is also listed the 
highest chemical oxidation potential for the substance 
dissolved, as quoted by Latimer and Hildebrand.“ The 
values obtained for Jy are plotted in Figs. 6 and 7 as a 
function of the oxidation potential. It is seen that non- 
magnetic substances exhibit no increase of Jy above 
the value for water, as expected when no conversion 
takes place. For the oxidizing targets the amount of 
singlet positronium is generally reduced. 

The ions NO;-, Cu**, Fe***, and SbO* performing 
such a reduction have previously been studied with the 
lifetime technique.’:* For the nitrate solution no change 
was observed in the decay rate 7, of the triplet posi- 
tronium, but a reduction found in the 
amount J, of positrons annihilating with this lifetime. 
The other three ions gave the same limiting lifetime 
(min) at high concentration all the other re 
quenching substances that were tried. Green and Bell’ 


strong was 


T2 as 





Fic. 6. Experimenta narrow component plotted 
as a function of the oxidizing potenti w the dissolved para- 
magnetic ions. The narrov mponent for water is shown for 
comparison. Figures in parentheses indicate the number of un- 
paired electrons per ior 
rand, Reference Book in In- 
npany, New York, 1947). 


"W. M. Latimer and J. H. H 


organic Chemistry (The Macmillan ¢ 





POSITRON ANNIHILATION 
interpret this result as an increase of the conversion 
rate against infinity, while no additional decay rate for 
positronium is occurring. These considerations indicat« 
that the effect of the oxidizing substances is to reduce 
the formation of positronium rather than increasing 
the decay rate. 

Ore has discussed the formation of positronium in 
gases, and Ferrell"* has applied his picture to the solid 
state. However, a similar discussion for the compticated 
liquid solution has to be a very rough approximation, 
at best. Figure 8(a) shows an electron energy diagram ' 
for the target, where V;, is the ionization potential and 
V, is the lowest excited electron state. After the last 
ionizing collision slowing down the positron, it is left 
in the energy region between Y; and zero, as shown by 
the total height of diagram 8(b). If now B is the binding 
energy of positronium, this state can only be obtained 
by positrons in the hatched area above V,;— B. Figure 
8(c) is the region of kinetic energy of the positronium 
atom. Now this positronium may break up again in the 
subsequent collisions with atoms, in such a way that 
its electron is captured in some excited state of the 
target. This capture is illustrated by Eq. (7), which is 
the same as a chemical oxidation process. As seen from 
Fig. 8 electron capture can take place for kinetic posi- 
tronium energies higher than 

E,=V:i—V.+B. (8) 
This is the width of the Ore gap, being equai to the 
region of positronium that is stable against break-up. 

An increase in oxidation potential means increased 
electron affinity V,—V,. Thus, if the lowest excited 
electron state of the oxidizer is V;’ as in Fig. 8(a), the 
Ore gap is reduced to E,’ or it may vanish completely. 
This reduction is valid only for those positronium atoms 
that collide with the oxidizing atoms. The reduction 
in positronium formation is therefore dependent upon 
both concentration and the value of the chemical 
oxidation potential. 


IN % 


NARROW COMPONENT 


A 
' 


POT IN VOLTS 


Fic. 7. Experimental] values of the narrow component plotted 
as a function of the oxidizing potential for the dissolved non 
magnetic substances. The narrow component for water is shown 
for comparison 

2A. Ore, Univ. Bergen Arbok Naturvitenskap. Rekke No. 9 
and No. 12 (1949). 

“R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 
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Fic. 8. Ore diagram 
for positronium forma 
tion. The symbols are 
explained in the text. 


From Fig. 7 one may conclude that positronium 
formation is inhibited by electron capture in the solu- 
tion of NO;-, MnO, and H,O, in water. The ions 
ClO;- and SbO* are in this respect weak oxidizers. 
ClO; has a high potential, but it may be that this ion 
is hydrated to such an extent that the surrounding 
water molecules prevent sufficient contact with posi- 
tronium. The figure indicates that one may assign a 
small positive oxidation potential to the positronium 
atom, although more detailed studies would be required 
to establish its value with certainty. 


B. Effect of Paramagnetic Ions 


The conversion of triplet to singlet positronium can 
occur by means of electron exchange with the unpaired 
electrons of paramagnetic ions. Ferrell’ has shown that 
this process can take place without spin-flip of the 
atomic electron. Therefore energy is not required and 
even positronium at rest can be converted in this way. 

The ions Mn**, Co**, and Ni** are not oxidizing, so 
their effect upon the narrow component is due to con- 
version only. It appears from Fig. 6 that the conversion 
due to these ions is roughly proportional to the number 
of unpaired electrons per ion. It can not be said con- 
clusively whether this proportionality is accidental or 
not. But in any case, the observed varying degree of 
conversion is not in good agreement with the conclusion 
drawn from the lifetime measurements of Green and 
Bell,’ who find that the slow component r2 approaches 
a common minimum value for all paramagnetic solu- 
tions as concentration increases. Assuming that the 
conversion rate is infinite and the pickoff annihilation 
rate A, is the same as for water they calculated the 
lifetime 


r2(min)=4/[ (A, +A,)+3(0r+A,) | 


=3.9X10~" sec, (9) 


where A, an ; are spontaneous annihilation rates for 
singlet and triplet positronium, respectively. This agrees 
extremely well with the experimental value 72(min)= 
4.0X10-" sec, which was very nearly obtained for all 
the targets at 2 moles per liter. Under these assumptions 
one easily finds that the narrow component would 


“R.A. Ferrell, Phys. Rev. 110, 1355 (1958). 
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increase by the ratio 


Ty (max)/J (HO) =\,72(min) = 3.12. 
In Fig. 6 the highest obtainable value Jy(max) is 
indicated as a broken line. 

In the presence of Fe*** and Cu** the narrow com- 
ponent must be influenced by the two competing 
processes: reduction of positronium formation by the 
oxidation potential and triplet — singlet conversion due 
to the unpaired electrons of the ions. This is evidently 
in agreement with the results in Fig. 6. We note that 
the reduction of Jy is larger for Cut+ with only one 
unpaired electron as compared with Fet*** having 5 
unpaired electrons. Both processes might in principle 
have been observed in the lifetime experiment by Green 
and Bell,’ but a reduction in J, is obviously very 
difficult to measure when 72 is small. As shown in 
Table I, these authors observe an anomalously large 
conversion cross section a». for Fe*** and Cutt. One 
may ask whether this is incidentally so, or an example 
of reduced lifetimes rz due to the oxidation potentials. 
In the latter case, the quenching of the rz component 
found by Green and Bell for the weakly oxidizing 
SbCl; could also be explained without assuming para- 
magnetic properties for this substance. However, if one 
assumes that the decay rate of positronium is influenced 
by oxidation, this is obviously in disagreement with the 
idea of a constant r2(min) as discussed above. 


Vv. CONCLUSION 


The experimental setup, which was equipped with 
16 coincidence channels where ordinarily one channel 
was used, has been working fairly satisfactorily. For 
the present measurements the apparatus was operated 
manually, but it might well be made to work auto- 
matically. In that case it is clear that the angular 
correlation method need no longer be the slow and 
laborious way of obtaining data on positron annihila- 
tion. 

The most easily obtained numerical data from these 
experiments are the values of the narrow component 
which equals the amount of singlet positronium that 
annihilates. The method that was developed to deter- 
mine this quantity may not be the most correct one, 
but it is consistent and it gives good agreement with 


TRUMPY 


hed data 


previously well tab 
in water. 

The main result of this work is the establishment of 
the fact that the variation in the amount of singlet 


on water and NaNO, 


positronium is determined by two main processes: a 
reduction of positronium formation due to electron 
capture by oxidizing substances and an increase of the 
triplet — singlet conversion due to electron exchange 
with paramagnetic ions. The study of the first effect 
showed that the oxidation potential of positronium is 
very near to zero, possibly slightly positive. For the 
second process a rough proportionality was found with 
the number of unpaired electrons, as might be expected. 

As we do not find complete triplet — singlet con- 
version for any of the substances studied, our results 
are not in agreement with the conclusions of Green and 
Bell’ who report a practically infinite conversion rate 
for the solutions studied here. It should be noted that 
these authors find an exceptionally high conversion 
cross section o,, for the oxidizing substances FeCl; and 
CuCl;. In addition they assign’a conversion effect to 
SbCl; paramagnetic but also slightly 
oxidizing. It is therefore probable that the quenching 
of the 72 lifetime as given by o 


which is not 


is not only due to elec- 
tron exchange conversion, but is also dependent upon 
chemical effects including oxidation. If this is really the 
case, the questions arise: When SbC\; is not paramag- 
s on solutions of this 
substance and on NaNO; give fundamentally different 
results? Would lifetime measurements on other oxidiz- 
as by SbCl, or 


netic, why do lifetime experiment 


ing substances give quenching of 7:2 
quenching of J; as by NaNO;? 
Obviously, it would be very valuable if various 
experimental techniques could be applied to annihila- 
tion in the same materials, measuring J2, rT2, Jy and 
possibly the 3-y rate for different concentrations, 
different oxidation potentials and different numbers of 
unpaired electrons. This would certainly give a better 
understanding on many problems of the positron anni- 


hilation mechanism which are still not solved 
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A calculation of the magnetic hyperfine structure (hfs) coupling constants of NO has been made using an 
ab initio configuration interaction wave function built from LCAO-MO-SCF orbitals. The constants 
predicted by this wave function are in good agreement with experiment for the two constants related 
to the quantities (L,/r*),, (constant a) and ((sin¥)S~/r*),, (constant d). The direct calculation of 
((3 cos*® — 1)S,/r*).» (constant c) gives a value which is about 25% less than that predicted by an approxima- 
tion which implies that unpaired / and s are associated with the same electron. From this calculated value of c 
the quantity (¥*(0)).»—4c (constant 6) now is found to be about 40 Mc/sec instead of 68.91 Mc/sec which 


has been previously used by experimentalists 


The same wave function has been used to calculate the fine structure constant (spin-orbit coupling) for the 
"II ground state of NO. The agreement with experiment is quite satisfactory. 
The calculation of the nuclear quadrupole coupling constant g gives about 73% of the observed electronic 


part assuming that 0(N™) =0.02X10™ cm? 


I. INTRODUCTION 


ECENTLY Dousmanis' and Mizushima? have 

calculated the coupling constants of the magnetic 
hfs spectrum of NO. These authors have constructed 
simple wave functions which consider only the 7 elec- 
trons of the system in such a way as to obtain agreement 
with the experimentally observed magnetic hfs con- 
stants.*4 

We have felt it would be interesting to calculate these 
magnetic constants using an ab imilio wave function 
which was in no way built to obtain agreement with any 
of these quantities. For this purpose a configuration 
interaction function built from LCAO-MO-SCF orbitals 
seemed quite suitable. 

There are, in effect, two parts to a completely ad initio 
calculation: (1) the wave function which describes the 
molecule; (2) the matrix elements of a particular oper- 
ator which, as we are using an LCAO type of function, 
comes down to the calculation of certain kinds of atomic 
integrals. In the calculation of the magnetic constants 
the values of these atomic integrals are those used in the 
previous works.'? 

The procedure of building a wave function to specifi- 
cally account for some particular observed property 
seems open to a number of objections: (a) this is by no 
means an unequivocal procedure. Mizushima developed 
a perfect pairing VB function while Dousmanis found 
that a function containing more than one-third ionix 
character also gave satisfactory results. It is certainly 
possible that by adjusting molecular parameters to fit 
the experimental magnetic spectrum a number of other 
kinds of wave functions would give equally good results. 
(b) A number of other physical properties of NO have 
been (or could be in principle) measured—viz., binding 

'G. C. Dousmanis, Phys. Rev. 97, 967 (1955). 

2M. Mizushima, Phys. Rev. 105, 1262 (1957) 

*C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953); J 
—— E. D. Bedard, and C. M. Johnson, Phys. Rev. 93, 729 
‘J. J. Gallagher and C. M. Johnson, Phys. Rev. 103, 17 

(1956). 


energy, dipole moment, electronic spectra, nuclear 
quadrupole coupling constants, etc.—and it is not at all 
sure that a special wave function suitable to explain the 
magnetic constants would be at all suitable for an 
understanding of the other properties. (c) Such a pro- 
cedure cannot go beyond experimental results already 
known. However, even very approximate theoretical 
predictions for unstable radicals would be useful as 
experimental results for these substances are often very 
difficult to obtain. 

In addition, we have felt it would be interesting to use 
the same wave function to calculate the fine structure 
constant (spin-orbit coupling) of the ground state of 
NO as well as the nuclear quadrupole coupling constant. 
In the former calculation the atomic integrals have been 
approximated from atomic spectral data. The latter 
calculation, on the contrary, is completely ab initio. 


Il. MAGNETIC HFS COUPLING CONSTANTS 


The explicit form of the energy of magnetic inter- 
action has been given by Gallaghert who has followed 
the theories developed by Frosch and Foley* and by 
Dousmanis, Sanders, and Townes.* For example, for the 
*iI,;* state of NO this energy has the following ex- 
pression : 


FE mh fo (217 4 , 


jX-2+0 b+ 
= a— ~—d(J+4) |4+28/X-'(J—}) 
| 2 2 


X+2—h b+<¢ 
x (J4 4)+ (0 + )| 
2X 2 


F(P+1)—1(1+1)-—J(J +1) 
x 


’ 


4J(J+1) 


*R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1337 (1952). 
*G. C. Dousmanis, T. M. Sanders, and C. H. Townes, Phys. 
Rev. 100, 1735 (1955). 
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where J is the angular momentum of the nucleus NV, J 
the total angular momentum of the molecule (except for 
nuclear spin), F is the vectorial sum of the momenta / 
and J, and, X which has a large numerical value, is a 
function of J and the molecular parameter A with the 
form: 

X =[A(A—4) +4(J+4)*]} 


The parameter \=A/B,, where A is the fine structure 
constant and B, the rotation constant. 

The coupling constants are the matrix elements of 
sums of monoelectronic operators taken between wave 
functions which are functions of the space and spin 
coordinates of the electrons of the These 
constants are given by the expressions: 


molecule. 


a= 2g pom nl V *IT,* 


16 3> [8(r in) si | 


b= gimp. {¥ CU,’ 


> [ 3 cos"6 in- 


1)56/rin® }|WCM*)/S. 


b’ is the nondiagonal matrix element of the same opera- 
tor taken between the functions ¥ (*II;*+) and ¥ (?II;*) 


3grmount ¥ CH," 


xx [ }| WC y*)}/Sz, 


3 
Siz/Tin | 


d= gpopnl{¥ Cll, 


x > [ 3 sin’é ;,5 7 exp(+ 2iv,) || "Ty )} S 


‘ 


1; and s,; are the orbitals angular and spin momenta of 


TABLE I. Molecular orbital! 


Func 
tion Coethcient 
, 
vo 
f 


vi 
v2 


pee ee tet De et ee ee eet Dt ee ee 


t 


Beringer wson, and A. I 


* H. Brion, ( 
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Ri Henry, Phys. Rev. 94, 343 
r,and M. Yamazaki, J. Chem. Phys. 30, 673 
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the ith elec tron; rin, Oin and gy, are the coordinates of 
the ith electron measured along the 
starting from the nitrogen nucleus. / 


molecular axis Oz 
ind S are the total 
electronic orbital and spin angular momenta. g; is the g 
factor of the NV nucleus, u, the nuclear magneton and po 
the Bohr magneton. s; is the step down spin operator. 

Experimenially one can precisely determine only the 
values of a— (b+) /2 and of d. From the spectrum of the 
*II, state the value of a+ (b+<c)/2 


2 can be also found.’ 
From these two values then by addition and substraction 
a and b+< are determined. 

In order to give a value to 6, the experimental 
interpretation has used the relation ¢=3(a—d). This 
relation implies that the electron with unpaired angular 
momentum is the one with unpaired spin. This relation 
does hold for the partic ular case of a single determinantal 
wave function. But it does not usually hold in other 
kinds of functions; for in general the matrix 
elements of the operator S, are not identical with the 
elements of the operator L,. In addition, as Mizushima? 
has observed, such a relation cannot hold rigorously 


wave 


since a and ¢ are diagonal matrix elements while d is a 
nondiagonal element. 


Ill. ELECTRONIC WAVE FUNCTION 


A LCAO-MO SCF wave 
ously determined’ 15 electrons of the 
molecule using the 1s, 2s, and 2 atomic functions with 
Slater exponents. The one determinant function has the 
form: 


funct 


" 


n for NO was previ- 


Yo= det |10142024303640465: 


rSaiatltin-l#-2x* |, 


where o indicates a molecular orbit 


orbital angular m« 


ul with projec tion of 


molecular axis 


mentum aiong 


functions 


1954); W. Gor 
1959 
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equal to zero and x indicates a molecular orbital with 
projection equal to +1. The absence of a bar above o or 
x indicates the electron is associated with a@ spin, the 
presence of the bar indicates 8 spin. 

One can pass from this function for the *II,* state 
(A= +1, 2= +4) to the function *II;*+(A=1, 2 = —}) by 
changing a spins to 8 spins and spins to a spins. One 
can go from the function for the *II,* to the function for 
the *IIj-(A=—1, 2=+}) state by changing x* to a 
and x~ to xt. With these conventions the coefficients 
calculated for the configuration interaction function for 
the *II,* state are the same as those of the configuration 
interaction function for the *II,* and *II,;~ states. 

The matrix elements between the ground state and 
monoexcited x functions for the operators which give 
rise to the constants a and d are, in general, nonzero, 

For the constants } and 0’ it will be necessary to 
consider elements between the ground state and mono- 
excited ¢ functions for these are the only nonzero terms 
for the operator >>; 5(rin) siz. For ¢ (and also part of b 
and 6’) both monoexcited # and o function will give, in 
principle, nonzero terms. Di-excited functions with 
respect to the ground-state function will have only a 
second order effect ; (a) to lower the weight of the ground 
state configuration; (b) to give a small effect due to 
interaction between the monoexcited and di-excited 
configurations. However these two effects are likely to 
be small. 

Thus we have calculated a CI function which includes 
some of the possible monoexcited x and ¢ configurations. 
We have eliminated from the calculation the mono- 
excited o functions which have zero interaction with 
the ground state (two doublets) because we have used 
the virtual SCF orbitals to construct the excited states.’ 
In this configuration interaction calculation all orbitals 
are as we have indicated linear combinations of the 
1s, 2s, and 2p atomic functions. Thus with this function 
we cannot see how important the 3s and 3 functions 
would be. 

The configuration interaction wave function which 
we have obtained is: 


V =0.93194y9+0.00838y , + 0.06242y2+0.05360y 2 
—0.15546y3—0.14363p4+0.11157~4 —0.2577 ly 
+0.00691y5+0.03078y». 


The explicit expressions for the ¥,’s are given in Table I. 


IV. THE CALCULATION OF THE MAGNETIC 
COUPLING CONSTANTS 


Using this function, the coupling constants can be 
evaluated if the values of the matrix elements for the 
various operators are known. The nonzero matrix ele- 
ments are listed in Table II. For 5 we have only given 
the part >>; 4(rin)si. as the second term is the same as 
for c. For our functions 6=8’. 


*H. C. Longuet-Higgins and J. A. Pople, Proc. Phys. Soc. 
(London) A68, 591 (1955) 
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Taste II. Matrix elements of operator which gives rise to 
magnetic constants.* 


2 8(Fin)Sice 


- (1/v2)die 
(l/y 6)dis 
(1/v2)de 


(1 V2 )cis 
Hy (1 Vv Otis 
Hw (1/vV3)(¢2—<e1) 
Hos ' 0 
§Ci2 

§v3« . 
— (V2 /v3 ers 
(1 23 ew 


- (1/V2)ais 
— (1/+/6)ars 


eccoocececooeceocecseocecoo 


os 
— 


(1/V3 )ays 


412 


0 


a” 
| 


0 


0 
(v2 ; (vV2/V3 us 
(v2/v3 ec (V2/V3 bas 
45a 
— 4d; (255+ 256 —62) 
(2¢, + les C2) - td, (254+ 25, —83) 
Hrs — (vV2/V3 cee 0 — (vVI/N3 bus 


4 (2¢5+2¢6—C2) 


an=na(n «a, c, d, 8). Here my indicates a matrix element taken over 
molecular orbitals ¢ and j, where 


i- 0.0020(1is.) ~0.0215(1 +-0.7978 (250) —0.7259 (259) 
0.0147 (2pe.) +0.2995 (2pes), 
4-0) 4727 (285) +-0.23568 (250) 


~0.6149 (2 pen) —0.5794(2pes), 


§ = 0.0217 (1808) +0.0192 (156) 


6 =0,0799 (150) —0.0906(1s0) +0.7332 (256) —0.7703 (250) 


+ 1.0899 (2 pen) —1.0092 (2pe), 
1 =0.5232(2p9-) +0.7508 (2pr0), 


2 = 0.8781 (2pen) —0.6936(2 pr) 


The numerical value of these matrix elements might 
be obtained by using Slater orbitals to represent the 
atomic functions. But it seems well established by now 
that the Slater orbitals would give too small values for 
the atomic integrals over 1/r’. Agreement with experi- 
mental results for the constants a and d are only possible 
if the values given by Mizushima” are used. These are 
listed in Table ITI. The same for the one-center integrals 
values could be obtained using Slater orbitals if the 
exponent Z for the 2px orbital is larger than would be 
deduced from Slater’s rules. This is in agreement with 
the conclusion of Kotani et al." on the O, molecule who 
found that the 2p orbitals had to be contracted in order 
to account for the magnetic structure of this molecule. 

It might seem inconsistent to use Hartree orbitals for 


© That is to say the values found from Hartree orbitals for the 
two-center integrals and those proposed by Dousmanis' for the 
one-center integrals which were determined using the Hartree 
function and modifying the result. 

it M. Kotani, Y. Mizuno, K. Kayama, and E. Ishiguro, J. Phys. 
Soc. (Japan) 12, 707 (1957). 
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Taste III. Values of atomic integrals (in units of 10% cm~*) used to calculate the magnetic coupling constants. 


2prn ( 1 /ry*)2 pre = 22.5 
2prn (1 tn’ )2pro= 0.9 
2pro(1 ‘x )2pro= 0.6 


= 


the atomic functions to calculate the magnetic constants 
and Slater orbitals to determine the molecular functions. 
But from previous work” it can be inferred that the 
coefficients of molecular orbitals would not be 
significantly changed if Hartree-Fock atomic orbitals 
has been used in the computation. 

For the calculation of constant c, the atomic integrals 
over o and s orbitals are also necessary. The values of 
the monocentric integrals can be derived from those 
given by Dousmanis; the two-center integrals were 
taken from the values over Slater orbitals calculated by 
Dr. Richardson. (Table VIII). As the contribution to c 
from these integrals over s and ¢ orbitals is only about 
0.2 10" cm~ it would seem that the error involved in 
using this approximation is not important. 


the 


The results for both the single determinant and 
configuration function are assembled in 
Table IV. The agreement for the two constants a and d 
between the values predicted by the configuration inter- 
action function and found from experiment is satis- 
factory. The xperimental value of these two constants 
can be obtained from the spectrum unambiguously. 
There is a small difference for d about 6% which might 
be explained, following Dousmanis,' by assuming that 
the # molecular orbitals are not linear combinations of 
pure 2px atomic orbitals but the atomic orbitals are, in 
fact, somewhat “flattened out.” The same effect might 
be found from a configuration interaction function which 
included d basis functions. In any event even if we 
assume these flattened atomic functions make up the 
molecular orbital it would only lower the value of ¢ 
which we have calculated by about 3%. 


interaction 


TABLE IV. Values of magnetic hfs constants a, c 
in units of 10% cm~*) 


Ls sin’S 
wd duel) 0k 
r ev rt av 
16.54 - 


13.17 


,andd 


Function 


One determinant* 
(this paper) 
Configuration 
interaction 
(this paper) 
Dousmanis¢ 
Mizushima? 
Observed* 


14.54 12.55 


11.8 
10.4)* 


* Dr. M. Karplus has independently made the same calculation for the 
one determinant function [communication given before the Quantum 
Mechanical Conference, Boulder, Colorado, June, 1959, to be published in 
Revs. Modern Phys.) 

+ Deduced using the relation c =3(a —d) 

* See reference | 

4 See reference 2 

* See reference 4 


See A. Freeman, J. Chem. Phys. 28, 230 (1958) and M. 


Krauss, J. Chem. Phys. 28, 102 (1958) for a comparison of wave 
functions for OH. 


2prn{ (3 cosy —1)/rw 
2prn| (3 cosy —1)/r~ 
2prol (3 cos¥y —1) rx? pro = 


*2prx= -9 2 pew (sin /ry* )2 pew = 18.0 
3 )2pro= —0.15 


0.69 


2 prw (sin rw )2pro= 0.65 
2pro(sin*n/ry*)2pro= 0.17 


It seems thus reasorable to believe that the experi- 
mental value of c should not be greatly different from 
the value predicted by our configuration interaction 
function. It will be seen that this value differs by 23% 
from that which would be found from the approximation 
c=3(a—d). 

From the readily obtained experimental value of 
b+c=—6.57 X10" cm™ and from this calculated value 
of c, a value of b= 14.4 10" cm” is obtained instead of 
the value 24.610" cm which has been proposed 
experimentally using for c the formula c=3(a—d). 

The calculation of b+c is 
equal to": 


straight forward since it is 


169r 


where 


(0) =gmmn{¥ CI? 


Using the single determinant wave function, ¥(0) 
would be zero. A is found from the 
configuration interaction function which includes, as we 
have indicated, some monoexcited ¢ configurations. The 
importance of these has been stressed in earlier work 
on O,." 

Using Hartree-Fock atomic orbitals” 
wave function at the nitrogen nucleus is: 


nonzero value 


the value of 


¥*(0) = 0.092 a.u., 


from which it is readily found 


(16x 3)y7 0 10 10%* cm 


Adding to this the value previously calculated for c, 
then: b+< 4.0110" cm™ instead of the experi- 
mental value of — 6.57 XK 10" cm 

It may be that the disagreement with the experi- 
mental result is due principally to the error in the 
calculation of ¥(0) which is rather sensitive to small 
wave function."® If, nonetheless, 6 is 
deduced from this calculated above value for ¥°(0) and 


ie of 6+c, there is found for bd: 


changes in the 


the experimental vah 
b=18.3X 10" cm 


In fact, the experimental constant (6+c) is the differ- 
14 We use here the notation yy 
even though evidently inc 
“For N: D. R. Hartree 
London) A193, 302 (1948 
and B. Swirles, Phil. Trans 
46 Using Slater orbitals, whic! 


isage has consecrated 
and W. Hartree, Proc. Phys. Soc 
for O: D. R. Hartree, W. Hartree, 
London A238, 229 1939) 
rates the value of the wave 
function at the nucleus yund for ¥7(0) 0.103 a.u. and 
b+c= —2.8K 10 cm™. 
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ence between two large numbers and both constants can 
be increased or decreased and still more or less the same 
value found for the sum. 

However, it seems reasonable to set the limits of 6 as: 


14.42 6¢ 18.3K 10" cm™, 


with a rather marked preference for the lower figure. 
Table V lists the different possibilities. 

Gallagher* has commented on the small difference be- 
tween the hfs spectra which he measured and calculated. 
The difference may be due to an incorrect value of 6 
chosen by Gallagher. Also this might be due to the / 
uncoupling effect on the magnetic interaction energy 
due to mixing with the *2, state. We are unfortunately 
not able to calculate this effect theoretically with our 
wave function for the lowest observed 72, state probably 
corresponds to an excitation to a 3s orbital, which was 
not included in the set of basis functions. We hope to 
investigate this possibility in the near future 

As the term in 4 in the expression for the energy of the 
magnetic interaction is very small in comparison with 
the terms which include the constants a, d and b+<c, it 
is difficult, in view of the experimental error present in 
the determination of the hyperfine spectra, to try to 
find a better fit in order to verify the theoretical value 
proposed for 0. 


V. CALCULATION OF FINE STRUCTURE CONSTANT 
AND NUCLEAR QUADRUPOLE COUPLING 
CONSTANT 


(a) Spin-Orbit Coupling Constant A 


The energy splitting due to spin-orbit interaction in 
NO is AL,S,, where A is the spin-orbit coupling 
constant : 


1 1 dU 
ven ” ven)| /Ls, 
2m'c* ir, dr; 


U is the potential energy of the ith electron at a point r;. 
The matrix elements of the spin-orbit coupling operator 


Tasie V. Values of (¥7(0)),.. and b= (16%/3)\y*(0) — 4c 
(in units of 19% cm~*). 


¥7(0)) av 

From b+c¢ experimental and 
c=3(a—d) 

Mizushima* 0.5 

This paper, from ¢ calculated 0.44 
and b+<c experimental 

This paper, direct calculation 0.6 


0.85 


b= (16%/3)W* (0) —4c 


24.6 
14.4 


Used by experimentalists 

This paper, from calculated c 
and 6+<¢ experimental 

This paper, from calculated 
¥* (0) and b+-c experimental 

This paper, direct calculation 17 


18.3 


* See reference 2. 
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Tasie VI. Matrix elements of spin-orbit coupling operator.* 


(v2/v3)A is 
~(1/V2)Ais 
~(1 V6)Auw 
a v3 )(Ay—A3) 
-4Ais 
§V3 Ai 
V2Ais 
. 2v3)Ais 
bAis 


Ho : H 
Hy His 
H 22 : Hw 
He: . it3As Ae 
Ay A; Ax 
Ha A: Haw 
Ho A; Hors 
Hy; . Hos 
Ho Ais Hy 
* The subscripts of A are defined in Table Ii 

are given in Table VI. As dl’/dr;, falls off very rapidly 
with 7, it seems reasonable to neglect the two center 
atomic integrals (as is usually done in this kind of 
calculation). For the one center atomic integrals we have 
taken the values given by Ishiguro'* which he estimated 
from atomic spectral data. These are: 


dU 
2prn 


drx 


73.3 cm™ 


dU 
2pro 2pro 


ro dro 


151 cm". 


In Table ViI the results of our calculations using both 
the single determinant and configuration interaction 
functions (eliminating ys and Ws») are given as well as the 
results obtained by Mizushima. The agreement with ex- 
periment is very good for both of our functions. It is of 
interest to note that the values of the atomic integrals 
suggested by Ishiguro are somewhat different from those 
given by Mizushima. 


(b) The Coupling Constant of the 
Electric Quadrupole hfs 


The electric quadrupole coupling constant g is given 
by the relation: 


q=q(nuclear) — (electronic) 
2Z | 3 cos’6,,—1 
- , » 
™ — * 
R? ‘ Tia® 


ven) 


where Z = nuclear charge of oxygen, and R= equilibrium 
distance (1.15 A). 


TaBie VII. Fine structure constant A (in cm™) 


One determinant function* 129.2 
this paper) 

Interaction configuration func 
tion (8 terms) (this paper) 

Mizushima” 112 

Observed” 123.8 


124.1 


* Also calculated b 
» See reference 4 


Ishiguro.** 


*E. Ishiguro, Quarterly Progress Report, SSMPG, Massa- 
chusetts Institute of Technology, October 15, 1958, p. 61. 
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Tasre VIII. Values of atomic integrals x:[ (3 cosy —1)/rn* )x2 
(in a.u.) (over orthogonalized Slater orbitals). 


lsy Is~ 0 
Isy Iso 0.000033 
lsyw 2s~ 0 
1s 250 0.055177 
lsy 2penr 0 
ls 2poo 0.097083 
lso lso 0.195217 
Iso 2s» 0.008539 
Iso 0.000001 
Iso 0.014164 
Iso 0.014573 
25x 0 
2sn 0.077091 
2s : 0 
2sn~ ba 0.105250 
0.174843 
0.214281 
0.136493 
1.977300 
0.316346 
0.215596 
0.988650 
— 0.003257 
0.126131 


In the calculation reported earlier in this paper nearly 
always we were concerned only with the x electrons of 
the molecules. For these electrons it was often possible 
to use more or less the “best” atomic integrals. By 
“best”’ we mean not only Hartree-Fock integrals, but 
either these adjusted to give the best results or the 
integrals taken from experimental data. But in the 
calculation of g, the operator contains neither L, nor S, 
so we must know the values of atomic integrals for all 
the electrons. Thus it has only seemed feasible to carry 
out a completely ab initio calculation using Slater 
orbitals to calculate the atomic integrals as were used to 
calculate the molecular functions. The values of the 
atomic integrals are those collected in Table VIII. 

For the one determinant function there is found: 


r= 1.559— 1.333 


q 0.226 a.u., 
and for the complete configuration interaction function : 


g= 1.559— 1.405 =0.154 a.u. 


This positive value of g taken with the experimental 


value of egQ for NO=—1.75 Mc 


sec would lead to: 
O(N“) = —0.05 10 cm’. 


A negative value of 0 would be in contradiction with the 
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hypothesis proposed by Moszkowski and Townes" that 
positive (0 should be associated with an odd-odd nucleus. 
Some more or less empirical calculations have given 
positive values of Q between the limits''*: 


0.007 <0 < 0.03 K 10 cm’. 


It is interesting to compare our results with a very 
similar calculation of g in CO” recently reported by 
Richardson.” Using a single determinant function built 
on LCAO-MO-SCF orbitals (with Slater exponents for 
the atomic functions) he found about 74% of the 
electronic part of g (if one assumes) the value Q(O!”) 
=—0.03X10-* cm? by Rosenblum and 
Nethercot ” In a similar way if we assume that Q(N™) 
= -+0.02 10~™ cm? then we find that our configuration 
interaction calculation accounts for about 73% of the 
true value of g electroni: 


proposed 


Thus it seems that Slater orbitals underestimate the 
values of atomic integrals in (3 cos*@—1)/r.™ 
Recently Kato and Nakahara” have calculated 0(N") 
using an LCAO-MO-SCF function for NH; calculated 
by Duncan” and Slater orbitals for the atomic func- 
tions. They ha e found that O0(N“)~0.01K10™* cm’. 
But it should be remembered that the Slater 1s hydro- 
gen functions which surround the nitrogen nucleus are 
the Hartree-Fock functions. Thus if we could 
f NO using better atomic 
functions it seems entire ly plausible that the agreement 
with experiment should be much better. 


also 


repeat the calculation for 
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The magnetic hyperfine splitting of the *S ground state of the lithium atom is calculated. It is shown that 
the discrepancy between experiment and the value calculated in the traditional Hartree-Fock approximation 
can be accounted for quantitatively by the exchange polarization effect, which distorts one 1s orbital relative 
to the other. The present calculation obtains a value within one percent of the experimental value. A general 
procedure is proposed for evaluating operators that do not commute with the Hamiltonian, when approxi- 


mate variational methods must be used. 


INTRODUCTION 


ECENTLY, several calculations have been re- 

ported concerned with ab initio evaluation of the 
electronic contribution to the magnetic hyperfine 
structure of the *S ground state of the lithium atom.'* 
It is found that this effect is considerably under- 
estimated by the traditional Hartree-Fock electronic 
wave function,’ but that if allowance is made for the 
polarization of the 1s orbital due to the unbalanced 
spin, a significantly better value is obtained. A general 
discussion of this polarization effect, with special 
reference to the lithium atom, has been given in an 
earlier paper.’ The case of the lithium atom has also 
been discussed by Pratt.‘ 

The present paper reports results of a series of 
calculations undertaken to see if this exchange polari- 
zation effect could account quantitatively for the hyper- 
fine structure of lithium. The calculations reported here 
followed the procedure of an approximate matrix 
Hartree-Fock calculation by the method of symmetry 
and equivalence restrictions,’ followed by the evaluation 
of configuration interaction effects by second-order 
perturbation theory. The single-particle Hamiltonian 
was taken to be that appropriate to the occupied 2s 
orbital and the 1s orbital of the same spin. 

Both the traditional Hartree-Fock method and the 
method of symmetry and equivalence restrictions 
constrain the two 1s spatial orbitals to be identical. 
This must be compensated for by certain configuration 
interaction effects that would be absent, to second 
order in perturbation theory, if the unrestricted 
Hartree-Fock method were used.* The principal result 
of the present work is to indicate that these specific 


* A preliminary report has been given in Quarterly Progress 
Report, Solid-State and Molecular Theory Group, Massachusetts 
Institute of Technology, July 15, 1956, p. 3; October 15, 1956, 
p. 47 (unpublished). 

t This research was supported jointly by the Army, Navy, and 
Air Force under contract with the Massachusetts Institute of 
Technology. 

t Present address: Department of Physics, Buston University, 
Boston, Massachusetts 

1M. H. Cohen, D. A. Goodings, and V. Heine, Proc. Phys. Soc 
(London) 73, 811 (1959) 

2 L. M. Sachs (to be published). 

*R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 

‘G. W. Pratt, Jr., Phys. Rev. 102, 1303 (1956). 


configuration interaction effects can account for the 
hyperfine splitting of lithium to within one percent of 
the experimental value. Essentially the same result 
should be obtained by an unrestricted Hartree-Fock 
calculation, if carried out with sufficient accuracy. 
Various results are listed in Table I. 

The discrepancy between the present results and 
those of both Sachs* and Cohen, Goodings, and Heine! 
can be attributed to the use of a considerably larger 
set of basis functions of the type e~** in the present 
work than in either of these other calculations. Since 
the value of the electronic orbitals at the nucleus is 
zero except for the contribution of basis functions of 
this type, the hyperfine splitting is sensitive to such 
functions. This could easily be overlooked since the 
energy effects involved are very small, 

The unrestricted Hartree-Fock function obtained by 
Sachs* contains a ‘S component, and cannot be com- 
pared directly with the pure *S atomic state. For this 
reason only the projected unrestricted function of 
Sachs, which is a pure doublet, is listed in Table I. 

In the 48 state of an atom, the separation of the 
hyperfine structure levels is given by® 


AE =hv= (8x/3)pour[ (274+-1)/T](p4—p-_). (1) 


Here (p,—p._) is the excess of electronic density with 
positive spin over that of negative spin, measured at 
the atomic nucleus. 

For calculation in terms of the normalized radial 
factors of electronic orbitals, it is convenient to intro- 
duce the radial operator, for an atom with N electrons, 
N 26(r,) 
> - Csi, (2) 


tl r? 


f 


such that 6% 26(r)dr=1, and 
(f)=44(p,—p_), (3) 


evaluated for the state M,= 4-4. 
For the Li’ nucleus, for which ] = 4, the experimental 
value of uw; is 3.256310 nuclear magnetons* and of Ay, 


Fermi, Z. Physik 60, 320 (1930) 


SE. 
*N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1956), p. 172. 
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Taste I. Results of variational calculations 


Parameters Restricted Hartree-Fock 
7 EB, acu (f 


5.0 7.427893 
6.0 7.428477 
7.0 — 7.428745 
8.0 ~— 7.428771 
9.0 — 7.428627 
1.75, 3.5, and 7.0 — 7.431765 
2.00, 4.0, and 8.0 — 7.431608 
Traditional Hartree-Fock* 
Unrestricted Hartree-Fock, by perturbation method” 
Projected unrestricted Hartree-Fock* 
Experimental value 


2.29215 


* See reference 2 
» See reference 1. Since this result is for a wave function that contains a 
which are all for pure doublet wave functions 


803.512 Mec/sec.? With fundamental 
the compilation by. Cohen et al.,* 
value of (f) is 


constants from 
the experimental 


2.9062a¢*. (4) 


\ J lexp = 


DESCRIPTION OF CALCULATIONS 


A series of preliminary calculations, not listed in 
Table I, indicated that configuration interaction with 
configurations containing p or d orbitals, or with con- 
figurations other than those specifically identified with 
the exchange polarization effect, had a negligible effect 
on the hyperfine splitting. It is important to emphasize 
that these configurations, which are the dominant 
terms in a calculation of the correlation energy, have 
little effect on the hyperfine splitting. Since the energy 
contributed by different excited configurations is 
additive in the second order of perturbation theory, 
it follows that the total energies given in Table I could 
be greatly improved by adding in the effect of such 
configurations. But this would have no significant 
effect on the value of the hyperfine splitting. 

The configurations which do have a significant effect 
on the hyperfine splitting have a very small effect on 
the total energy. They represent a modification of the 
ls orbitals near the nucleus, so as to compensate for 
the unsymmetrical exchange interaction with the 
singly-occupied 2s orbital. Even though the energy 
differences are small, all integrals needed for the matrix 
Hartree-Fock and configuration interaction calculations 
were evaluated to an accuracy on the order of one 
percent of the calculated differences in energies. This 
justifies the variational procedure used, since the energy 
minima found are numerically significant. 

All of the calculations listed in Table I used a basis 
of s orbitals that included three 
functions proportional to 


normalized radial 


1.0r . 


é , and re~?-%r, (5) 


7 P. Kusch and H. Taub, Phys 
SE. R. Cohen, J. W. M 
Rollett, Revs. Modern 


Rev. 75, 1477 (1949) 
DuMond, T. W. Layton, and J. S. 
Phys. 27, 363 (1955) 


quartet admixture it is not strict! mp to the 


nteraction 


428834 
428860 


431849 
431693 


2.86996 
2.37223 
2.0945 
2.70 
2.5665 
2.9062 


ther results tabulated, 


The numerical Hartree-Fock orbitals’ can be expanded 
to reasonable accuracy in terms of these three functions. 
In addition, either one or three functions of the form 
et" were added to the set, as indicated in the table. 

The matrix Hartree-Fock calculation was repeated 
for different values of the parameter {, with only one 
function e~** added to the set of Eq. (5). A limited 
configuration interaction calculation, using only the 
configurations identified with the exchange polarization 
effect, was carried out for the two values of ¢ (7.0 and 
8.0) for which the Hartree-Fock energy took its lowest 
values. 

The basis set was then augmented by addition of 
orbitals with exponents {/2 and {/4, and the same 
calculations carried out. From the variational principle, 
the effect of increasing the orbital basis set in this 
manner can only be to improve the wave function, with 
a first order effect on any operator not commuting with 
the Hamiltonian. The fact that the two augmented sets 
(with ¢=7.0 and 8.0, respectively) lead to values of the 
hyperfine splitting closer to each other after configu- 
ration the 
the other results in 
the variational sequence, indicates that the present 
result is However, it could only be 
checked by a more accurate calculation of the same 
nature. 

An attempt was made to vary the parameter ¢ for a 
series of augmented independent radial 
functions). The computer programs used could not 
work accurately nearly linearly 
dependent as in the augmented set with [<7.5, so 


interaction than before, and closer to 


experimental value than any of 


not fortuitous 


sets (six 


with functions as 
results for lower values of ¢ are not available. A range 
of values of ¢ between 7.0 and 12.0 gave values of (f) 
between 2.87 and 3.03.' 


The energy variation was very 
small in this range, but the 
those in Table I 


two lowest energies are 


*V. Fock and M. J 
(1934); 8, 547 (1935 

”R. K. Nesbet, Quarterly Progress Report, Solid State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
October 15, 1956 (unpublished), p. 47 


rashen, Physik Z. Sowjetunion 6, 368 
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DISCUSSION 


The present calculations exemplify a practical prob- 
lem that can occur in any attempt to calculate a physical 
property other than the energy of a system of more than 
a very small number of particles. In such cases vari- 
ational methods must be used, with the goal of ob- 
taining a wave function sufficiently close to an eigen- 
function of the Hamiltonian that mean values of other 
operators, not necessarily commuting with the Hamil- 
tonian, wil! be close to the values obtained for a true 
eigenfunction. If the wave function depends on a 
number of parameters, ordinarily one would proceed 
by a steepest descent calculation to approach a sta- 
tionary value of the energy, expressed as a function 
of these parameters. By carrying such a calculation 
through to its limit, eventually any property of the 
system other than the energy would approach its correct 
value. 

As shown in the present calculations, ii can happen 
that certain changes in parameters have a large effect 
on the energy with only a small effect on the mean 
value of some operator other than the Hamiltonian, 
and conversely. Under these circumstances the error 
in the calculated value of such an operator is not 
necessarily small, even though the error in the energy 
is small. 
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This difficulty can be dealt with by a slight modifi- 
cation of the method of steepest descent. If parameters 
have been varied sufficiently that further energy vari- 
ations are small, a final sequence of variations should 
be carried out along the path, in the parameter hyper- 
space, determined by the gradient of the mean value 
of the auxiliary operator under consideration, The 
energy should be made stationary along this path. 
This process ensures that any further variation of the 
energy will be along a path in the parameter hyperspace 
orthogonal to that of greatest change of the auxiliary 
operator. The auxiliary operator is itself stationary for 
such variations. 

The calculations reported here followed this general 
procedure, simplified by the fact that different con- 
tributions to the total energy are additive, in second- 
order perturbation theory, so that a large class of 
variations that do not appreciably affect the auxiliary 
operator can be neglected. 
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Total Neutron Cross Sections of Helium, Neon, Argon, Krypton, and Xenon 
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The total neutron cross sections of the noble gases helium. neon, argon, krypton, and xenon have been 
measured for neutron energies from 120 kev to 6.2 Mev and from 12.1 Mev to 19.8 Mev by a transmission 
experiment. The neutrons were produced using the Li’(p,n)Be’, the T(p,n)He*, the D(d,n)He*, and the 
T (d,n) He‘ reactions in the appropriate energy intervals. A Van de Graaff accelerator was the source of the 
protons or deuterons. In general, the results obtained agree with previous work where such work exists. 
A previously unobserved S-wave scattering resonance was found in neon at about 500 kev, indicating the 
presence of an excited state in Ne™ with J=4 and even parity. The results for argon, krypton, and xenon 
exhibit general agreement with the cross sections of neighboring elements, as would be expected from the 
previously observed smooth variation of the ¢(A,£) surface. 


I. INTRODUCTION 


N the present experiment, total neutron cross sections 
of helium, neon, argon, krypton, and. xenon were 
obtained from 120 kev to 6.2 Mev, and from 12.1 to 
19.8 Mev. Results have previously been published by 
other investigators for some of these elements at 
energies within these intervals. The total neutron cross 
section of helium has been reported up to about 6.1 
Mev and from 12.5 Mev to 20.5 Mev.’-* Previous 
'T. A. Hall and P. G. Koontz, Phys. Rev. 72, 196 (1947) 
2S. #Bashkin, F. P. Mooring, and B. Petree, Phys. Rev. 82 
(1951). 
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measurements of the neon cross section extend from 
0.8 Mev to 3.5 Mev,’~* and results for argon have been 


*J. H. Coon, Bondelid, and Phillips. quoted in J. H. Coon, 
E. R. Graves, and H. H. Barschall, Phys. Rev. 88, 562 (1952). 

‘®. B. Day and R. L. Henkel, Phys. Rev. 92, 358 (1953). 

‘J. H. Coon, quoted in J. D. Seagrave, Phys. Rev. 92, 1222 
(1953). 

* Unpublished Los Alamos work, results given in Neutron Cross 
Sections, compiled by D. J. Hughes and R. Schwartz, Brookhaven 
National Laboratory Report BNL-325 (Superintendent of Docu- 
ments, U. S. Government Printing Office, Washington, D. C., 
1958), 2nd ed. 

7C. P. Sikkema, Nuclear Phys. 3, 375 (1957), 

* H. O. Cohn and J. L. Fowler, Phys. Rev. 114, 194 (1959). 
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Fic. 1. Total neutron cross sections of helium and neon 
from 120 kev to 3.2 Mev. 


reported between 0.45 Mev and 1.1 Mev.’ No total 
neutron cross sections have been reported for krypton 
or xenon in the energy range covered by the present 
experiment. 


Il. EXPERIMENTAL PROCEDURES 


A simple transmission experiment was performed to 
determine the total neutron cross sections of the five 
gases at neutron energies obtainable using a 3-Mev 
Van de Graaff accelerator and the usual neutron source 
reactions. Four source reactions were used in various 
energy intervals. They were the Li’(p,n)Be’, the 
T(p,n)He’, the D(d,n)He’, and the T(d,n)He* reactions. 

The Li'’(p,n)Be’ reaction was used to produce neu- 
trons of energies from 122 kev to 1180 kev. A lithium 
layer was evaporated under vacuum on a tantalum 
backing. The target thickness was measured by ob- 
serving the rise in neutron production near threshold. 
Targets of two thicknesses were used at different times, 
one being about 4-kev thick and the other about 42 kev. 
Observations were always made in the direction of the 
incident proton beam when using the lithium target. 

The T(?,)He'’ reaction was employed in the neutron 
energy range from 370 kev to 2.45 Mev. A solid 
zirconium-tritium target was used. Its thickness, meas- 
ured by observing the rise in neutron production near 
the reaction threshold, was about 35 kev. With this 
neutron source reaction, observations were also made 
only in the direction of the incident proton beam. 
Over the energy interval from 370 kev to 1180 kev, in 
which neutrons from both the Li’(p,»)Be’ and the 
T(~,")He® reactions were used, no systematic differ- 
ences in the results were observed. 

For energies from 2.39 to 6.23 Mev, the D(d,n)He* 
reaction served as the neutron source. Target nuclei in 
the form of deuterium gas were contained in a small gas 
cell separated from the beam pipe by a nickel foil 
0.00038 cm thick. The deuterium gas pressure used 
ranged from 0.5 to 1.0 atmosphere. A cell 3.28 cm long 
was used for direction of the 
deuteron beam. In order to cover the energy range 
from 2.39 Mev 


observations in the 


to about 2.8 Mev, observations were 


* J. B. Guernsey and C. Goodman, Phys. Rev. 92, 323 (1953). 
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made at angles of 70°, 90°, and 105° to the direction oi 
the incident deuteron beam. At 
1.64 cm long was employed. 
Neutrons of energies from 12.1 to 19.8 Mev were 
produced by the T(d,n)He* reaction. The same solid 
zirconium-tritium target was used as for the T(p,2)He? 
at angles of 0°, 60°, 
75°, 105°, 115°, 125°, and 160° from the incident beam 
direction in order to cover this neutron energy range. 
The samples of He, Ne, A, Kr, and Xe were contained 
in identical stainless steel cylinders, 2.54 cm in outside 
diameter, and 30.5 cm long. Both the cylinder walls and 
the caps soldered over the « y linder ends had a thickness 
of 0.16 cm. Hypodermic tubing about 60 cm long led 
from each cylinder to a high-pressure valve through 
which the cylinder was filled. Five cylinders contained 
gas samples at high pressure. The xenon sample was at 
a pressure of about 80 atmospheres, while the other 
gases were at 170 and 190 atmos- 
pheres. A sixth identical cylinder was evacuated; it was 


these angles a gas cell 


reaction. Observations were mad 


pressures between 


Fic. 2. Total neutron cross sections 


xenon from 120 kev t 


f argon, krypton, and 
3.2 Mev 


inserted between the neutron source and the detector 


when the counting rates with no gas scatterer in the 
neutron beam were measured 

For neutron energies up to about 800 kev, an Li‘l 
crystal, 3.81 cm in diameter and 1.27 cm thick, was 
used as a neutron detector. The crystal was enriched 
to about 95% in Li®. It was sandwiched between two 
pieces of Lucite, each about 2.5 cm thick, which served 
as a moderator and as a light pipe. The 
sandwich was mounted on the face of an RCA-6655 
photomultiplier tube , moderator, and light 
pipe were surrounded by a layer of boron carbide, which 
in turn was contained within a 0.050-cm-thick cadmium 
shell. The outside diameter of thx 


neutron 


The crysta 


cadmium container 

m and boron served to absorb 
neutrons, while the moderator slowed the 
order to increase the counting 


thermal 

incident 

efficiency. 
At neutron energies above 


neutrons 


800 kev, the detector was 
ter and 2.54 cm 
eT tube. 


a plastic phosphor, 2.54 cm in diam«e 
thick, mounted on a photomultiy 
Most of the observations were made with the detector 


at a distance of about 1 meter from the neutron source. 





NEUTRON CROSS SECTIONS 


The scatterer was midway between the source and 
detector. Measurements were made with a source- 
detector separation of about 55 cm when using the 
T(~,n)He® source reaction to produce neutrons of 
energies from about 900 kev to about 2 Mev. 

The procedure followed in measuring the total cross 
sections at a particular neutron energy was as follows. 
Counting rates in the detector were measured with each 
gas scatterer and with the evacuated cylinder between 
the source and detector. The background counting rate 
with a copper or polyethylene absorber 30 cm long 
placed between the source and detector was also ob- 
served. When the D(d,n)He’ reaction was used, addi- 
tional background measurements were made by re- 
peating the above sequence of observations with helium 
rather than deuterium in the target cell. During all 
observations, the neutron flux was monitored by either 
a “long counter” or another plastic phosphor detector, 
placed so that the scattering samples would not block 
the direct path from the neutron source to the monitor. 

The areal densities of the noble gas samples were 
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Fic. 3. Total neutron cross sections of helium and neon 
from 3.2 Mev to 6.2 Mev. 


determined by carefully weighing the cylinders before 
and after the addition of the gas and by accurately 
measuring the cylinder dimensions. The cylinders were 
reweighed several times during the course of the experi- 
ment to check on possible gas leaks. 


Il. RESULTS 


The results of the total neutron cross-section measure- 
ments are given in Figs. i-6. The neutron energy spread 
is indicated by triangles near the base line for a few 
representative points. This neutron energy spread was 
produced by the finite target thickness and also, when 
the D(d,n)He’ reaction was used, by straggling in the 
nickel entrance foil. The effect of the finite lateral 
dimensions of the scatterer and detector on the energy 
resolution was negligible. The total energy spread varied 
from a few kilovolts up to about 200 kev, depending on 
the particular target used, the angle at which observa- 
tions were made, and the neutron energy. It was usually 
between 20 and 60 kev. 

At several energies, probable errors are indicated on 
the figures. These calculated errors include statistical 
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Fic. 4. Total neutron cross sections of argon, krypton, and 
xenon from 3.2 Mev to 6.2 Mev. 


counting uncertainties and also the possible errors in 
the areal densities of the gas samples caused by uncer- 
tainties in the weights of the gases and in the gas 
cylinder dimensions. No in-scattering corrections have 
been applied to the cross sections, since calculations 
indicate that this correction would in no case exceed 
1.5%. It would, therefore, be small compared with other 
uncertainties. 

The total cross section of helium has previously been 
measured over the energy region covered in the present 
experiment.'~* The results obtained here indicate a 
somewhat higher cross section near the resonance at 
1.15 Mev. Earlier observations in this energy region 
were made using the Li’(p,")Be’ reaction, and no cor- 
rection was made for the effect of the second group of 
lower-energy neutrons produced in this source reaction. 
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Fis. 5. Total neutron cross sections of helium, argon, and 
krypton from 12.1 Mev to 19.8 Mev. 
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Fic. 6. Total neutron cross sections of neon and xenon 
from 12.1 Mev to 19.8 Mev 


The present measurements were made using both the 
Li’ (p,m) Be’ reaction and the T(p,n)He’ reaction in the 
energy range from 370 kev to 1180 kev. The results 
obtained using the former reaction were corrected for 
the second group of neutrons, and the corrected points 
agree well with those obtained using the T(p,n)He* 
reaction. 

The neon cross section has previously been measured 
from 0.8 Mev to 3.5 Mev with about the same energy 
resolution as that employed in the present experi- 
ment.’~* The total cross-section results obtained here 
agree well with this earlier work. 

The prominent S-wave scattering resonance observed 
in the present work at about 500 kev is due to scattering 
from an excited state in Ne*! at about 7.21 Mev. This 
level is probably the one previously reported at an 
excitation of 7.30+0.06 Mev; it was observed by 
examining protons emitted in the Ne™(d,p)Ne”' re- 
action.” 

The experimental results obtained here have been 
analyzed to determine the resonance parameters of this 
level in Ne*'. The general shape of the cross-section 


curve, particularly the presence of the minimum at 


“ R. Middleton and C. T. Tai, Proc. Phys. Soc. (London) A64, 
801 (1951). 
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about 425 kev, and the magnitude of the peak at about 
540 kev indicate an S-wave resonance. Since the target 
nucleus has zero spin and even parity, the excited state 
has a J value of § and even parity. 

The assumptions were made that only this resonance 
contributes to the scattering cross section between 200 
kev and the peak at 540 kev, and that a constant back- 
ground of 0.4 barn is contributed by Ne* (about 9% 
abundant) and possibly by potential scattering of 10 
neutrons. The experimental results were analyzed using 
the Breit-Wigner one-level formula to obtain the reso- 
nance energy, the width at resonance, and the S-wave 
potential scattering phase shift at resonance. The /=0 
potential scattering phase shifts reported by Cohn and 
Fowler* at higher energies and the fact that this phase 
shift approaches kR at low energies were used to esti- 
mate the value of the potential phase shift over the 
region of the resonance. A variation of 
parameters was employed to find the magnitude and 


prot ess of 


the estimated uncertainties of the resonance parameters. 
The results indicate a resonance energy of 47343 kev, 
a width of 107+6 kev at resonance, and an S-wave 
potential scattering phase shift of —52°+4° at the 
resonance energy. 

There is also some indication of a resonance in neon 
at about 675 kev. Because of its small magnitude, the 
resonance probably indicates scattering from Ne**, and 
therefore the presence of a state in Ne™ at an excitation 
of about 6.0 Mev. 

For argon, krypton, and xenon, the energy resolution 
used made it impossible 
The results for these gases represent an average cross 
section over a region containing l 


to resolve individual levels. 


at least several reso- 
nances. Some indication of the level structure previously 
observed in argon at low energies® was seen, but at 
energies for krypton 


indication of level 


ind at al 


results gave no 


higher energies for argon 
and xenon, the 
structure. 

It has been pointed out that a three-dimensional plot 
of neutron total cross se as a function of mass 
number and neutron energy exhibits a smooth variation 
of the cross section with 


tions 


these parameters."! The cross 
sections must be averaged over energy intervals large 
compared with the level spacing, so only gross structure 
is indicated in the plot. An examination of the total 
cross sections averaged over resonances: of elements 
with mass numbers close to those of the gases observed 
in this experiment indicates agreement of the present 


results with the expected smooth cross-section variation. 


" H. H. Barschall, PI 
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Slow Neutron Resonance Spectroscopy. I. U™*t 


J. L. Rosen, J. S. Desyarprxs, J. Rarywater, anp W. W. Havens, Jr. 
Department of Physics, Columbia University, New Y ork, New York 
(Received November 20, 1959) 


The results of time-of-flight measurements of U™* resonances in the region 90-1300 ev are presented 
and resonance parameters for levels up to 1000 ev are obtained. Neutron widths for the 55 observed levels 
and radiation widths for 32 of the stronger levels are deduced. The deduced neutron width distribution is 
found to be in good agreement with the theoretical prediction of Porter and Thomas for a single channel 
process, while the level spacing distribution agrees with the “repulsion” formula suggested by Wigner. 
The average value of the radiation widths was found to be (24.6+0.8) x 10~* ev, while the average reduced 
neutron width and level spacing were found to be (1.7640.26)K10~* ev and 18.541.3 ev, respectively. 
These values are in good agreement with earlier results reported by other workers. A strength function of 


(0.954-0.15) K 10~ is obtained. 


It appears on the basis of their size and number, that several of the weaker levels may be due to p-wave 


neutrons. 


I. INTRODUCTION 


HIS is the first of what is expected to be a series 

of papers giving the results of studies using the 
Columbia University, Nevis synchrocyclotron spec- 
trometer system which has been described in detail 
elsewhere.' The pertinent features of the system are as 
follows. A high intensity burst of fast neutrons is 
produced having ~0.12-usec duration and a 60 cps 
repetition rate. A flight path of ~35 meters has been 
employed with a 2000-channel time of flight analyzer 
using 0.1-usec detection interval widths for most 
measurements which gives 5 to 10 mysec/meter (full 
width at half maximum) resolution. U™* presents a 
particularly favorable sample material for testing 
various theories since there is a single compound 
nucleus spin state involved. Including the seven 
levels below 100 ev studied by others, I’, values have 
now been assigned for 55 levels below 1000 ev. 

Recent years have brought a considerable sophistica- 
tion in the theoretical and experimental aspects of 
neutron resonance spectroscopy. Orders-of-magnitude 
improvements in source intensities, detector efficiencies, 
energy resolution, and data handling techniques have 
been made.'* Theoretical developments have kept 
pace, demanding data of ever increasing quality and 
quantity. The rigorous formulation of the R-matrix 
theory of the reaction process was given by Wigner 
and Eisenbud,** The pioneering development of the 


t Supported by the U. S. Atomic Energy Commission. 

1 J. Rainwater, W. W. Havens, Jr., J. S. Desjardins, J. L. Rosen, 
Rev. Sci. Instr. (May 1960). 

2D. J. Hughes, Neutron Cross Sections (Pergamon Press, 
New York, 1957); D. J. Hughes, in American Institute of Physics 
Handbook (McGraw-Hill Book Company, New York, 1957). 

4 J. Rainwater, in Handbuch der Physik, edited by S. Fligge 
(Springer-Verlag, Berlin, 1957), Vol. 40. 

*D. J. Hughes and R. B. Schwartz, Neuwiron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend- 
ent of Documents, U. S. Government Printing Office, Washington, 
D. C., 1958), second edition. 

* L. Eisenbud and E. P. Wigner, Phys. Rev. 72, 29 (1947) 

* A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 
(1958); G. Breit, in Handbuch der Physik, edited by S. Fligge 
(Springer-Verlag, Berlin, 1959), Vol. 40, Part 1, p. 1. 
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optical model for neutrons by Feshbach, Porter, and 
Weisskopf’ was later extended to include spheroidal 
shapes and “rounded off” nuclear density distributions 
at the surface.* This has led to an R-matrix theory by 
Lane, Thomas, and Wigner*”® and others with the 
emphasis on the concept of “giant resonances” in the 
strength function. 

In the original optical model theory using a sharp 
edge nucleus of R= 1.45A'X10-" cm; and V=—42(1 
+0.03i) Mev for r<R, peaks were predicted in the 
l=0 strength function So=(I'.")m/D. (Here D is the 
average level spacing for /=0 neutrons incident and 
(T.°)» the corresponding average of the reduced 
neutron widths for these levels). These peaks were 
predicted for small neutron energies, at A~1.5, 13, 55, 
and 155. The average of So over a wide enough range 
of A values was expected to be the so called “black 
nucleus” value of 1.0X10~, with larger values in the 
regions of the giant resonances and smaller values 
between. A similar /=1 strength function can be 
suitably defined after taking account of an extra E~ 
factor at low energies due to the centrifugal repulsion 
effect. The /=1 giant resonance peaks are expected to 
occur at A values corresponding to nuclear radii 
intermediate between those for /=0, since the internal 
radial wave functions are ~90° retarded in phase at 
the nuclear surface relative to the cotresponding /=0 
functions. This places p-wave giant resonances near 
A=100 and 240 which could be split by spin-orbit 
coupling. Saplakoglu, Bollinger, and Coté” interpret 
their results for Nb” in the slow neutron region as 
mainly being due to p-wave levels for which the 

7H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1954) 

*B. Margolis and E. S. Troubetzkoy, Phys. Rev. 106, 105 
(1957); D. M. Chase, L. Wilets, and A. R. Edmonds, Phys. Rev. 
110, 1080 (1958) 

* A. M. Lane, R. G. Thomas, and E. P. Wigner, Phys. Rev. 99, 
693 (1955). 

*” A. Saplakoglu, L. M. Bollinger, and R. E. Coté, Phys. Rev. 
109, 1258 (1958). 
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strength function is unusually large. We have found" 
similar levels in Ag for E<500 ev which are probably 
l=1 levels. Bollinger et al.” observed a very weak 
level at 10.2 ev in U™* which they suggest may be 
p wave. We have indicated which of the 55 U™* levels 
below 1000 ev are most apt to be p wave. 

When the quadrupole distortions* are treated in 
detail, the giant resonance peaks are split into struc- 
tures covering a considerable range of A values. This 
is particularly noted for the region near A= 155. The 
value 1.0X10~ for the long-range average (over A) of 
the strength function is simply a reflection of the size 
of the surface discontinuity transmission value when 
an incoming wave of propagation constant & reaches a 
boundary where the propagation constant abruptly 
changes to a much greater “inside” K. The large 
strength function in the giant resonance regions would 
thus be expected to imply strength functions <10~ 
midway in A between giant resonances, as, for example, 
U™* for /=0. Introduction of a diffuse nuclear surface 
and surface quadrupole distortions modifies this 
expectation. It is found experimentally that So~10~ 
for U™*, Other theoretical tests which we make are 
for the distribution of I’,° values and for the distribution 
of level spacings. 


Il. SAMPLE CONSIDERATIONS AND 
DATA TAKING 


For the studies described in this paper, as for most of 
those made to date using this system, a self-indication 
detection method,' rather than a “flat detector,” was 
used. A foil (or plate) of natural U metal (99.3% U™*) 
6 in.X30 in. was suspended perpendicular to the 
beam path below shielded scintillation detectors. The 
detectors respond to the (m,y) capture y rays yielding 
peaks for those flight times associated with neutron 
resonances in U™*, A considerable background counting 
rate was present which was mainly due to the relatively 
strong natural y radiation from such a large U sample, 
and partly due to cyclotron associated background 
which would also be present for a nonradioactive sample 
material. 

In choosing an appropriate sample thickness, several 
considerations are involved. For too thin a sample the 
weak levels would be more apt to be missed in detection. 
Thus thicker samples are favored to detect weak 
levels. The maximum resonance response occurs when 
the sample transmission is near zero for an energy 
interval about resonance of the order of magnitude of 
the resolution width. For thicker samples there are 
always two troubles and a third is present for U. The 
first of these is the fact that the self-absorption of the 
capture + rays in the sample itself becomes progressively 
more serious as the sample thickness increases. This is 


"S. Desjardins, W. W. Havens, Jr., J. Rainwater, and J. Rosen, 
Bull. Am. Phys. Soc. 4, 34 (1959). 
“L. M. Bollinger, R. E. Coté, D. A 


. Dahlberg, and G. E. 
Thomas, Phys. Rev. 105, 661 (1957). 
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complicated also by the fact that the mean penetration 
thickness, and thus the depth of origin of the capture 
 tays, becomes a complicated function of energy for 
which we only partly correct by having the large 8-in. 
diameter X8-in. thick plastic scintillation detectors 
positioned symmetrically (front-back) above the “D” 
sample foil. More serious is the scattering of neutrons 
of greater than resonance energy in the sample. If the 
initial energy is within 4£)/A(~E)/60 for U™*) of 
the resonance region, a neutron can lose enough 
energy to have E~ Ep after scattering with fair likeli- 
hood of capture. When a sample having (1/n)=82 
barns/atom was used, a few of the stronger levels were 
very distorted on their high-energy sides. For the 


bulk of the measurements (1/m)=425 barns/atom was 
used and the effect was relatively unimportant. The 
third effect for U is also true for any naturally radio- 
active material for which the source intensity increases 


with increasing mass of sample. In this respect the 
thinner sample was much more satisfactory than the 
the thick sample. The strong cyclotron intensity as a 
slow neutron source was very important for obtaining 
information on U. For example, had the slow neutron 
intensity been weaker by a factor of ten, the peak to 
background counts ratio would have been much poorer, 
and even counting ten times as long would not have 
compensated satisfactorily. 

In addition to “D only’”’ counts with the “detector 
sample” in place, counts were taken where an additional 
transmission sample (as well as the D sample) was in 
the neutron path (D+T7 measurements). By comparing 
the effects over background for (D+T) and for D, 
one obtains a self-indication transmission measurement. 
The transmission sample had (1/n)=475 barns/atom 
which is nearly the same as for the D sample. 

A total of 22 cycles were obtained for the thinner 
D and T samples. This represented a total of 44 000 000 
timed counts each for D and D+T, or 22000 
counts/channel average each for D and D+T. This 
took about 36 hours of cyclotron time. These counts 
are almost entirely due to background. The back- 
ground subtracted peak rates were, at best, only of the 
same order of magnitude as the background. In 
contrast, ratios of 5 or 10 to 1 are common for non- 
radioactive materials. About 6 hours of cyclotron time 
was spent on D and D+T using (1/n)=82 barns/atom 
samples. This provided useful supplementary informa- 
tion in developing the over-all analysis structure for 
the group of levels but these curves are not shown in 
this paper. The 22 cycles using the thinner samples 
were split into two separate portions each containing 
11 cycles and the two sets of data were analyzed 
separately to provide an over-all test of the uncertain- 
ties in the conclusions. 


Ill. PRELIMINARY DATA PROCESSING 


The U™* data which was of principle significance for 
the determination of level parameters was taken using 





SLOW NEUTRON RESONANCE SPECTROSCOPY 689 









































Ne ayy 











230 





Hh Ah 
Aralbd A) AN. WY 


‘Fe 








18 






































the (1/m)=425 barns/atom D sample, and (1/n)=475 
barns/atom T sample. The discussion will sketch the 
processing of this data only, although we also processed 
and made use of shorter runs using m= 82 barns/atom 
samples. The flight path was 35.37 meters, including 
1.86 cm to account for the effect of moderation. The 
group of 2000 detection intervals, each 0.1 ysec wide, 
was delayed such that the region from 90 ev to 1300 ev 
was covered. The output data appeared on teletype 
tape in the form of 2000 five digit octal numbers for 
each run. These were converted to punched cards and 
similar D only runs and D+-T runs were then combined 
using an IBM-650 computer to yield four decks of 200 
cards each. Two decks had totals for D only with dead 
time corrections made, multiplied by a proper relative 
normalization factor to account for differences in the 
effective net running times. The other decks contained 
similar D+T information 

These data were then printed out and studied. To 
choose a background function (different for the D and 
D-+T runs), it was assumed that the rate was essentially 
all due to background at an energy some distance from 
resonance levels. The background function dropped 
sharply near ‘=O (with increasing 4) and decreased 
more gradually at larger timing. It was assumed that 
a suitable match could be made using a fourth-order 
polynomial in x= (999.5—n) (where m is the channel 
number ranging from 0 to 1999), of the form y=ao+-ayx 
+a2x*+a5x*+a,2*. The processed data for each interval 
appeared on one output card containing (a) run 
identification, (b) interval number, (c) a plotting 
function linear in the energy, (d) the value of the 
neutron energy, (e) the total D-only count, (f) the 
D-only count minus the background function plus 1000 
(to avoid negative values), (g) the total D+T count, 
(h) the background corrected D+-T count plus 1000, 
(i) a running sum of the D only minus background 
count, and (j) a running sum of the D+T minus 
oackground count. Two boxes of 2000 output cards 
each were obtained for the thinner sample data and a 
similar box for the thicker sample data. 

The D and D+T data were automatically plotted 
using a Librascope plotter fed byJa type 523 IBM 
Reproducing Punch. Figure 1 shows the D and D+T 
counts (background subtracted) vs energy for one of 
the groups of data. Figure 2 indicates the running 
sums (i) and (j) above, in a limited energy region 
which includes the level at 597 ev. The discontinuities 
are due to the fact that the vertical scales are folded 
at 10000 where they abruptly change to zero. The 
relative count “areas” of the peak for D and D+-T can 
be easily read from such a Plot and facilitate sub- 


Fis. 1. Background subtracted counts per channel for U™, 
For the D curve a foil having #' = 425 barns/atom at the detector 
position was viewed by large plastic scintillation detectors to 
detect (m,y) capture y rays For the D+T curves a sample 
having #*=475 barns/atom was also in a transmission setting. 
The plots show counts per 0.1-usec detection interval width for 
a 35.37 meter neutron path. 
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F1G. 2. This shows a selected region of the running sum plots 
2; Ni(D,0) and &; N;(D,T) of the data shown in Fig. 1 in the 


vicinity of the 597-ev level to illustrate the method of area 
analysis. The “self-indication transmission,’ 757, is the ratio of 
the lower area to the upper area as discussed in the text. Interval 
number increases to the left and the curves are folded at 10 000 


sequent analysis. From these plots and inspection of 
the output card print-out sheets, one can determine 
the positions of the resonances with an uncertainty 
given as of-the-order of 0.1 to 0.2% or the spacing 
between adjacent intervals, whichever is larger. (This 
is intended to represent a conservative “everything 
considered” estimate of the energy uncertainty.) 
These plots also give directly an obvious qualitative 
indication of a relative level strength from the magni- 
tude of the D peak together with the factor by which 
it is larger than the D+T peak. Extraction of level 
parameters such as I’, require a more detailed analysis 
as discussed below. Results for each level were obtained 
from each of the two sets of thin sample data for 
comparison. 


IV. THEORY AND METHODS OF ANALYSIS 


For many elements there are two or more isotopes, 
each having two different possible compound nucleus 


spin states for /=0 neutrons. This greatly complicates 
the analysis. One of the reasons for treating U™* first 
is that there is only one spin-zero isotope present with 
a corresponding great reduction in the problem of 
analyzing for resonance parameters. The following 
discussion is therefore specialized to the case of a 
single spin-zero isotope and /=0 neutrons. Before 
including the effect of Doppler broadening, the cross- 
section region of a level can be well represented by a 
single level Breit-Wigner formula with symmetric 
capture and scattering resonance terms plus terms due 
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to potential scattering and the asymmetric interference 
term between potential and resonance scattering. The 
potential scattering has been given by Seth et al.” as 
(10.7+0.3) barns for U™*. The interference term is 
zero at exact resonance and equal but of opposite sign 
at equal distances below and above Zp» in energy. The 
over-all effect of the interference term on the measure- 
ments is difficult to treat. In first order its effect is 
zero, and we have ignored it in the analysis. We believe 
that this introduces no serious errors in the resultant 
determination of the level parameters. We also usually 
neglect the effect of events where a first scattering is 
followed by a resonance capture. This effect was 
discussed in Sec. II. In the case of a very few levels 
having extra large I’, values small corrections were 
made. The potential scattering effect is only considered 
for the (D+7) measurements where it is regarded as 
reducing the (D+T7) peak over background effects. 
Thus (D+T) counts are divided by the potential 
scattering transmission value in the choice of a normali- 
zation factor, and potential scattering is ignored in the 
subsequent analysis. This leaves only the Doppler 
broadened capture scattering 
section contributions to be considered. 

It has curves 
showing “measured cross sections’’ vs energy to be pre- 


resonance and cross- 


become common for collections of 
sented.‘ By “‘measured”’ is meant that measured trans- 
mission curves are dire tly converted to cross sections 
by setting meas= (1/) InTineas'. Such cross sections are 
not corrected for experimental resolution effects, for 
Doppler broadening, or for sample thickness effects. 
Since InTineas 


tude of unity at resonance for detected resonances, the 


is almost always of the order of magni- 


“measured” ¢max Will almost always be of the order of 
magnitude of the (1/n 
sample. This is why we regard it as most instructive to 
express sample thickness in (1/n). For the 
transmission sample (1/#)=475 barns/atom, so ¢@max 
values are expected to lie within an order of magnitude 
of this value. The directly obtained values of omex are 
given in Table I. Each resonance 
involving several intervals, 


value of the transmission 


terms of 


is defined by a peak 
for each of which a Gmeas 
can be obtained (in addition to the single omax at level 
center). These additional o values in the region of each 
resonance peak are but are not 
listed here. 

The Doppler broadened resonance total cross section 


thus also available 


for a single resonance using a simplified perfect gas 
model" is 


where 
B=2A/I 


3K. K. Seth, D. J. Hughes, R. L. Zi 
Garth, Phy s. Rev. 110, 692 (1958 

“The perfect gas case was treated by H. A. Bethe [Revs 
Modern Phys. 9, 140 (1937) ] and the case of a crystalline solid 
by W. E. Lamb [Phys. Rev. 55, 190 (1939) ]. This is also reviewed 
in reference 3. 
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TABLE I. Resonance parameters for U™*. Within the framework of the Breit-Wigner single level formula, U™* resonances are 
characterized by three independent parameters. Uncertainties are given for Zo, T, and T', only. The uncertainty quoted for the 
resonance energy E> is taken to be ~1 channel width. Where I’, was nonmeasurable or known to less than ~30% accuracy, the average 
value I’, =0.0246 ev was used to obtain values for l', and I’. The peak resonance cross section, ¢mess, is obtained from the ratio of the 
experimental self-indication curves if this ratio is sufficiently different from one as to be meaningful. In those cases, i.e., the weaker 
levels, where this was not possible the peak of the D curve and the inferred saturation curve (see text) was used to obtain the peak 
resonance cross section. Such values are indicated by parenthesis. The parameters for the 7 resonances below 100 ev have been taken 
from Hughes and Schwartz* and represent a compilation of the work of several research groups. Bollinger et al.> have observed a 
resonance at 10.2 ev and suggest that in view of the extremely small I’,°, the level may be p wave. There exists the possibility that 
some of the other small levels may be p wave, particularly toward the high-energy end of the studied region. For /=1 the barrier effect 
should vary as (kR*)=(E/Eg) where En~300 kev for U™*. Thus I’,°//> is a velocity independent term for p-wave resonances. The 


levels denoted by an asterisk have (I',°/£o)<10~7 and are thus the most likely p-wave candidates if such are present. 


r, (10° ev) r.’ 


2542 


r, (10° ev) 


1.48-4.0.05 
0.0014+-0.0007 
9.0+0.3 


Eo(ev) 
6.68+0.06 53.5 
*10.2+0.1 66.0 
21.0+0.3 95.0 
36.8+0.6 125.5 
66.3+1.1 169 
81.1+1.6 186 
*90+-2 196 
102.8+0.1 210 
117.0+0.1 224 
145.9+0.1 250 
165.7+0.2 267 
190.0+0.2 286 


r'(10™* ev) oa(b) 


0.572 26.5 
0.0004 25 
2542 1.96 3M 
3342 26+4 5.4 59 
2342 20243 2.8 43 
2.1+0.2 0.23 27 
0.08+0.01 0.008 25 
7025 21+6 6.9 91 
18+3 2146 1.66 39 
0.8+0.2 0.067 25 
3.5404 14+14 0.27 28 
135415 22+6 98 157 


4(10°* ev) Omens (b) 


209.1+0.2 300 


238.0+0.3 
*264.0+0.3 
274.5+0.4 
292.04-0.4 
312.5+0.4 
349.0+0.5 
378+0.6 
399+0.6 
412+0.7 
436+0.7 
*456+0.8 
465+0.8 
480+0.8 
*491+0.9 
520+0.9 
537+1.0 
*558+1.0 
§82+1. 
597+1 
*606+1. 
622+1. 
630+1. 
663-41. 
*681+1 
696+1. 
711+1 
*724+1. 
733+1. 
767+1 
783+1. 
793+1. 
826+1.9 
856+2.0 
860+ 2.0 
*869+2.0 
*898+2.1 
91142.1 
93042.2 
942423 
962+42.3 
*985+2.4 
997+2.5 
Eg(ev) 
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320 
337 
344 
354 
367 
387 
403 
414 
421 
433 
443 
446, 
454 
460 
473 
480 
490 
500 
506 
510 
517 
520 
534 
541 
547 
553 
558 
502 
574 
580 
585 
597 
608 
609 
614 
622 
626 
634 
637 
645 
652 
655 
4(10°* ev) 


Omens (b) 


55+6 
3244 
0.23+-0.08 
2743 
1943 
1.0+0.2 
55+10 
1.5+0.3 
10+2 
17+3 
14+3 
0.7403 
742 
4.5+08 
1+0.2 
37+6 
54+8 


0.6+0.3 
39+6 
9+ 2 
125+20 
1.340.3 
50+10 
20+4 
1.5+0.3 
4.25+0.9 
9+3 
3+0.7 
11+3 
60+10 
1304250 
O+38 
2.2+0.5 
1.3404 
+20 
3! 3748 
300 195+40 
190+40 
(1) 1.0+0.6 
460 400+ 100 
r,,(10°* ev) 


26.5244 38 82 


20.5+4 


22.543 
19+5 


2243 
40+ 16 
18+6 
20+8 


18+14 
35425 


34.747 


2543 
23.543 


30+6 
r,( 10 tev) 


2.1 
0.014 
1.58 
1.11 
0.057 
2.95 
0.077 
0.5 
0.85 
0.67 
0.033 
0.33 
0.205 
0.045 
1.63 
2.3 
0.042 
1.74 
2.7 
0.024 
1.97 
0.36 
4.85 
0.05 
1.9 
0.75 
0.055 
0.157 
0.37 
0.107 
0.39 
0.21 
4.55 
2.05 
0.075 
0.043 
3.0 
1.21 
6.35 
6.15 
0.03 
12.7 
Pr? 


53 
25 


78 
26 
65 
&9 
25 
63 
3M 
151 
26 
75 
45 
26 
29 
3 
28 
%6 
92 
155 
85 
27 
26 
125 
62 
220 
214 
26 
430 
r(10-* ev) 


a(b) 





* See reference 4. » See reference 12. 


is proportional to the ratio of Doppler to natural level 
width. A= (4mkTE/M)' is the Doppler width where 
m and M are the neutron and nuclear masses, & is 


Boltzmann’s constant, and T is the sample temperature. 
r=f,+Tr, is the natural level full width at half 
maximum and I’, and I’, are the capture and scattering 
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partial widths. 
a=2(E—E,)/T (3) 
and 
oo= 2.60 X 10*(barns/atom) Zo (T,/T) (4) 


is the peak cross section in the absence of Doppler 
broadening (where Zp is in ev). 


x 


¥(8,x)=1/(x)'B f (1+y*)“'dy 


Xexpl[—(x—y)'8*], (5) 


This function has been most extensively tabulated 
by Rose et al.'® o,=o(6,0) is the peak cross section 
in the presence of Doppler broadening and is the 
quantity to compare with the measured peak cross 
section to indicate the effect of finite resolution. The 
relationship between o4 and apo is plotted vs A/T in 
Fig. 2 of reference 3. For 0.50<A/I'<10 the following 
relation holds to within ~2% or better, 


(1.11+-0.75T'/A)osA. (6) 


ool 


Values of a4 and A are given in Table I for the observed 
resonances in U™*, 

The analysis applied to the self-indication data is 
based on a suitable adaptation of the area method 
which was originally developed for the analysis of flat 
detector transmission data. Before taking resolution 
effects into account and ignoring potential effects, the 
sample transmission is simply 7(£)=exp[—mo;(E) ] 
using Eq. (1) for ¢. The area of a transmission dip is 


A [t-re)e (7) 


over the resonance dip. Curves of (A/A) vs noo(I'/A) 
have been prepared in a particularly useful form by 
the Brookhaven slow-neutron cross-section group"* and 
have proved to be very useful for our analysis. For thin 
samples the well-known relation 


A =nool'/2 applies for nos<1. (8) 
For thick samples the appropriate expression is 
A =[xnool™ |! for no,>>1. (9) 


Since the measurements described use “‘self-indication 
detection,” is is not @ priori obvious that the theory 
evolved for ‘flat detector” measurements can be 
applied. Since somewhat subtle reasoning is involved, 
and many bits of information concerning a level must 
be combined to permit such an analysis, it is helpful 
in explaining our procedures to approach the general 
case via prior consideration of simpler, idealized 
limiting cases. 

* M. E. Rose, M. Miranker, P. Leak, L. Rosenthal, and J. K. 
Hendrickson, Westinghouse Electric Corporation, Atomic Power 
Division, Pittsburgh, WAPD-SR-506 (unpublished). 


%V_E. Pilcher, J. A. Harvey, and D. J. Hughes, Phys. Rev. 
103, 1342 (1956). The curves are also given in reference 3. 
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Case A 


Suppose the resonance has I’,<I’, so it is essentially 
pure capture and at the same time me,>1 so the 
D-only curve reaches the “absolute saturation intensity” 
S.(E) associated with the capture of all incident 
neutrons. Then, assuming in the following discussions 
that the background rate has been properly subtracted, 
the count will be S,(Z)[1—7(E£) ] suitably averaged 
over the experimental resolution function. The back- 
ground line corresponds to T=1 while the S,(E£») peak 
level corresponds to T=0. Clearly the D-only curve 
corresponds to an inverted transmission curve where 
the T=0 and T=1 levels are known, so the area 
method can be applied. The two assumptions are (a) 
that only capture interactions are present to an 
important extent, and (b) that the D-only peak is 
saturated corresponding to T7~0 at resonance. Since 
the D and T samples are of almost the same thickness, 
and D+T curve for such a resonance should, because 
of the action of the T sample, have no counts over 
background at Eo. 

Inspection of Fig. 1 shows that only the levels at 
102.8 ev and 190.9 ev satisfy this last criterion and 
are examples of the effect to be expected. Inspection 
of Table I also shows that we assign values of ',>T, 
to these levels, so this ideal case is not represented by 
any of the U™* levels. The condition of large ool" 
together with very small I’, is, in fact, contradicted 


by Eq. (4). 
Case B 


For Case B take the situation of the levels at 102.8 ev 
and 190.0 ev where T~0 at resonance but where I’, is 
not <I,. Assume, however, that any neutron under- 
going resonance scattering will not be captured in a 
subsequent interaction. More specifically, assume that 
second or higher order interactions in the sample can 
be ignored. Then the relatively saturated D-only 
counting rate at peak is S,(£o)=(T,/T)S,(Eo) and the 
T=0 and 7=1 levels are established to permit area 
analysis as in Case A. 

Note that exactly the same analysis as above could 
be made if there was a constant probability p=0 to 1 
of subsequent capture after a resonance scattering. If 
p were constant over the resonance, (I',/I) would just 
be replaced by (T,+T,)/f and the T=0 and T=1 
levels would still be known. In an actual situation, p 
varies over a resonance since, in an /=0 scattering, 
there is equal probability per unit energy for any 
energy loss between zero and 4Eo/A~E,/60 for U™*. 
For E»> 100 ev this energy tends to be large compared 
to the level width and is one reason why the method 
is best for levels 2100 ev in energy. Even though p 
varies over a level, the peak will still be essentially at 
Eo. The larger p above resonance will tend to increase 
the area while the smaller » below exact resonance will 
tend to give a compensating decrease, resulting in a 
nearly correct area determination. 
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One useful and interesting consequence of the above 
considerations is that, other things being equal, the 
T=0 saturation rate is proportional to (I',/T) if p is 
small. It may be noted that the saturated D-only peak 
at 102.8 ev is significantly smaller than the following 
less saturated peak at 117.0 ev which has a larger 
(T,/T). Similarly the saturated peak at 190.0 ev is 
smaller than the next two unsaturated peaks at 209.1 ev 
and 238.0 ev. The 165.2 ev peak has essentially the 
same height as the 190.0 ev level despite the fact that 
T is close to unity at E» as seen from the near equival- 
ence of the D and D+T curves. We show later how 
this effect is made to contribute to the over-all level 
analysis. 


Case C 


Inspection of Fig. 1 shows that most of the levels 
are not saturated, since the D+T curves do not dip 
to zero at the center of the resonance. If p is regarded 
as constant over the level, use can be made of a different 
type of area analysis, which gives a self-indication 
transmission. This analysis also applies to the case of 
saturated levels. The integrated counts }>N,(D,0) and 
> N.wAD,T) over a resonance are compared. Here 
N,(D,0) represents the number of detector counts over 
the background in the i detection interval for no 
transmission sample and N,(D,7) is the similar quantity 
for the T sample in place. Let Ap represent the area 
under the transmission curve of the D sample. Let Ar 
represent the similar area for the T sample and Apyr 
for the two samples together. Now > N,(D,0) is 
proportional to Ap. Ap=/f/(1—Tp)dE where Tp 
=transmission of D sample. }>N,(D,0)=CAp where 
C is the constant of proportionality. >-N,(D,T) 
=CfTr(i—Tp)dE=CLApyr—A rl, thus the self- 
indication transmission T's; defined as 


LX N«D,T) 


(Apsr—Ar) 
> NAD) % 


si= (10) 
Ap 


is represented theoretically in terms of the ratio of 
(Apsr—Ar) to Ap. Curves of Ts; have been prepared 
from the basic curves of A/A vs nool’/A for various 
ratios of mp to mr including the ratio used for U™* 
where mp is nearly equal to mr. 

Figure 3 shows a plot of Ts; vs mooI'/A for the equal 
thickness case. The curves approach unity as noo — 0 
and approach the fixed value [V2—1] for very large 
nol’ /A. These effects are related to the fact that A is 
linear in # for small m and varies as +/n for very large n. 

The decrease in Ts; below unity is an indication of 
the deviation from linearity of the area as a function 
of the thickness. If the average logarithmic slope 
between m and 2m is s, then T's;=[2*—1]. For 4/T'<1 
the value of s changes monotonically from s=1 to 
s=4, but for 4/T'>>1 the effective value of s becomes 
much smaller than 4 for intermediate values of nooI"/A 
~10 to 3. Since A/[~10 is common for the U™* 


SPECTROSCOPY 


KV a 
\ \\ 








Fic. 3. Calculated curves showing the expected dependence of 
Ts; on #ool'/A for various choices of A/T for the ial case of 
equal D and T sample thicknesses. For large nooI"/A the curves 
converge to [v2--1]. 


levels above 100 ev, this represents a region of A/T 
values actually encountered. 

For each A/I’ greater than that which gives the 
measured 7Ts;<0.4 as the minimum of its curve, there 
are two values of nool’/A which satisfy the measured 
Ts1. In most cases, however, other information tends 
to either (a) restrict the nooI’/A vaiues to a small 
region on the left half of the figure where curves of 
different reasonable A/T are close together, or (b) 
suggest that mooI'/A is near the region minima and 
thus restrict A/T as being essentially that value which 
has its curve minimum equal to the measured 7'g;. In 
any event, use of 7's; is very helpful for the analysis. 

The fact that the logarithmic slope s becomes much 
smaller than its asymptotic values for intermediate 
nool'/A is understood as follows. For A=O the Breit 
Wigner formula has a slow drop off in the edges. In 
the center no>>1 merely means (1—7)1 whether 
no~3 or ~100. The Gaussian shape is characterized 
by a much faster drop off at the edges. Thus for a 
range of nool'/A values, and large A/T’, the super- 
saturated peak central region is spread out to a width 
of a few A, over which (1—7)=0, but with a sharp 
recovery to T=1 beyond. A factor of two increase in 
n does not produce much change in the position of the 
edge transition region, so the area can reach an almost 
stationary value until nooI® becomes large enough that 
the Breit-Wigner wings again dominate in determining 
the area. 


V. ANALYSIS OF RESONANCE 
PARAMETERS FOR U™ 


It has turned out that development of the system of 
level parameters for a sample tends to be a cooperative 
group process. By this it is meant that information 
from many levels is combined to provide better in- 
formation on the function S,(£), the absolute saturation 
intensity, which is then used to obtain better evaluation 
of the parameters of individual resonances than would 
be obtained using information available for each 
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resonance alone. The method by which this is ac- 
complished is discussed below. 

It has been noted above how the D-only curves are 
essentially inverted transmission curves where T=0 
corresponds to some relative saturation rate S,(Eo) 
which differs for each level. From Eq. (4) it is seen 
that there is direct relation between the level strength 
and I’, such that weak levels have small I’, and r=T,, 
while strong levels have large I’. For very weak levels 
S, should be essentially equal to S,. In the systematic 
analysis of the levels, the thin sample data was used 
first as follows: 


(1) For all levels where 7s; was ~0.5 to 0.9, various 
reasonable choices of I’, in the region of the mean 
I',~25 mb reported from low-energy resonances were 
tried. Each assumed I’, gave an nooI'/A, or T’,, reason- 
ably insensitive to I’, in this range. 

(2) The value I’, obtained implies a definite Ap for 
the D-only curve. This in turn requires a definite 
S,(Eo) for the level which is then determined for each 
choice of T',. Each choice of T', similarly implies a 
value for S,. 

(3) For saturated, or nearly saturated, levels for 
which S, values can be immediately established, the 
value of Ap is determined, and thus ool’, or Ty, is 
obtained for each trial value of I',. Each trial T, thus 
also implies a value of S,. 

(4) Many levels having Ts;~1 for the thin samples 
had “favorable” Ts; values for the thick sample 
measurements permitting I’, vs T', to be determined. 
Thus, for each choice of T',, an Ap value is predicted 
for the thin sample D-only curve which requires a 
definite S, for the thin sample curve. Similarly, for 
each assumed choice of I',, an Sg~S, value is implied 
for the thin sample, where the value is relatively 
insensitive to I’, for ', within a factor of two of 0.025 ev. 

(5) After the resulting set of S,(E( 
values it was noted that they are consistent with all 
being given by a common relation S,=1870E°* 
counts/interval, where E is in ev. 


examining 


For those levels for which S, was determined with 
reasonable accuracy, the S, values were never far from 
this curve. S, depends on the net probability of detecting 
y rays emitted in a capture and should in principle 
depend on the particular y-ray cascade by which the 
4.6-Mev binding is emitted. Even though this sequence 
probably differs significantly for different levels,'’ 
there is evidence from other elements as well as U** 
that our detection probability for the capture event is 
roughly proportional to the emitted total y-ray energy 
(neutron binding) and is relatively insensitive to the 
variations from level to level. We thus adopted the 
common curve S,=1870E°* to apply for all levels. 
The E°* factor gives the spectrum shape for equal Af 
intervals. 


11 T. E. Springer and J. E. Draper, Bull. Am. Phys. Soc. 4, 35 
(1959) 
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Once S, is known, the value S,, together with the 
value S, and I, for the level provide a good deter- 
mination of [', for the level. All of the 28 radiation 
widths listed in Table I for levels above 100 ev were 
obtained by this method. The method also permits 
determination of Ap, and thus of I, for very weak 
levels for which 7's;~ 1 

Table I gives the values for the level parameters for 
the levels (starting with that at 102.8 ev) determined 
by these measurements, together with values pre- 
viously reported for levels at lower energies for com- 
pleteness. The stated uncertainties represent standard 
deviations implied by statistical uncertainties. The 
indicated value of I', was only used in determining T 
if its uncertainty was less than 30% 
average value I, 


Otherwise the 
24.6 millivolts was used. 


Example of Analysis Methods Applied 
to the 597 ev Level 


The analysis for the 597-ev level was made using 
only the thin sample data. The areas >> N,(D,0) and 
>N,(D,T) were obtained from the running sum plots 
of Fig. 2. The sums increase monotonically going from 
right to left, but are folded 
10 000. Thus the ordinate at 
above the ordinate at 


each time they cross 
~590 ev should be ~ 9000 
~600 ev for the upper curve. 
The level is where the curves have maximum slope 
(excluding folding discontinuities If the chosen 
smooth background function were believed to give a 
completely correct correction near the 
597-ev level, the change in ordinate between the mid- 
point P; between the 597- and 622-ev level and the 


background 


Fic. 4. This shows an example of the method of determining 
level parameters using the 597-ev level. The measured 7s; 
(see Fig. 2) implies a definite T,, (curve labelled Ts), Ap, and 
S, for each choice of T,. A different [, is implied from 
S,=(T,/T)Sa, where S,=1870E°*. This gives the second curve 
vs ',. The point of intersection determines [’, and I, within an 
uncertainty given by the error ellipse 
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Fic. 5. The sum E=0 to E of the number of observed resonances 
in U™* to energy E. The slope of the curve yields the average 
level spacing D. The number of resonances contained in the 
indicated energy sub-intervals are shown in brackets. 


midpoint P,; between 582- and 597-ev levels would 
represent > V,(D,0). Instead, straight lines are drawn 
through P,; and P; which have about the same slope 
as the curve near 570 ev, where its slope is a relative 
minimum. The spacing between the lines, including 
10000 units of folding, then gives a “corrected” 
>N.(D,0). A similar method is used for the lower 
curve.'* Other wing correction methods are also used 
sometimes depending on the behavior of the curves in 
the region of the given level. 

Figure 4 shows the plot of I’, vs I’, obtained from 
Tsr. For each trial [, on this curve, a value of Ap, 
and thus S, is implied. Using this S, and the standard 
S. implies [,/T to give the second intercepting curve. 
The crossing determines the best choice of parameters 
and the ellipse indicates the probable error limits. 
Good T, values are only obtained when the curves 
cross at a steep angle. Inspection of Table I confirms 
the remark that this only occurs where [,/I is 
significantly different from unity. This requires a 
reasonably large I,. 


VI. RESULTS AND DISCUSSION 


The results of the data analysis covering the region 
100-1000 ev are listed in Table I. The aggregate of 
measured widths and energies represent a considerable 
increase over previous work which extended to ~ 250 ev. 
This is particularly true of the set of radiation widths 
where the number of measured I’, has been extended 
from 4 to 32. I’,°=I,[E£o(ev) | is more useful than 


The use of this type of plot was first suggested to us by 
Dr. E. Melkonian. 
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I’, for the purpose of comparing different resonances, 
since it is an intrinsically velocity-independent quantity. 
The physical importance of I,” lies in the fact that it 
is proportional to the square of the matrix element 
which describes the surface overlap between the eigen- 
function for the state of the compound nucleus and the 
wave function for the neutron channel. In terms of the 
Wigner-Eisenbud reaction theory, this matrix element 
is a “surface” integral in the nuclear 3A-dimensional 
configuration space with the “channel radius” defining 
the surface. 

Because of the complexity of the nuclear many-body 
problem, it is by considering aggregates of resonances 
that information of theoretical interest can best be 
obtained. A discussion of neutron resonance systematics 
readily splits into two topics: the relation of certain 
“gross-structure” quantities to nuclear models, and the 
nature of the fluctuations, correlations, and distribu- 
tions that may relate to the resonance parameters. 

Figure 5 displays a histogram of the integral distribu- 
tion of the number of resonances vs neutron energy. 
It is clear that the slope of the inferred curve provides 
the average level density, or the inverse quantity, the 
average level spacing D. Since the energy change over 
this region is very much smaller than the 4.6-Mev 
excitation energy of the compound nucleus, one 
naturally expects the level density to be essentially 
constant except for fluctuation effects. Thus, this type 
of plot also serves as a check on the instrumental 
ability to detect and resolve levels. If extended above 
1 kev, the slope of the histogram would begin to 
decrease, indicating a failure to observe levels. 

The integral distribution of the reduced widths vs 
neutron energy is plotted in Fig. 6. The slope of this 
curve provides the “strength function” (I'."~/D. This 
quantity is related to the penetrability of the nuclear 
surface. Specifically, the average 1=0 cross section for 
compound nucleus formation is 


oe= 2 MEMT 2") /D. 
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Fic. 6. The sum E=0 to E of the T,” values for observed 
levels. The slope of this curve determines the strength function 
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Fic. 7. The distribution of reduced witdh amplitudes (I',°) per 
0.5 (10°* ev)* interval for 54 resonances in U™* _ 0 to 1000 ev. 
The smooth solid curve represents the Porter-Thomas distribution 
(v= 1) while the dashed curve corresponds to a random distribu- 
tion of reduced widths (v=2). 


The present measurement (T'."\~/D= (0.95+0.15) 
X10~ agrees well with the value of (1.1540.15)x10~ 
obtained by Hughes, Zimmerman, and Chrien.” Their 
value is a weighted average of the result obtained from 
the low-energy resonances and a measurement of ¢, in 
the region of a few kev. The data has been examined 
for the occurrence of a short range correlation, i.e., a 
correlation between I’,° and the local level spacing. No 
evidence of such an effect has been found. 

The precision measure of I’, is (24.6+0.8) X10 ev. 
It is again emphasized that the I’, inferred entirely or 
in part from the capture cross section, reflect the 
intrinsic fluctuation of the detector efficiency in 
addition to the measurement uncertainty. Almost all 
of the 32 measured values are within their standard 
deviations from the average value which, for 22 levels, 
is less than 30%. This is consistent with the fact that 
the radiation width is the sum of a large number of 
partial widths describing the individual transitions to 
the lower lying states. The effective number of in- 
dependently contributing partial widths is also large, 
and statistical arguments such as those advanced by 
Porter and Thomas” indicate the variation of the I, 
should be small. Effects due to intrinsic variations were 
neglected in giving the above stated uncertainty. 

%D. J. Hughes, R. L. Zimmerman, and R. E. Chrien, Phys 


Rev. Letters 1, 461 (1958). 
®C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 
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The deduced gross structure parameters of U™* are 
given in Table II using our data together with that of 
others. 

Consider now the experimental nuclear width and 
spacing distributions. The distribution of the 54 
reduced width amplitudes, (I’,°)' is plotted in Fig. 7. 
The Porter-Thomas distribution for one channel, y= 1, 
is seen to provide an excellent fit while the exponential 
distribution, corresponding to v=2, is unsatisfactory. 
For an arbitrary number of neutron channels »v, the 
expected shape is (unnormalized) /P(I,°)dT,° 
= (I,")*”? exp(—-T’,°/2(T.")») dT ,”. A maximum like- 
lihood analysis gives y= 1.06+0.16 for the U™* data 
where no correction was made for the possible failure 
to observe extremely weak levels. Similarly, Fig. 8 
indicates how the Wigner distribution best describes 
the experimental level spacing distribution, while the 
random distribution function does not. This result is 
in agreement with the data inferred from other ele- 
ments.” Note that the Wigner distribution predicts 
not only considerably less small spacings but fewer 
very large spacings as well. The comparative excellence 
of the fit for both spacings and reducted widths re- 
inforces the belief that, at most, very few small levels 
or small spacings are unobserved. 

The opposite viewpoint, that some of the very small 
reduced widths may belong to a different distribution; 
namely, that of the p-wave resonances is worth 
considering. 

Bollinger et al.” have suggested that the level at 
10.2 ev, in view of its extremely small size, may be 
p wave. Following Saplakoglu et al.,” a p-wave strength 
function S, is defined by requiring that it play the 
analogous role as (I’,°)«/D does for s-wave neutrons in 
determining the average cross section for compound 
nucleus formation. 


> 


# 
2?’ E} 2/+-1)S,. 


4+ x 


(13) 


(a!) p= 


Here x=kR, where R is the nuclear radius. Note that 
R is not equal to the potential scattering radius R’, but 
is related to it by a suitable nuclear model.” Here 
no distinction has been made between the /=1 states 
J=} and 3 for simplicity. It can be shown that S; is 
related to the individual resonances by 


S1= (+1) gP a')me/D; (14) 


Taste II. Gross structure parameters of U™*. 


1. (1. m/D = ( 0.954+0.15)x10~ 

2. (T°) = ( 1.76+0.26)X 10 ev 
3. T,=(24.6 +08 )X10-* ev 
4. 
5 


o,= (10.7 +03 )b 
D=(18.5 +13 )ev 


21 J. A. Harvey and D. J. Hughes, Phys. Rev. 109, 471 (1958). 
2D. M. Chase, L. Wilets, and A. R. Edmonds, reference 8. 
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Fic. 8. The distribution of level spacings per 5 ev interval for 
the first 54 level spacings in U™* from 0 to 1000 ev. The smooth 
curves represent the “repulsion” formula proposed by Wigner 
and an exponential function corresponding to a random distribu- 
tion of spacings. 


where I,'=I,£o7!(xe?+1) xe, with EZ and x evaluated 
at the resonance energy. The statistical weight factor 
g=4(2J+1)(27+1)— with J the spin of the target 
nucleus and J the spin of the compound nucleus. 
g=1 or 2 for J/=} or §. D, is the average /=1 level 
spacing. 

The potential barrier factor (kR)*= E(ev)/300 kev 
for U™* using the value R=(8.4+-0.1) fermis of 
reference 13. It is seen that the ratios ’,°/(I',")» for a 
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few of the small levels of the present data are of the 
order-of-magnitude of (&R)*. The comparatively good 
fits of the Porter-Thomas and Wigner distributions 
would not be impaired if ~4 of the smallest levels 
were attributed to p-wave neutrons. 

However, if ~14 of the weaker levels (in I’,°/Eo) 
were attributed to p-wave levels, the exponential 
distribution in s-wave I’,° values could give a better 
fit than the Porter-Thomas function for »=1, The 
value of (I’.")» for s-wave levels increases in pro- 
portion to the fraction of weak levels called p-wave 
levels. 

One should consider the expected behavior of 5). 
The optical model’ predicts a maximum for S, in just 
this region of atomic number A which makes the 
p-wave interpretation of the weaker levels all the more 
plausible. This may however, be naive in that it does 
not consider the possible splitting and reduction effects 
of the spin-orbit coupling and nuclear distortion. 
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A new determination of the half-life of Pb*” has been made by the geological method. PbCl, extracted 
from uranium minerals in secular equilibrium was used to calibrate a thick-source scintillation counter for 
Po* alpha particles. Using this calibration the absolute activity of Po™® in partial equilibrium with a known 


number of Pb*’ atoms prepared from the decay of a measured quantity of radon 


] was determined. From 


these data a half-life of 21.4+0.5 years was obtained for Pb”. 


1. INTRODUCTION 


HE determination of physical constants by the 

utilization of minerals which contain radioactive 
isotopes has proven useful and reasonably reliable in 
the cases of U™® by Nier,' of K® by Wetherill et al.,? 
and of Rb® by Aldrich et al.* The need of a more 
accurate half-life of Pb*® for geochronometric appli- 
cations*®, the large differences in the latest physical 
determinations,®’ and the availability of uranium 
minerals in secular equilibrium from other research 
made a attempt to determine this constant 
desirable. The so-called geologic method does not require 
absolute counting of Pb*® or its products but rather a 


new 


radium standard calibrated by the National Bureau 
of Standards. 
The physical constants necessary for the calculation 


of the Pb?” half-life known with considerable 
accuracy. These include the decay constants of Bi?", 
Po*”, and U*. The U™* decay series is shown in Table 
I along with the half-lives and radiation energies of 
the isotopes involved. 

The first determination of the half-life of Pb*’ was 
made by Antonoff* in 1910 by observing the growth of 
Po*” from a ‘“‘pure”’ Pb*"® source. The half-life obtained 
was 16.5 years. Albrecht’ reported 22.5+0.4 in 1919, 
The Curies” published a value of 19.5 years in 1929 by 
measuring the decay of Pb*”’ over a period of sixteen 
years. In the same year Curie'' made an independent 
determination by measuring the quantity of Po?” 
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produced via the decay of a known aliquot of radon. 
The half-life obtained was 23 years. In 1931 the Inter- 
national Radium Standard Commission reviewed all 
previous literature and adopted 22 years as the most 
probable value for the half-life of Pb?”°.” 

The latest physical determinations diverge consider- 
ably from the value adopted by the Commission. 
Wagner® obtained 25 years on observing a Pb* source 
with an ionization chamber for 250 days. In 1955, 
Tobailem’ determined the Pb” half-life with dual 
differential ionization chambers and 0.11 mm. aluminum 
window after the RaE had equilibrated with RaD 
for a period of four months and obtained 19.5 years. 
Measurements of this sort are difficult to achieve with 
high precision since absolute standardization over a long 
period of time is required and the fraction of the half- 
life measured is very small. There appears little in the 
methodology to allow selection of one of these vaiues 
over the other. The average of these and earlier measure- 
ments is about 22 years. 


2. METHOD 


The present procedure consists in calibrating a 
thick-source alpha scintillation counter with a known 
quantity of Po” in partial equilibrium with Pb?” 
that was separated from radioactive minerals containing 
the U** decay series in equilibrium. This calibration 
is then used to determine the activity of a known 
number of Pb*"° atoms prepared from radon standards. 

The chemical procedure for the counter calibration 
consists of extracting the from uranium with 
which it is in secular equilibrium and purifying it by 
repeated recrystallization as lead chloride until there 
is no detectable alpha activity. The isotopic com- 
position of the stable lead isotopes is determined by 
mass spectrometry on a separate aliquot of the mineral. 
The pure PbCl, is then set to permit partial 
equilibrium of the Po* daughter. The sample is then 
alpha counted by the scintillation technique used in 
this laboratory" as a PbCl, thick source and the effi- 
ciency, @, determined from the relationship given below. 


It can be shown’ that the Po” activity per gram of 
ission Report Rev 


lead 


aside 
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Modern Phys. 3, 427 (1931 
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HALF-LIFE 


OF PH? ¢ 


Taste I. Decay constants for the U™ series (8). 


Particle emitted 





oU™*(U;) 

oo Th™(UX;,) 
»Po™(UX,) 
2U™(U;) 
so Lh™ (I) 
ssRa™*(Ra) 
«Em™(Rn) 
sPo™* (RaA) 
s2Pb™ (RaB) 
ss Bi™(RaC) 


4.18 
0.205, 0.111 


WRARRRR WD 


«Po (RaC’) 
a TP(RaC’) 
a2Pb™(RaD) 
»Bi®™ (RaE) 
ssPo*™(RaF ) 
Pb™* (RaB) 


PbCl, containing .Vp,** atoms of Pb?” per gram and 
Nev atoms of Pb™ per gram separated quanti- 


APo"® 
Npo™ Apo” =Ayu 238 V py 0 R 
APo™’— App™* 


Energy (Mev) _ 


[ex —Apynt)— 


Half-life 

(4.49 +0.01)K 10° 
24.101+0.025 
1.175+0.003 
(2.475+0.016) x 10° 

(8.0+0.3)x 10" 

1622+1 
3.825+0.005 
2.050+0.009 

26.8+0.1 
19.724-0.04 


years 
days 
minutes 
years 
years 
years 
days 
minutes 
minutes 
minutes 





163.7+0.2 microseconds 
1.32+0.01 minutes 
22 years 
4.989+0.913 days 
138.37429.032 days 
stable 


tatively from a uranium mineral with a Ny**/N pps 
ratio R, { days ago will be given by 


Ait 


exp( avon] (1) 
Api?'*— Apo" 


The constant factor @ relating this activity to the observed count rate C in a thick-source alpha counter 


is then given by the equation 


C 
o= 


Although the half-life of Pb?” appears in this equation, 
t is less than 2 years in all cases. Therefore, the value 
chosen for this half-life is not critical in the evaluation 
of @. 

To obtain a known number of Pb*” atoms, glass 
capillary tubes containing precisely measured quanti- 
ties of radon are stored at least 30 days allowing decay 
to Pb*”, 

The calibrated radon samples were prepared by the 
Radium Emanation Corporation in New York City. 
The amount of radon in each ampule was determined 
by measuring the y radiation from Bi*"*(RaC) with an 
electroscope. The primary gamma standard of the 
Radium Emanation Corporation consists of 25.5 mg 
of radium as radium sulfate sealed in a glass tube 17 
mm in length and 2.5 mm in width (0.d.). This standard 
is approximately 35 years old and was measured by the 
U. S. Bureau of Standards. Subsequent measurements 
of the primary standard have been made with the glass 
capsule contained within a silver and finally a brass 
capsule. This was done so as to remove the hazard 
involved in breakage of the capsule. In June, 1959, it 
was assigned an equivalent y radiation of 24.5 mg Ra. 
The differences between the gravimetric and radiation 
measurements is caused by absorption in the glass 
and metal containers. Other standards prepared by the 
Radium Emanation Corporation and checked against 
their primary standard as well as that of the National 


Av ppRA po (exp(—A py”) —[Api*/ (Api —Apo™) | exp! ~Apot)} 


Apot!*—A ppt" 
(2) 


Bureau of Standards suggest that the absolute precision 
of the measurements on the capsules used in the work 
is limited by the absolute accuracy of the N. B. S. 
standards.“ The N. B. S. standards are thought to be 
accurate to one percent."® 

The ampules are crushed, a lead nitrate carrier is 
added, the leac is leached with three successive portions 
of dilute nitric acid, and PbCl, is precipitated from the 
resulting solution. The yield is monitored gravi- 
metrically, the glass fragments of the ampule are beta 
counted after a few days to insure quantitative removal 
of the activity. If sufficient activity remained, the leach- 
ing process was repeated. The PbCl, is recrystallized 
to remove Po*" and Bi*", i.e., until no appreciable alpha 
or beta activity remains. It is then stored for at least 
two half-lives of Bi® and then counted for Po™ 
alphas. Assuming the same geometry as that used in 
obtaining ¢ from Eq. (2), the half-life of Pb will then 
be given by 





. . P Cod A po*® 
T,= (0.693) N pm . a 
CF Apo™*—Apy™ 


x{ep —\ ppm) — 


Anim” exp(—Apo™*) 
| (3) 


Apit"*—A poe 
“4 A. Cervi (private communication). 
i* W. B. Mann, Intern. Jj. Appl. Radiation and Isotopes 1, 3 
(1956). 
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Taste II. Sample descriptions. 


Mineral 
type 





Sample 
number Locality 
K™ Samarskite 
k™ Uraninite 

Kk" Pitchblende 
K* Pitchblende 
K* Pitchblende 
K* Pitchblende 
K® Pitchblende 
Kk™ Pitchblende 
K*™ Pitchblende 


Spinelli Quarry, Connecticut 
Romteland Mine, Norway 
Nesbitt-Labine Mine, Lake Athabasca 
ABC Adit, Lake Athabasca 
Ace Mine, Lake Athabasca 
Ace Mine, Lake Athabasca 
Ace Mine, Lake Athabasca 
Eagle Mine, Lake Athabasca 
Eagle Mine, Lake Athabasca 
kK™ Pitchblende Beaverlodge, Lake Athabasca 
K* Pitchblende Ace Mine, Lake Athabasca 


where the symbols have the same meaning as above the 
Nyy is the number of Pb” atoms at the time of 
purification per gram of PbCl». 

There are two main sources of error in a half-life 
determined in this manner: (1) the accuracy of the 
primary radium standard, (2) the assumption of 
secular equilibrium in the minerals used. Other potential 
sources of error such as the counting error, the analytical 
error in R, the uncertainties in the constants used, and 
the error in measurement of the amount of radon in the 
ampules do not limit the accuracy of the measurement. 
Since several radon ampules and several minerals 
were run and since the constants are all precisely known, 
the errors due to this source should not exceed 2%. A 
blank glass ampule, used to check possible contami- 
nation while preparing the counting standards, yielded 
no detectable alpha activity. 

The Bureau of Standards’ primary radium standards 
are thought to be good to approximately 0.7% which, 
of course, is the ultimate limit on the absolute value 
of the half-life derived by the present method. 

j» The assumption of secular equilibrium is more 
difficult to evaluate. For the U™* series in a mineral to 
be at secular equilibrium requires that no Th™ removal 
has occurred during the past few hundred thousand 
years, that no radium loss has occurred within the past 
few thousand years, that the amount of radon leakage 
has been negligible during the past 100 years, and that 


TABLE ITI. Data used in the Pb™ half-life calculation 





cx1i0°% 
(counts/ 


eo 
min) 


number irom fe 
0.782 
0.876 
0.356 
0.713 
0.332 
0.665 
0.488 
0.708 
0.632 
0.712 
0.658 


0.792 
0.871 
0.926 
0.926 
0.899 
0.896 
0.876 
0.905 
0.925 
0.930 
0.894 


nuon 





BROECKER, 


AND KULP 

no loss of lead has occurred in the past 100 years. In 
view of the fact that uranium minerals many hundreds 
of millions of years old have been found which show 
concordant uranium-lead and thorium-lead ages, it 
does not seem unreasonable that the above requirements 
are met by many existing minerals. 

All of the samples (Table II) employed in the present 
investigation were fresh, free from observable weather- 
ing or oxidation effects even under microscopic exami- 
nation. Radon leakage was measured on the Athabasca 
samples and found to be negligible. The coarse crystals 
of the Romteland and Spinelli Quarry samples should 
have even lower radon leakage. Further the K™ and 
K™ samples gave concordant ages. The Lake Athabasca 
samples show discordant ages but this is due to an 
alteration millions of years ago'* so that secular equi- 
librium between U™* and Pb*® probably exists at 
present in these specimens. 

The main check on the assumption of secular equi- 
librium is provided by the internal consistency of the 


TABLE IV. Calculated Pb™ half-lives from radon aliquots. 


{ 
Capsule (milli ‘ (4) 
number iries "bCls fe yun in (yr) 


0.994 i 

100 Z 0.981 21 
Si : 0.994 21 
0.0290 0.995 21 
0.0289 2 0.995 21 
0.0272 0.995 19 
Average 21 


9 
( 


2 
4 
6 
1* 
4 


+0.3 


* Not included in average 


results on a number of different minerals from different 
localities. 
3. RESULTS 


The values of @ obtained from eleven separate 
minerals is shown in Table III along with the value of 
R, fraction of Pb”* in the lead extracted from the 
mineral, fpp***, the fraction of equilibrium achieved 
between the Po*” and the Pb”, fz, and the alpha count 
rate of the lead chloride C. The average value of ¢ is 
(2.40+0.04) X 10-* with a standard deviation of 5.4% 
of this value for a single mineral. 

The results obtained from the radon aliquots are 
shown in Table IV. Using the average value of the 
efficiency listed above along with the activity of the 
initial radon, A, the weight of the PbCl: carrier, 
WPpvcCh, the fraction of equilibrium between the Po™ 
and the Pb”, fz, the count rate of the PbCle, C, and 
the fraction of the radon which decayed before extrac- 
tion, fp, values of the half-life of Pb*” can be calculated 
for each aliquot. The average is 21.4 years with a 
standard error of 0.3 year. The standard deviation of 
the measurement is 1.4% of the mean so that the final 

1° W. R. Eckelmann and J. L 
1117 (1957). 


Kulp, Bull. Geol. Soc. Am. 68, 
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error is dominated by the uncertainty of ¢. Possible 
errors due to a systematic deviation from secular 
equilibrium and due to inaccuracies in the primary 
radium standard are not included. 
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Energy Level Parameters from Nuclear Resonance Fluorescence at 7 Mev*t 


K. Rerpet anp A. K. MAnn 
University of Pennsylvania, Philadephia, Pennsyloania 
(Received November 17, 1959) 


The recoil-broadened photon spectrum from the reaction F"(p,ry)O"* has been used to measure the 
elastic photon scattering cross sections at 7 Mev of 31 elements. The observed angular distributions are 
consistent with dipole transitions. A plot of the cross sections versus mass number shows definite peaks 
around the closed shell regions near Z=50, N =82 (Sn, Te, and Ba), and Z=82, N=126 (Pb and Bi). 
For six medium and heavy elements self-absorption measurements were made which, when analyzed in terms 
of a number of nonoverlapping Breit-Wigner resonances, yield values of the average partial radiation 
widths to the ground states, the average total radiation widths, and the average level spacings for those 
elements. The radiation widths are significantly larger than those determined from slow-neutron scattering 
and capture experiments and, excepting Pb and Bi, the average level spacings are also appreciably greater 
than would be expected from the neutroa data. The observed widths and spacings are in order of magnitude 
agreement with the recent interpretation of the modified single-particle calculation of Blatt and Weisskopf. 


I. INTRODUCTION 


UCH of the presently availabie information on 

the radiation widths of highly excited nuclear 
energy levels (5 to 8 Mev above the ground state) of 
elements with A280 has been obtained from neutron 
scattering and capture experiments from which it has 
been concluded that many of the measured properties 
of radiation widths are in general agreement with the 
statistical model of the compound nucleus.' First, the 
variation of the radiation widths, I',, with excitation 
energy and level spacing appears to support this 
conclusion and, in greater detail, to be consistent with 
the level density formula predicted by the statistical 
model. Second, the constancy of I’, within a given 
nucleus and the variation of the average radiation 
width in passing from nucleus to nucleus indicate that 
de-excitation of the compound nucleus proceeds by 
gamma-ray emission to many iower levels, with the 
process in any given nucleus determined statistically. 
There remain, however, several problems of considerable 
interest relating to radiation widths. In particular, the 


* This research was supported in part by the U. S. Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command, and by the U. S. Atomic Energy 
Commission. 

+ Part of a thesis submitted by K. Reibel to the Graduate 
School of the University of Pennsylvania i in — fulfillment of 
the requirements for the Ph.D. degree in Physi 

iy. &. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 


absolute magnitude of the observed widths has received 
no satisfactory explanation. Under the assumption that 
the radiation is the result of motion of a single nucleon 
in the nucleus, Weisskopf* has derived expressions for 
the radiation widths for electric and magnetic radiation. 
For emission by highly excited states, Blatt and 
Weisskopf* have modified the single particle formulas 
to take into account the complexity of the emitting 
state. The ratio of the observed widths for magnetic 
and electric dipole emission appears to be in agreement 
with Weisskopf’s formula, but the absolute values tend 
to be less than the predicted ones by about an order of 
magnitude.'* Furthermore, the behavior of the radia- 
tion widths of nuclei in certain closed shell regions, 
where there is an appreciable reduction in level densities, 
is somewhat difficult to reconcile with a statistical 
description. Thus, Bi exhibits an average width similar 
to that of other heavy elements' and the spectra of 
the capture radiation of both Bi and Pb indicate that 
the intensities of the ground-state gamma rays are 
near 100%.** 


2V. S. Weisskopf, Phys. Rev. 83, 1073 (1951). 

J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. XII. 

aK Kinsey and G. A. Bertholomew, Phys. Rev. 93, 1260 
(19. 

*B. P. Adyasevich, B. D. Groshev, and A. M. Demidov, 
Conference of the Academy of Sciences the U.S.S.R. om the 
Peaceful Uses of Atomic Energy, July 1955 (Akademiia Nauk, 





702 K. REIBEL 
Resonance fluorescence, that is, the elastic scattering 
of photons, provides another effective method of 
investigating the radiation widths of nuclear energy 
levels. Its use has heretofore been confined largely to 
measurements in light elements where the excited 
states of interest are relatively widely spaced and are 
known to decay directly to the ground state.* Neverthe- 
less, resonance fluorescence of gamma rays of an 
appropriate energy and spectral distribution might be 
expected to yield information on the radiation widths 
of heavy elements which is, at least, supplementary to 
that obtained in the neutron experiments. In particular, 
levels below the neutron binding energy and hence 
inaccessible by neutron capture can be excited. The 
criteria for the energy and spectral distribution of 
gamma rays for such measurements are reasonably 
well the radiation from the reaction 
F(pery)O"* which, for certain proton energies, is in 
the vicinity of 7 Mev and has a Doppler broadened 
spectrum of width about 130 kev. A fixed spectral 
distribution extended over this range of energy will 
encompass in the heavy elements a large number of 
levels and, consequently, the properties of individual 
levels cannot be determined by this method. If, 
however, the levels of concern in that interval are 
nonoverlapping, their average radiation width and 
spacing are directly related to measureable quantities ; 
it is to this purpose that resonance fluorescence has 
been applied here. Finally, it is worth noting that this 
method involves the excitation of levels 
having large radiative transition matrix elements with 
the ground state, which fact, in conjunction with spin 
and parity selection rules, tends to limit the number of 
levels excited in any nucleus and hence to facilitate 
interpretation of the experimental results. 


satisfied by 


selective 


Il. EXPERIMENTAL ARRANGEMENT 
General 


The experimental arrangement is shown schematically 
in Fig. 1. A horizontal beam of protons from the 
Brookhaven research Van de Graaff generator, after 
magnetic analysis, strikes a fluoride target and produces 
the reaction F"(p,ry)O"*. The resulting photons, of 
energy about 7 Mev, with an energy spread of about 
130 kev, scatter from a cylindrical scatterer into a 
Nal(Tl) detector which is shielded from a direct view 
of the source by a heavy metal cone. Pulses from the 
detector are amplified and analyzed in a 100-channel 
analyzer. The source intensity is continuously monitored 
with another scintillation counter. The angle of scatter- 
ing is varied by changing the source-detector distance 
and, if necessary, also the scatterer radius. The scat- 


S.S.S.R., Moscow, 1955), session of the division of Physical 
Science [English translation by Consultants Bureau, New York: 
U. S. Atomic Energy Commission Report TR-2435, 1956 (un- 
published) }. 

*F, R. Metzger, Progress in Nuclear Physics, Vol. 7 
Press, London, 1959) p. 53 
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terer is placed equidistant from source and detector so 
that runs with the detector at the scatterer position, 
when combined with the scattering and monitor data, 
permit direct evaluation of the absolute differential 
cross section for elastic scattering without knowledge 
of the absolute source intensity. 


Photon Source 


The Q value of the F"(pary)O" reaction is +8.124 
Mev. For a proton energy, £,, less than about 2.5 Mev, 
the level in O'* at 8.87 Mev is the highest that can be 
excited.’ This level is, however, very weakly excited 
and furthermore, only about 7% of the downward 
transitions go directly to the ground state, the remainder 
going to the levels at 6.14 Mev, (73%), 6.92 Mev, 
(5%), and 7.12 Mev, (15%).* In this experiment the 
proton energy was set at either 2.05 or 2.40 Mev and 
hence contributions to the gamma-ray flux are made 
only by transitions from the 6.14-, 6.92-, and 7.12-Mev 
levels to the ground state. Transitions from the 6.06- 
Mev level, with J=0, proceed by pair emission and 
may be neglected here. 

The incident proton energy determines both the 
total photon yield and the relative intensities of the 
photons from the three mentioned 
Willard et al.® have investigated the total yield for 
E, up to 5.4 Mev. The lower energy resonances had 
been studied previously by others." 
crystal pair spectrometer," we found 
intensity ratio, 7(6.924+-7.12)/1(6.14), at EF p= 


levels above. 


Using a three 
the largest 
2.05 Mev, 


Fyworine ‘ 
Torget + 
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+ 
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{ Cylindricd 
«+ Monitor coterer 
(3) 
= 
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Fic. 1. Experimental arrangement exhibiting scattering 
geometry and block diagram of electronics. Shown are the scatter 
ing angle @, the scatterer radius a, the photon source to detector 
distance 2d, the path length in absorber 7, the path length in 
scatterer L, and the photon source-scatterer and scatterer 
detector distances R. The drawing is not to scale and, in particular, 
the monitor is over 10 feet away from photon source 

7R. D. Bent and T. H. Kruse, Phys. Rev. 108, 802 (1957). 

*D. A. Bromley, Proceedings of the Rehovoth Conference on 
Nuclear Structure (North Holland Publishing Company, Amster 
dam, 1958), p. 64 

*H. B. Willard, J. K. Bair, J. D. Kington, T. M 
Snyder, and F. P. Green, Phys. Rev. 85, 849 (1952 

”C. Y. Chao, A. V. Tollestrup, W. A. Fowler, and C. C. 
Lauritsen, Phys. Rev. 79, 108 (1950 

“See D. H. Wilkinson, B. J. Toppel, and D. E. Alburger, 
Phys. Rev. 101, 673 (1956). We are grateful to Dr. Alburger for 
permission to use the three-crystal spectrometer for our measure- 
ments. 
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where the value is approximately 10. At this resonance 
the ratio 7(7.12)/7 (6.92) also appears to be a maximum 
with a magnitude of approximately 4. This latter fact 
was determined by Swann and Metzger” by magnetic 
analysis of the a energies. It was further found that at 
E,=2A40 Mev this ratio is inverted, giving /(7.12)/ 
1 (6.92) about }. At the higher proton energy, however, 
the ratio 7(6.924+-7.12)/7(6.14) is reduced to about 4 
because of the increased contribution from the 6.14-Mev 
level. In what follows, the unresolved 6.92- and 7.12- 
Mev radiation will be referred to as “7-Mev”’ radiation. 
It will be shown in the discussion of the detector 
properties that the contribution of the 6.14-Mev 
radiation to the measured scattering at 7 Mev is 
completely negligible at E,= 2.05 Mev and is at most 
a few percent at E,= 2.40 Mev. 

Typical slowing-down times for a light nucleus such 
as O'* in a dense material are about 10~-™ sec," whereas 
the lifetimes of the 6.92- and 7.12-Mev levels are known 
to be approximately 10-" sec." The 7-Mev radiation is 
therefore emitted while the O'* nucleus is still recoiling 
from the preceding a emission, which gives rise to an 
appreciable Doppler broadening of the radiation. It 
can be shown that the resultant line shapes are rect- 
angular if the O* nuclei recoil isotropically in the 
center-of-mass system of the decaying Ne”. Measure- 
ments of the photon yield as a function of angle were 
made for both E,=2.05 Mev and E,=2.40 Mev at 
0°, 15°, 30°, 45°, and 60° (the last four values corre- 
sponding to scattering angles of 30°, 60°, 90°, and 
120°, respectively, in the resonance fluorescence 
experiments discussed below). Within the experimental 
uncertainty, the assumption of isotropy of the O'* 
recoil appears justified. If an appreciable number of 
the recoiling O'* atoms had partially slowed down 
before emitting photons, this effect would round off 
the edges of a rectangular shape. Since, however, the 
mean lifetime of the 7-Mev levels is an order of magni- 
tude less than the mean slowing-down time, and the 
velocity spectrum of the recoiling nuclei is unknown, 
it seems reasonable to assume a rectangular shape. 
The calculated energy spread of each of the spectral 
lines is then 127 kev at E,=2.05 Mev and 134 kev at 
E,=2.40 Mev. 

To maximize the yield of 7-Mev radiation and still 
preserve known intensity ratios, it was necessary to 
utilize very high proton currents and relatively thin 
fluoride targets. In this experiment CaF, or SrF, was 
vacuum deposited on a gold backing over an area of 
about 1 cm in diameter to a thickness of about 1 mg/cm? 
(corresponding to an energy loss of approximately 100 
kev for 2-Mev protons). The total yield of 7-Mev 
radiation from these targets at incident proton energies 
of 2.05 and 2.40 Mev was about 5X10’ photons-sec™ 


2 C. P. Swann and F. R. Metzger, Phys. Rev. 108, 982 (1957) 

"4S. Devons, Proceedings of the Rehoveth Conference on Nuciear 
Structure (North Holland Publishing Company, Amsterdam, 
1958), p. 547. 


FLUORESCENCE 





; we 


>. mJ Cal 


yw 


Counts /channe! in thousonds 








Chonnet 


Fic. 2. Detector response at E,=2.05 Mev. The letters A, B, 
and C refer to 6.14-, 6.92-, and 7.12-Mev photons, respectively ; 
the subscripts 0, 1, and 2 indicate, respectively, the full energy, 
one quantum escape, and two quantum escape peaks. 


-ya, and it was possible to run continuously for 20 
hours at proton currents of 70 ua without noticeable 
decrease in the photon yield. 


Scattering Geometry 


The scattering geometry, aside from having a 
horizontal rather than vertical axis of symmetry, is 
quite similar to that used previously and requires 
little discussion. With the scattering cylinder midway 
between the source and detector and its equatorial 
plane bisected perpendicularly by the line joining 
source and detector, it is possible to define a mean 
scattering angle as shown in Fig. 1 equal to 2 arctan 
(a/d), where a is the scatterer radius and 2d is the 
separation of source and detector. For a given a, it is 
necessary only to measure the linear distance 2d to 
set the angle of scattering. All scatterers were 10 cm 
wide which, together with the small size of the detector, 
permitted an angular resolution of +5 degrees. 


Detector and Monitor 


The gamma-ray detector consisted of a NalI(TI) 
scintillator, 14 in. in diameter by 2 in. long and a 
6292 photomultiplier tube. The scintillator was shielded 
by 1 cm of copper to reduce pileup of low-energy 
radiation. Signals from the detector passed through a 
cathode follower and a nonoverload linear amplifier into 
a 100-channel pulse-height analyzer with automatic 
print out. 


“A. M. Bernstein and A. K. Mann, Phys. Rev. 110, 805 
(1958). 





K. REIBEL 





e.) 


= 


Counts /channel in thousands 
cS 


Lad 











60 76 
Chonnei 


Fic. 3. Detector response at E,= 2.40 Mev. The peaks are labeled 
according to the convention described in Fig. 2 


The relatively small size of the detector crystal had 
two advantages. As already stated, the spread in the 
angle subtended by the detector at the scatterer was 
kept small. In addition, the pulse-height spectrum of 
the elastically scattered radiation had a characteristic 
“signature” which permitted easy discrimination 
between the 6- and 7-Mev components. The detector 
response to the radiation produced by proton bombard- 
ing energies of 2.05 and 2.40 Mev is shown in Figs. 2 
and 3, respectively. Figure 2 shows explicitly the 
preponderance of 7.12-Mev radiation and the negligible 
quantity of 6.14-Mev radiation above channel 52 at 
E,=2.05 Mev. In Fig. 3, the spectrum is more complex 
because of the dominance of the 6.92-Mev radiation, 
but the number of 6.14-Mev photons in the region above 
channel 52 is still less than 5% of the total. 

The source monitor was also a NalI(T1) scintillator 
1} in. in diameter by 2 in. long mounted on a 6292 
photomultiplier. It was located permanently to view 
the source from an appropriate distance. The differential 
pulse-height spectrum was examined regularly but 
during a scattering experiment only pulses above a 
given size from the monitor were counted. 


Description of Measurements 


A scattering experiment involved first a run with a 
scatterer in place for about 10’ monitor counts, or 
roughly $ hour. Second, a run was made without the 
scatterer.’® Finally, with the proton beam current 
considerably reduced, a run was made in which the 
shadow cone was removed and the detector placed in 


In the event a scatterer was enclosed in a container, the 
background run was made with the empty container in position. 
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the position previously occupied by the scatterer; 
because of the symmetry of the geometry, the detector 
efficiency and solid angle with respect to the 7-Mev 
radiation emanating directly from the source were 
the same as they had previously been with respect to 
the elastically scattered radiation from the scatterer. 
The last, or “direct” run utilized proton currents of 
about 0.05 ya for 10° monitor counts in about 5 minutes, 
and served to eliminate the need for separate, independ- 
ent measurements of detector efficiency and solid angle. 
This procedure was repeated a number of times to 
obtain a value of the absolute differential cross section 
for elastic scattering by a given scattering material. 

The pulse-height spectra of scattered radiation from 
bismuth, with a high cross section for elastic scattering, 
and from silver, with a low cross section, are shown in 
Figs. 4 and 5. The former spectrum clearly reproduces 
the features of the spectrum of the unscattered radiation 
(see Fig. 2) but these features are partially obscured in 
the data for silver. The value of the cross section is, 
however, determined from the area under the elastic 
region of the spectrum and is largely independent of 
the detailed structure of the pulse-height spectrum. 

In self-absorption measurements a certain thickness 
of the material composing the scatterer is inserted 
between the source and the scatterer (Fig. 1) to filter 
out precisely those photons which give rise to resonant 
scattering. The experimental! procedure was as described 
above, except that alternate sequences were made with 
and without absorber. To illustrate, with the absorber 
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Fic. 4. Pulse-height spectrum of scattered radiation from an 
element with a large scattering cross section: Bi at 120°, E,=2.05 
Mev, 4X10* monitor counts in 1910 sec. Crosses represent 
background measured with scatterer removed. 
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in the beam runs were made with the scatterer, without 
the scatterer, and with the detector in the scatterer 
position. Then, with the absorber removed, the same 
sequence was repeated. 


Background 


The main source of background at 7 Mev is radiation 
from neutron capture. Neutrons originate in the Van 
de Graaff, both from deuterium contamination of the 
beam and from (p,m) reactions. The contribution of 
capture radiation to the high-energy end of the observed 
pulse-height spectra for high elastic scattering cross- 
section elements may be estimated to be less than about 
15% of the total rate by comparing the spectra of 
scattered and unscattered radiation. Further, the 
procedure of subtracting data obtained without a 
scatterer from that obtained with a scatterer should, to 
first approximation, eliminate the effect of neutron 
capture on the measured cross sections of all elements. 
Capture radiation arising from neutrons captured in a 
given scatterer or scattered into the detector by that 
scatterer will not be eliminated by this procedure, but 
the measured response of the detector to neutrons of 
energies in the range 1 to 2 Mev and consideration of 
neutron scattering and capture cross sections indicate 
that the uncertainty in our measured cross sections due 
to this background may be neglected in comparison with 
other experimental errors. 
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Fic. 5. Pulse-height spectrum of scattered radiation from an 
element with a small scattering cross section : Ag at 120°, E, = 2.05 
Mev, 7.5X10* monitor counts in i680 sec. Crosses represent 
background measured with scatterer removed. 
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Fic. 6. Differential elastic cross sections of Pb. The curves 
1+-cos¥ are arbitrarily normalized at 90°, but within the = 
mental error the quality of the fit is independent of the nor: 
tion. 


Ill. EXPERIMENTAL RESULTS 
Elastic Scattering Cross Sections 


The differential cross sections for elastic scattering 
at 90° of 31 naturally occurring elements were measured 
with E,= 2.05 Mev. For 10 of the 31 elements, measure- 
ments were also made at 120° and, in most instances at 
60°. These data are summarized in Table I. For natural 
lead, a more complete angular distribution was obtained 
which is shown in Fig. 6. All of the observed distribu- 
tions are consistent with the form @+6 cos, which 
holds for both electric and magnetic dipole transitions. 
Assuming only dipole transitions, total cross sections 
were calculated** for the 31 elements and are presented 
in Table II and Fig. 7.,The elastic scattering cross 
sections for a few of the elements were so small that 
only upper limits could be assigned as indicated in 
Fig. 7. Upper limits were also assigned for samarium 
and gold because quantities of these elements sufficient 
to give count rates appreciably above the background 
were not available to us. The errors assigned to the 


Tasze I. Differentia! cross sections for elastic scattering. 


Proton 
energy 
Mev Element “0° 
2.05 O 
Fe oun 
i * 0.6£0+0.09 
0.7340.10 
3.5+0.5 


(& (@))X 10" (cm*/sr) 
90° 120° 

0.09440.025 0,089+0.025 
0.24+0.04 0.42+0.06 
0.4240.05 0.4140.05 
0.4740.07 0.48+0.10 
2.5403 3.140.2 
3.5+0.5 4340.46 
2.140.2 24+0.3 
6.340.5 tee 
9.0+1.0 1142 

i341 1142 
0.5140.08 0.32+0.05 
0.19+0.05 

0.28+:0.04 

2.7404 

5.9409 

4440.7 


8.2410 
1142 
1242 

0.5340.08 


6.i1+0.9 
4.9+08 


See Sec. IV and Appendix B for the calculations. 
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Taste II. Average total cross sections for elastic scattering 


(¢) in mb 
E,=2.05 Mev E,»=2.40 Mev 


B : <0.027 

O ' 0.16+0.04 

Ik / <0.03 

Al 5/2* <0.008 

Si <0.057 

} 0.074+0.011 
0.65+0.10 
0.30+0.05 
0.3140.05 
0.40+0.06 
0.29+0.04 
0.20+-0.02 
0.57+0.06 
0.86+0.13 
1.0+0.1 
1.4+0.2 


Element 


<0.27 
0.19+0.05 


0.38+0.06 


* Ground-state spin and parity of dominant isotope or isotopes. 


cross sections in Table II are the mean deviations 
obtained from several measurements on each of the 
scatterers. 

A number of measurements were made at E,=2.40 
Mev. Within experimental error the form of the angular 
distributions remained the same as that at £,=2.05 
Mev, but the absolute values of the cross sections at 
the two energies were rather different for some elements. 
In particular, the total cross section of natural lead at 
E,=2.05 Mev appears to be twice that at E,=2.40 
Mev which, using the values for /(7.12)/J(6.92) given 
above, indicates that the total cross section at 7.12 Mev 
is almost four times the value at 6.92 Mev. The data 
at E,=2.40 Mev are included in Tables I and II and 
the average cross sections at 6.92 and 7.12 Mev are 
presented in Table ITI. 


Self-Absorption 


Self-absorption measurements in the elastic region 
were made for six elements at E,=2.05 Mev and the 


Ba 
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Fic. 7. Elastic scattering cross sections versus mass number. 








@) in mb 
Element E,=2.05 Mev E,=2.40 Mev 
Ag 2 0.65+0.10 
Cd , 1.4+0.2 
Sn 4.1+0.5 
Sb ; 0.89+0.13 
Te . 5.8+0.8 
I ’ 0.71+0.11 
Ba 
Sm 
W 
Au 
Hg : 
Tl 2" d 2.1+0.3 
“Pp»e”’ 10.5+0.8 9.9+1.5 
Pb 4 15+2.2 7.4+1.2 
Bi 2 17.5+1.3 1242 
Th + 0.86+0.13 


4.5+0.7 


5.340.8 
0.76+0.11 


results are shown in Table IV, which also includes data 
for Pb at E,=2.40 Mev. The errors in the measured 
ratios are mean deviations. The magnitude of the effect 
of self-absorption in the raw data is illustrated in 
Fig. 8 which shows the pulse height spectra for a tin 
scatterer obtained without absorber, with absorber in 
the incident beam and with absorber but corrected for 
electronic absorption.'? Absorption spectra obtained 
with the absorber placed in the scattered, rather than 
the incident beam, are shown in Fig. 9 which exhibits no 
self absorption presumably the scattered 
radiation is no longer resonant. 

It was of interest to cross absorb natural Pb with 
radiolead (““Pb”*’), and Bi with several absorbers. By 
cross absorption is meant an absorption experiment in 
which the absorber is of a different material than the 
scatterer. In the case of Pb and “Pb”®”’ there was some 
overlap of isotope content; Pb contains Pb™, Pb™*, 
Pb”’, and Pb™* with relative abundances of 1%, 26%, 
21%, and 52%, respectively, while the sample of 
“ro”,'—dswaas PO”, Po” Pb** in the amounts 
88%, 9%, and 3%, respectively. The data indicate real 


because 


and 


Taste III 


Average elastic scattering 
at 6.92 and 7.12 Mev 


ross sections 


Oo * 4 
Element mb 


Cu 0.63+0.14 
Sn 4.0+0.8 
Te 6.0+1.2 

I 0.69+0.15 
Tl 4.4+1.0 
“Pb™”’ 11+1.6 

Pb 18+4 

Bi 19+4 


2.0+0.6 
0.9+0.2 
1.1+0.3 
0.9+0.3 
2.8+0.9 
1.1+0.3 
3.7+1.1 
1.9+0.6 


‘7 The explicit correction for electronic absorption in the 
absorber made in Figs. 8 and 9 is not necessary in treating the 
data to extract nuclear energy level parameters. For details see 


Sec. IV. 


E,=2.05 Mev. Horizontal lines indicate range in A of major 
isotopes in the natural elements used as scatterers. Not shown: 
upper limit for Al of 8.0X 10-" cm*/atom. 
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cross absorption of Pb with “Pb”®”’ but, unfortunately, 
do not uniquely identify the isotopic combinations 
responsible for the large observed resonant scattering. 
Cross absorption of Pb and Sn absorbers with a Bi 
scatterer produced a null effect within experimental 
error, although Fuller and Hayward'*® have reported 
observing cross absorption for a Pb absorber and Bi 
scatterer. The difference in the two results may be due 
to the difference in the incident photon spectra of the 
two experiments; their bremsstrahlung spectrum ex- 
tended from 4 to 7.5 Mev, or roughly 30 times the 
spectral range of this experiment. 


Inelastic Scattering 


Scattered radiation of energy less than that of the 
incident radiation, namely inelastic scattering, may 
arise from scattering by electrons or from the decay 
of an excited nucleus involving the emission of several 
photons. Measurement of the latter process is partic- 
ularly desirable because it, in conjunction with elastic 


TABLE IV. Results of self-absorption measurements.* 


Path Path 
length length 
in in 
absorber scatterer 
T (cm) L (cm) R® 


0.64+40.08 
0.70+0.12 
0.72+0.11 
0.66+0.11 
0.47+0.08 
0.54+0.04 
0.73+0.11 
0.71+0.09 


rf, 


0.15+0.1 
0.06+-0.04 
0.2+0.1 
0.07+0.03 
0.6+0.3 
0.6+0.3 
0.2+0.1 
0.340.2 


Element 


Cu 3.58 
Ag 3.58 
Sn 2.95 
Hg 3.13 
“Pp” 2.05 
Pb 2.20 
Pb* 2.05 
Bi 2.61 


1.79 
0.89 
0.89 
1.41 
0.51 
0.49 
0.51 
0.61 


* All measurements at Ey =2.05 Mev except as indicated 
» Ratio of counts in elastic region with and without absorber 
© Ey =2.40 Mev. 


scattering data, determines directly the branching 
ratio of transitions from the excited nuclear levels. 

At 7 Mev, the total electronic cross section of 
roughly 10 barns for the heavier elements is shared 
almost equally between Compton scattering and pair 
production but neither of these effects is expected to 
contribute appreciably to the scattered radiation of 
this experiment at energies above about 3 Mev. This 
was verified for Compton scattering by observing that 
at a scattering angle of 60°, where the Compton radia- 
tion had an energy of 1 Mev, the scattering from 
different elements did in fact exhibit a linear dependence 
on Z. At energies greater than about 4 Mev, however, 
the observed scattering showed an appreciable electroni 
contribution with a pronounced, approximately cubic, 
dependence on Z. It was ascertained that these higher 
energy photons were not primarily bremsstrahlung 
produced by the stopping of Compton or pair electrons 

 E. G. Fuller and E. Hayward, Comptes Rendus du Congrés 
International de Physique Nucléaire (Dunod, Paris, 1959), p. 646. 
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Fic. 8. Self-absorption spectra for Sn at 90°, E,=2.05 Mev. 
Absorber path length=2.95 cm. Solid circles show scattered 
spectrum without absorber, open circles with absorber in incident 
beam, and crosses represent the latter spectrum corrected for 
electronic absorption in the absorber 


in the scatterer; the pulse-height spectrum from a lead 
scatterer of thickness less than } the radiation length of 
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Fic. 9. Measurements corresponding to those shown in Fig. 8 
but with absorber in scattered beam (in front of detector). e 
self-absorption effect is not evident because the scattered radiation 
is off resonance. 





708 K. 


a 7-Mev electron showed the same ratio of higher 
energy inelastic scattering to elastic scattering as 
appreciably thicker targets. It seemed likely that this 
large inelastic scattering, which, incidentally, had been 
observed previously” in experiments at 17 Mev, was 
the result of several secondary or multiple electronic 
processes and no further attempt to determine its 
origin was made. 

Despite the presence of a large inelastic scattering 
component of nonresonant origin, it was possible to 
extract rough values of the ratio of elastic to inelastic 
resonant scattering from the self-absorption data. 
This was done by comparing the normalized count 
rates for inelastic scattering with and without an 
absorber, normalization being accomplished through 
the count rates for elastic scattering with and without 
an absorber. The details of the calculation giving the 
branching ratio, I'yo/I’,, in terms of measured quantities 
are presented in Appendix A. The branching ratios 
obtained in this way are subject to considerable 
uncertainty for two reasons. First, the electronic part 
of the inelastic scattering is dominant, which leads to 
the subtraction of two large and almost equal count 
rates in comparing inelastic scattering with and without 
an absorber. Second, the large background and the 
limitations of the scintillation counter combine to 
prevent measurement of the differential spectrum of 
the nuclear cascade radiation which would ensure 
proper counting of the photons arising from the 
various alternative radiative transitions. Measurement 
of the integrated inelastic scattering, which was 
necessarily adopted here, may, however, be an adequate 
substitute if the low-energy limit is appropriately 
chosen. The nature of the cascade radiation following 
neutron capture has been discussed by Kinsey.” 
Briefly, for nuclei with atomic weights greater than 
about 70, the multiplicity of gamma rays per neutron 
capture is 3 to 4. If the spectrum is divided into partial 
spectra with the “primary” spectrum defined as that 
emitted by the capturing state, the “secondary” 
spectrum as that of the second gamma ray to be 
emitted, and so on, then the number of effective partial 
spectra is approximately equal to the multiplicity. 
Partial spectra calculated for the customary exponential 
level density function and a dipole transition probability 
proportional to the cube of the gamma-ray energy show 
not much dependence on the level density in the 
nucleus and, in fact, there is little difference between 
the spectra of nuclei with few or many excited states. 
The spectrum departs from normal, i.e., is biased toward 
higher energies, only when radical departures from the 
usual level densities occur as in the heaviest magic 
elements. Largely on the basis of these considerations, 
the low-energy limit of the measured inelastic scattering 
was chosen as 3 Mev. With this lower limit the cal- 


” M. B. Stearns, Phys. Rev. 87, 706 (1952). 
” B. B. Kinsey, Handbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. 40. 
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culated partial spectra indicate it is quite unlikely that 
more than one gamma ray from a given cascade is 
, , 507 . by 
counted or that more than 25% of the total number of 
transitions are missed. This uncertainty is less than 
that introduced by the large nonresonant inelastic 
scattering which limits the accuracy of the branching 
ratios as shown in the last column of Table IV. 


Comparison of Results 


The measured differential cross sections for oxygen 
at 90 and 120 degrees and at E,=2.05 and E,=2.40 
Mev and the known spins of the 7.12- and 6.92-Mev 
levels of O'* permit direct calculation of the lifetimes 
of the jatter two levels. Within our accuracy, the two 
levels have the same mean life of (1.0+0.3)K10-™ sec 
which is to be compared with the values of (1.2+0.3) 
X10-" sec and (1.0+0.3)10~™ sec for the 6.92- and 
7.12-Mev levels, respectively, obtained by Swann and 
Metzger.” 

The energy dependence of the elastic photon scatter- 
ing cross sections of medium and heavy elements has 
been studied by Fuller and Hayward* using a brems- 
strahlung spectrum. For seven of the ten elements 
measured in both experiments, the cross sections at 
7 Mev obtained from their excitation functions are 
consistently larger than those given in Table II by a 
factor varying from 2 to 5. For lead and bismuth, which 
have the largest cross sections measured, the agreement 
is good. For aluminum, which appears to have a very 
low cross section, their value is 30 times larger than 
the upper limit given here. 


IV. DISCUSSION 
Level Parameters 


The elastic scattering cross sections and the self 
absorption data are related to the level parameters of 
the scattering nuclei in an involved_manner; however, 
average values of the parameters can be extracted from 
these relationships providing the levels in the region of 
interest are nonoverlapping. There are two independent 
measurements which place an upper limit on the ratio 
of level width to level spacing. First, measurements of 
the photon intensity during “direct” runs with and 
without an absorber permit us to place an upper limit 
of 0.1 on the ratio of nuclear absorption to electronic 
absorption over the energy interval in question. The 
measured branching ratios in conjunction with the 
expression for the peak absorption cross section of a 
single level then give a ratio of level width to level 
spacing of less than 0.15 for all of the elements investi- 
gated. Second, self-absorption measurements with the 
absorber in the scattered rather than in the incident 
beam show no self-absorption effect (see Fig. 9), 
indicating that the recoil energy lost to the scattering 
nucleus throws the re-emitted radiation off resonance. 


1 EF. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 
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This implies a width to level spacing ratio of less than 
0.3, since a larger value would result in an effect 
outside our experimental error. These limits tend to 
support the assumption that the levels of concern here 
do not overlap and that, for this reason, an analysis 
based on individual level properties should be valid. 

We proceed now to obtain an expression connecting 
the quantities measured in a self-absorption experiment 
with certain average nuclear energy level parameters 
which, providing the branching ratio to the ground 
state is known, leads to evaluation of an average level 
width. In the limit of zero absorber thickness and for a 
thin scatterer we obtain the relation between the 
average level parameters and the cross section for 
elastic scattering averaged over the energy range of 
the incident photon spectrum, 

The number of photons per unit energy interval! 
scattered by an element of thickness dz at a depth z in a 
given scatterer may be written as 


S(E,2)dz= N(E) exp[—20’(E)nz]} 
Xexp[—oi(E)nsz jo2(E)ndz, (1) 


where \V(E£) is the number of photons per unit energy 
interval incident on the scatterer, a’ (£) is the electronic 
cross section, o;(£) is the cross section for nuclear 
absorption, o2(£) is the cross section for elastic scatter- 
ing and m is the number of target nuclei per unit volume. 
In an actual experiment one measures the differential 
scattering cross section at a given scattering angle 8, 
and it is convenient to define 


o(E,9)=0:(E)W(6), (2) 


fwo«a- 1. 


If now we introduce an absorber of effective thickness 
T into the incident photon beam, then the total number 
of photons elastically scattered at angle by a scatterer 
of effective thickness L that will be recorded by a 
counter with efficiency (£) is given by 


with 


L 
f C(T +2, @)dz 
0 


nf 


1,Q4 L 
= f f I(E)n(E) exp —o’ (£)nT] 
dr 0 SE 


Xexp[—20’(E)nz] exp[—o1(E)n(T+2) ] 
Xo2x(EP)dEdz, (3) 


where Q, is the solid angle subtended by the detector at 
the scatterer, Q, is the solid angle subtended by the 
scatterer at the source and J(£) is the total number of 
photons per unit energy interval emitted by the source. 

We note that /(£), 9(£), and o’ (E) are slowly varying 
functions which may be taken outside the energy 
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integral and set equal to their values at an average 
energy E over the incident spectral range AE. We may 
then express the quantities standing before the integrals 
of Eq. (3) in terms of directly measured count rates. 
The experimental procedure described earlier leads to 
the following definitions : 


Cme= (1 (B)/4e JAEna (BQ (4) 


is the number of counts recorded by the monitor 
(subscript m) during a scattering measurement. 


Caa=[I' (B)/4x JAEn(B)Q, exp[—o'(B)nT] (5) 


is the number of counts in the elastic region of the 
pulse-height spectrum recorded by the detector when 
it is in the scatterer, i.e., “direct,” position. The term 
containing o;(£) has been omitted in Eq. (5) because 
the integrated nuclear absorption is too small to be 
observed in a simple transmission experiment. 


Cma=(I' (B)/44r AEnm(E)Qm (6) 


is the number of counts recorded by the monitor when 
the detector is in the “direct” position. In general, 
the incident beam intensity in a “direct” run, I'(B), 
is geen 4 less than the intensity in a scattering run, 
I(£). Combining (4), (5) and (6), we have 


(CmsCaa/C ma) = (1(B)/4e JAEn(B)Q, 
Xexp[—o’(B)nT], (7) 


and we see that the exponential term takes into account 
electronic absorption in the absorber and no independ- 
ent information concerning the incident beam strength 
or detector efficiency is necessary. We may also write 


2,=N/nLR’, (8) 


where R is the mean distance from source to scatterer 
which is also equal to the mean distance from scatterer 
to detector and N is the total number of scattering 
nuclei. If further we set 


L 


Cuz f C(T +2, 0)dz (9) 
0 


as the number of counts in the elastic region of the 
pulse-height spectrum recorded by the detector during 
a scattering measurement, we find 


: CoCasN ‘ 


=- -~- exp[ — 20’(E)nz 
Pig oy | ’ J 


xf o2( E,) expl—o,(E)n(T+2) \dEdz. (10) 
4k 


Now the cross section for excitation of a single level 
by photon absorption and the subsequent de-excitation 
from that level may be written*® 


Ga(x,t) = cog (T vol ./T* yp (x,J), (11) 





710 K. REIBEL 
where Ivo is the partial width for transitions between 
the given excited level and the ground state, I’, is the 
partial width for de-excitation by mode a, T is the total 
width of the level, co=4x? with A the wavelength of 
radiation at exact resonance divided by 2” and 
g= (2J24+-1)/2(2J,+1) with J, and J; the spins of the 
excited and ground states, respectively. Further 


1 +” exp[ — (x— y)*/41] 
f . dy 
2(mt)iJ_, i+y 


is the Doppler integral that follows from convoluting 
a Maxwell distribution of velocities along a given 
direction with the Breit-Wigner single level formula. 
Here t= (A/T)? with A, the Doppler width, equal to 
E(2kT/Mc)'; x=2(E—Ep)/T, where E is the incident 
photon energy and / is the energy of exact resonance ; 
y= 2(E’—Ep)/T, with E’ the Doppler shifted energy of 
the incoming photon as seen by the nucleus because of 
its thermal motion. Hence 


(12) 


¥(x,1) 


03 (x,t) = og (I'v0/T (2,0) (13) 
is the cross section for nuclear absorption, and 
o2(x,l,0) = oogW (8) { Dye/T?)y (x,t) (14) 


is the differential cross section for elastic scattering. 
We replace the cross sections o,(£) and o2(£,9) by a 
number of single level resonances by writing 


o(E)=>; o1(x;,t;), 
o2( E60) => i o2(x;,t;,8), 


(15) 
(16) 
so that 


| o2( E89) exp —o,(E)n(T+2) dE 
i 


E 
-{ Dd o2(x;,t;,0) expl—X o1(xi,t,)n(T+2) dE 
AE i i 


> 


k AEE 


o2(xXe,lx,0) expl—or(xe,t,)2(T+2) dE, 


where the last integral is taken over the &th resonance. 
The last relation makes explicit the assumption of 
nonoverlapping levels since then only the absorption 
of level & affects the scattering by level &. This expres- 
sion contains more information than we are able to 
extract from the experimental data and we therefore 
define the average cross sections &2(x,t,0) and @,(x,t) by 
setting 


; f @2(Xx,te,0) expl—or(xe,te)n(T+2) dE 
A AEE 


=o(B)ak [ 


single resonance 


&2(x,1,0) 


Xexpl—é:(x,/)n(T+:) dE; (17) 
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&, and é, are then the absorption and elastic scattering 
cross sections of each of the p(E)AE levels with which 
the averaging procedure has replaced the actual levels 
in the interval AZ. According to the definition of & 
and &, we have 


@(x,1)- oog ((I'v0/T )¥ vt) av, (18) 
and 


G2(x,1,9) = oogW (0) ( (Ure? /T* (2,0) av, (19) 


and we are prevented from performing the integration 
over E unless we assume that the p(E)AE levels that 
have replaced the actual levels in AE have identical 
partial and total widths. Under this assumption 


61 (x,t) =o0g( Tr0o/T)0(x,d), (20) 


and 
= cog W (8) (Tye2/ T?)P (x2), 


&o(x,t,0) (21) 


and we are able to integrate numerically over E 
providing the branching ratio, T'y/T, is known, since 
y(x,t) has been tabulated™ for O<2<300 and 
0<t<2500. By forming the ratio appropriate to a 
self-absorption experiment, 


[=] [ 
eed TaT Oe ag T=0 
we eliminate p(#) and integration then leads to a 
unique value of t= (A/T)*. 

Finally, we may readily find the elastic scattering 
cross section averaged over the interval AZ. If we 
consider only a scattering experiment with a thin 


scatterer, such that 7=0 and L is small, we obtain 
from (10) and (17) after integrating over z 


Go(x,t,0)dx, (22) 


resonance 


CuCmaR? T(E f 
CmiCaaV 2 


“ single 
where the quantity on the right is the differential 
elastic scattering cross section averaged over AE, i.e., 
(é2(6)). In applying Eq. (22) to the data a correction 
for absorption in the scatterer is made numerically. 
Inserting for #2(x,/,0) and integrating over.x and solid 
angle then gives 


(@) = (e/2)oogl Pv2/TD(B)), (23) 
where D(E) =1/p(E) is the average level spacing in AE 
and we have dropped the subscript on @. 

For many of the elements investigated here we may 
in the expressions above insert [',, the total radiation 
width, for I because the energy of the incident radiation 
is less than the threshold for neutron emission by those 
elements. In particular, three of the six elements (Cu, 
Ag, and Bi) for which self-absorption measurements 


2M. E. Rose, W. Miranker, P. Leak, L. Rosenthal, and 
J. K. Hendrickson, Westinghouse Electric Corporation Atomic 
Power Division Report WAPD-SR-506, 1954 (unpublished), 
Vols. I and II. 
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were made are in this category. Sn, Hg, and Pb, the 
other three elements, each have at least one isotope 
with neutron threshold less than 6.9 Mev, but, for- 
tunately, these are of lesser relative abundance: 
Sn™ (8.6%), Sn™ (4.7%); Hg™ (16.8%), Hg™ 
(13.2%); Pb™? (21% and 9% in natural lead and 
“Pb*®”, respectively). Since, in addition, the cross 
sections in Fig. 7 exhibit no apparent dependence on 
neutron threshold, we shall in what follows replace 
. by f,. Thus we use the measured branching ratios, 
['+0/T, in the solution of the equation for the elastic 
self-absorption ratio to find [, and hence also [yp». 
Equation (23) then permits evaluation of D(2). The 
averaging procedures necessary to determine g and 
D(E) for nuclei with nonzero ground-state spins are 
discussed in Appendix B. 

We should note that Eq. (17) may also be solved 
numerically in the Doppler approximation, = (A/T)? 
>1, without knowledge of the branching ratio, and 
the expression for the elastic self-absorption ratio then 
yields f'y9/A. Within the large experimental uncertainty 
attached to the measured branching ratios, the values 
of [49 obtained from the two calculations are in 
agreement. It is, however, questionable that the 
Doppler approximation is valid for some elements and 
we present only the results of the calculations using 
the branching ratios. The numerical values of the level 
parameters that follow from the data of Tables I and 
IV are given in Table V for the six elements for which 
complete information is available. 


Features of the Resonance Fluorescence 
Cross Sections 


Figure 7 shows striking increases of the average 
elastic scattering cross sections near the closed shell 
regions around Z=50 and N=82 (Sn, Te, and Ba) 
and around Z=82 and N=126 (Pb, “Pb”®’, and Bi). 
It appears from the parameters in Table V that the 
average level spacing, while somewhat larger around 


TABLE V. Derived average level parameters.* 


i Py D> 
Element J; Ty0/ P, ev ev kev 


Cu 0.15+0.1 2.5410 0446.2 58+48 
294-24 
19+ 16 
11410 
§4+5.0 
1.8+1.4 
0.94+0.62 
6.74.5 
3.42.2 
1.3+1.0 
3.943.7 
3.1+2.9 
2.642.5 


Ag 0.0640.04 5043.0 0340.2 


NSnn wv 


Sn 
Hg 
Pb” 


0.240.1 
0.07 +0.03 
0.6+0.3 
0.6+0.3 
0.2+0.1 
0.3+0.2 


0.8+0.4 
3.041.5 
0.9+0.4 
0.6+0.3 
10+0.5 
2.541.5 


0.16+0.1 
0.2+0.1 
0540.3 
0.36+0.15 
0.2+0.1 


Bi 0.75+0.5 


we ee a ee 


inn 


* All measurements at E, =2.05 Mev except as indicated 
» Assuming D inversely proportional to 2J:+1. 
© Ey =2.40 Mev. 
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closed shells, is less important in directly influencing 
the scattering cross sections in those elements than the 
large probability for transitions to the ground state. 
Indirectly, the larger value of D contributes to the 
increased cross sections in that there are fewer transi- 
tions to levels other than the ground state because 
there are fewer levels at lower energy ; hence the branch- 
ing ratios are large in those elements. The increased 
cross sections for resonance fluorescence near closed 
shells are to be contrasted with the decrease in the 
cross sections for radiative capture of fast (~1 Mev) 
neutrons by the same nuclei.” For the latter process 
the capture cross section depends only on (T',/D)sy, 
while the expression for (¢) depends on fy¢/f,D(Z). 
It seems likely that larger values of Py) and Py/T, 
are also responsible for the fact that even-even nuclei 
systematically tend to exhibit higher resonance fluores- 
cence cross sections than their odd-even neighbors 
(see Fig. 7). 

For elements with A less than 40, the levels at 
7-Mev excitation are expected to be spaced so far apart 
that very few or none shouid lie in the relatively small 
energy interval explored here. ‘Thus, in aluminum, 
there does not appear to be a level in that energy 
interval and the elastic scattering cross section is 
due solely to nuclear Thomson scattering. It is interest- 
ing that the cross sections for silicon and sulfur approach 
that of oxygen which is the effect of scattering from two 
relatively narrow levels. Above A=90, the cross 
sections rise to a peak near Sn although the odd-even 
elements Sb and I in the same region as the peak have 
much lower cross sections. Finally, there is the rise to 
the highest cross sections of Pb and Bi. The low value 
for thorium, cf which a significant part is due to nuclear 
Thomson scattering, is probably explained by its low 
threshold for photofission (~5.5 Mev). 


Comparison With Other Level Parameters 


It is difficult to make any detailed comparison for 
particular nuclei of the quantities in Table V with the 
corresponding quantities obtained from neutron scatter- 
ing and capture experiments. Nevertheless, there appear 
to be three significant differences in the level parameters 
of heavy elements obtained by the two methods. First, 
the partial radiative widths, ['yo, in Table V are on the 
average larger than those from radiative capture 
measurements by a factor of at least 10. Indeed, the 
partial widths found here are comparable with and 
in some cases larger than the values of the total radia- 
tive widths extracted from neutron experiments on 
heavy elements.™ Second, the total radiative widths, 
[', in Table V are consistently several times larger than 
would be expected from neutron data. These results 


™T). J. Hughes and D. Sherman, Phys. Rev. 78, 632 (1950). 

*D. J. Hughes and R. B. Schwartz, Newron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend- 
ent of Documents, U. S. Government Printing Office, Washington, 
D. C., 1958), second edition. 
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combine to give branching ratios, f'yo/T,, which again 
are quite large. Finally, the average level spacing, D, 
is quite different from the level spacing indicated by 
neutron scattering; the values in Table V are roughly 
100 times larger, except in Pb where our value is 100 
times smaller and in Bi where the two values are 
comparable. 

These differences are perhaps not unexpected in view 
of the circumstance that the resonance fluorescence 
measurements select just those levels having large 
dipole transition matrix elements with the ground state. 
The measured level spacing indicates that these 
levels occur roughly about 100 times less frequently 
than levels not having this property. Furthermore, in 
any given nucleus, spin selection rules may inhibit 
direct transitions to the ground state after neutron 
capture, which would also lessen the likelihood of 
observation of such levels by that reaction. Following 
this reasoning, it would be expected that the levels 
described here are not essentially different from those 
observed in neutron experiments in the sense that all 
are levels in a compound nucleus involving many 
particle excitations and all are capable of excitation 
by either photons or neutrons, subject to appropriate 
selection and conservation rules. It should be noted, 
however, that the large radiative widths and level 
spacings in Table V are in relatively good agreement 
with the modified independent particle calculation of 
Blatt and Weisskopf* of the radiation width for 
transitions of order / between a highly excited state a 
and a lower state 5. This calculation has been used with 
the radiation widths and level spacings measured in 
neutron capture studies to evaluate the quantity Do 
which appears in the theory, where Do is the spacing 
of low-lying single particle levels of the same spin and 
parity that can combine with the ground state in the 
transitions considered. For a single particle in a nuclear 
potential well, one would expect Do to be of the order 
of 15 Mev which is quite similar to the values of Do 
calculated from the parameters of Table V but con- 
siderably less than 150 Mev found by Kinsey and 
Bartholomew‘ and 500 Mev obtained by Levin and 
Hughes.' The import of this situation is not clear in 
view of the approximate nature of the calculation, but 
it does indicate that the wave functions of the levels 
with large radiation widths and average spacing possess 
a single particle admixture which is greater than that 
of the levels observed in the neutron experiments. 
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APPENDIX A 


We obtain here an expression for the branching ratio, 
f,./f',, in terms of quantities measured in a self-absorp- 
tion experiment. 

As discussed in Sec. III, the cross section for inelastic 
scattering, o;, is made up of the contributions of 
inelastic nonresonant scattering, o,-, and of inelastic 
resonant scattering, ¢;-, where é;, is given by 


xe YTw/Tl,—Pfro 
6 ir = —O0g ( - ). 
2 D ys 


In a self-absorption experiment the nuclei in the 
absorber selectively absorb those photons which would 
excite the scatterer nuclei and this results in a decrease 
in the measured scattered radiation. The cross sections 
for nuclear absorption and scattering are, of course, not 
changed by the presence of an absorber, but it is 
convenient to describe the effect of an absorber by 
means of apparently changed cross sections which we 
indicate without average signs. Thus we write 


(Al) 


a; (with absorber) =¢,, (with absorber)+<¢,,, 


(A2) 
and 


o; (without absorber) 


(A3) 


=o, (without absorber)+a nr. 


The quantities on the left may be considered as directly 
measured because the relation, ¢,/C,=o,;/C; provides 
a; in terms of the cross section for elastic scattering, 
o,, and the measured number of elastic and inelastic 
counts, C, and C,, respectively. This relation is valid 
to better than 10% because the total detection efficiency 
of a Nal detector for photons in the energy range from 
3 to 7 Mev varies by less than that amount. We have 
also left o,, unaffected by the presence of an absorber 
in Eqs. (A2) and (A3) because our experimental 
procedure corrects empirically for electronic absorption 
in the absorber [see Eq. (5) ]. 

If now we note that the measured attenuation in a 
self-absorption experiment affects both the resonant 
elastic and resonant inelastic effective cross sections to 
the same extent, then we have 


o, (with absorber 


oi, (with absorber) 


(A4) 


a, (without absorber) ¢,, (without absorber) 


Equations (A2), (A3), and (A4) provide the quantities 
oir (with absorber), o;- (without absorber) and ox, in 
terms of the other directly measured quantities. From 
Eq. (Al) and Eq. (23) of Sec. IV, we obtain 





NUCLEAR RESONANCE 


from which, finally 
l+/f, 
a; (without absorber) —o, (with absorber) 4 





o, (without absorber) —a, (with absorber) 
(A6) 


APPENDIX B 


In the preceding discussion we have treated the 
quantity g=(2J,+1)/2(2J;:+1) as known. However, 
J, is uniquely defined for a given multipolarity transi- 
tion only if J,;=0. For J,;0, J, can in general take on 
any one of several values. Since the measured cross 
sections represent contributions from many levels, it 
is reasonable to average over the various possible J, 
values, assigning to them the relative weights 2/,+1.” 
Similar averaging procedures are necessary to convert a 
measured differential cross section at a given angle into 
a total cross section. 

The average differential elastic scattering cross 
section is related to the level parameters by the equation 


(o (0)) = 2n*A%g (T'>@?/T'D)W (6), (B1) 


where W (6) is the angular distribution function normal- 
ized so that /W(6)dQ2=1 and where, for simplicity, we 
have omitted the bars over all quantities. 

In the case J;~0 we must add the angular distribu- 
tions W,(@) corresponding to transitions from the 
various J;‘ states incoherently to get a resultant angular 
distribution. We assume that I'y°/I’ does not depend 
on J;‘, but that the level density, p;=1/D,, does. This 
gives for the contribution to the differential cross section 
of levels having spin J;': 


(eo (6));= [20 +e/T loig.W (0) = Mpg W 9), 


with g; equal to (2/2‘+1)/2(2J,+1). The differential 
cross section due to all the levels of different i is then 
obtained by summing all the contributions (B2) : 


(B2) 
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(0(9))=Ls ()):=M Li pg Wi) 
= MW (9)) Ds ogi, 


(W(8))=Lii pg W/L: pas (B4) 


is the resultant average angular distribution function 
normalized so that /§(W(#))d2=1. It follows im- 
mediately that 


(B3) 


where 


(o)= fo@an-a Li Paki. (BS) 


The relation between the total cross section and the 
differential cross section measured at a given angle a 
is then found from the three equations preceding to be 


(o)= (o(a)) Ds pg/L pg. Wife). (B6) 


To determine the various W;(@) we make use of the 
fact that the angular correlation between an incident 
photon which excites a nucleus from state J; to state 
J, and the photon emitted when the nucleus de-excites 
to state J; is the same as the angular correlation 
between two successive transitions J,;—> Jy—> J;.™ 
The correlation coefficients are then easily calculated 
using the tables by Biedenharn and Rose.”* 

In the expression for the ratio of elastic scattering 
with and without an absorber we must, in the case 
J, #0, insert an effective averaged g of the form 


1 Ds (2 2'+1) 
() = (B7) 
2(2S:+1) Soy (2 2*+1) 
To find D; we make use of Eq. (23) and the 2/;‘+1 
level density dependence, which finally leads to 


LX (252'+1). 


(B8) 


PRT ye | 
* LQ0+1)(2S + DP) 


%* DPD. R. Hamilton, Phys. Rev. 58, 122 (1940). 

™K. Siegbahn, Beta- and Gamma-Ray S oscopy (North 
Holland Publishing Company, Amsterdam, 1955), Chap. XIX 
and Appendix V. 
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The slow neutron total and fission cross sections of U™* have been measured 


1959 


from 0.02 ev to 200 ev on 


the MTR (Materials Testing Reactor) fast chopper. The strong resonances are resolved below a neutron 
energy of 15 ev, and show marked interference effects in the fission cross section. No resonances are observed 
in the total cross section which are not also present in the fission cross section, except for those attributed 


to the known contaminants in the samples. An estimate of the neutron strength function (I’,"/D 


made by 


an area analysis, gives the value (1.0+0.2) x 10~ for this energy region in U™ 


I, INTRODUCTION 


.\ LOW neutron cross-section measurements on U™ 
are of both theoretical and practical interest. This 
isotope holds promise as a fuel for thermal breeder 
reactors, since the number of neutrons produced per 
thermal neutron absorbed is higher than for either U™* 
or Pu®™. In the resonance region both the average 
fission cross section and the fission to capture ratio for 
U™ are higher than for these other common fissionable 
isotopes. In addition, the study of the cross sections of 
fissile nuclei is expected to provide information for the 
understanding of the fission process. The resonances in 
U* are found to be relatively wide and closely spaced, 
and to exhibit pronounced interference effects. An 
analysis of these cross section data is presented in an 
accompanying paper.! 


Il. EXPERIMENTAL PROCEDURE 


The procedure which was used for measuring total 
cross sections with the MTR fast chopper has been 
previously described,? and consists of measuring the 
transmission of a sample of known thickness in good 
geometry. The samples used were metal plates, 0.030 
+0,0005 and 0.170+0.001 inch thick, of 97.6% purity 
in U™*. The thinner of these samples has been discussed 
in detail? Both samples were supplied by the Los 
Alamos Scientific Laboratory, and were fabricated at 
the same time under the same conditions. The cross- 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. Preliminary reports of this work 
have been presented at American Physical Society meetings 


[Bull. Am. Phys. Soc. 1, 327 (1956); 2, 70 (1957)]. A portion 
of this work was discussed in survey papers on U™ presented by 
J. E. Evans and R. G. Fluharty, Proceedings of the International 
Conference on Neutron Interactions with Nuclei, Columbia Univer- 
sity, 1957 [Atomic Energy Commission Report TID-7547 (un- 
published Tand by R. G. Fluharty et al., Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1958), 
paper A/CONF.15/P 645. The detailed low-energy total cross 
sections below 0.15 ev have been included in papers by J. E. 
Evans and R. G. Fluharty, to be published, and by O. D. Simpson, 
M. S. Moore, and F. B. Simpson, Nuclear Sci. and Eng. 7, 187 
(1960). 

* Present address: University of Utah, Salt Lake City, Utah 

1M. S. Moore and C. W. Reich, following paper [Phys. Rev. 
118, 701 (1960)) 

20. D. Simpson, M. S. Moore, and F. B. Simpson, Nuclear 
Sci. and Eng } 187 (1960) 


~ 


‘ 


section data obtained with the thicker sample agreed 
to within 1% with those with the thinner 
sample in energy regions where resolution effects were 
not important. 

The experimental arrangement used in measuring the 
Each of 
the two fission fragment ionization chambers contained 
six circular foils, five inches in diameter, on each of 
which was deposited a thin layer of UyOs whose purity 
was greater than 99% in U™*. Fission fragment counting 
requires that the fission foils be extremely thin, prefer- 
ably less than 200 yug/cm*. Neutron beam intensities 
are so low, that such thin foils require a 
prohibitively long irradiation time to obtain acceptable 


obtained 


fission cross section of U™ is shown in Fig. F 


howe ver, 


counting statistics. As a compromise, the average 
thickness of the foils used was 570 ug/cm?, so that the 
twelve foils could give adequate statistical accuracy. 
The foils were not uniform; they were estimated to be 
30% thicker in the center than at the edges. The 
measurement of the fission cross section of U™ was 
complicated by the high level of alpha activity in the 
fission foils, which is due both to the relatively short 
half-life of U* and to the presence of trace amounts of 
the contaminant U™. It was found that the pileup of 
alpha pulses in the ionization chambers posed a serious 
background problem. The foils were sufficiently thick 
that the complete fragment pulse distribution could not 
be resolved from the alpha background. As a result, 
no attempt was made to do absolute fission counting. 
The data were normalized to the value of 524 barns at 
0.0253 ev.* The number of neutrons per unit time which 
passed through the fission foils was measured by banks 
of BF; proportional counters. The variation of the 
efficiency of the BF; detector system was calculated, 
and was found to agree with the experimentally meas- 
ured efficiency to energies as low as 0.001 ev. The data 
were taken at a flight path of 15.66 m, with a resolution 
of 0.12 wsec/m for neutron energies above 12 ev, and 
0.18 usec/m for neutron energies between 1.7 ev and 
12 ev. Although the resolution was as low as 2.0 wsec/m 
at 0.02 ev, resolution effects were negligible below 1.7 ev. 


Simultaneous measurements of the total and fission 
*J. E. Evans and R iharty iclear Sci 
be published) 


and Eng. (to 


14 





NEUTRON TOTAL AND 


Fic. 1. Experimental arrange 
ment. The two fission chambers 
each contained six U™ fission foils, 
arranged in two back-to-back col- 
umns of three foils each. The neu- 
tron beam, after passing through 
the fission chambers, was moni- 
tored by an array of B” enriched 
BF, proportional counters. 


cross sections were made in order to obtain the radiative 
capture cross section of U™, These measurements were 
made possible by two features of the instrumentation. 
The 1024 channel analyzer was programmed to operate 
as four 256 channel analyzers.‘ The simultaneous 
measurements involved the storage of fission counts in 
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one pair of analyzers and counts from the BF; propor- 
tional counters in another pair while cycling the total 
cross-section sample as has been previously described." 
The second feature was an automatic time delay 
circuit® between the individual fission chambers, and 
between the fission chamber system and the BF; 
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Fic. 2. The total cross section of U™ from 0.02 to 200 ev. The insets show data points between 10 and 100 ev. The data 
have been suppressed in the region of 5.2 ev because of a resonance in the 1.12% U™ contaminant, and in the regions of 21 
and 37 ev because of resonances in the 1.02°, U™ contaminant 


‘F. L. Petree, Atomic Energy Commission Report IDO-16470, 1959 (unpublished) 
5 B. G. Nelson, Atomic Energy Commission Report IDO-16510, 1959 (unpublished). 
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detector system, to correct for the differences which 
existed in flight path. 

The usual corrections applied to total cross-section 
data obtained with the MTR fast chopper have been 
discussed in detail.? For the fission data, the area of 
the beam was larger than the area of the fission foils. 
However, since the foils were thin to the neutron beam 
(with a transmission of greater than 99.5%), and since 
the efficiency of the fission detectors was measured 
relative to the value at 2200 m/sec, no correction was 
necessary. 

III. DISCUSSION 


Figures 2 and 3 show the measured total and fission 
cross sections of U™, respectively. These total data 
represent an average of 24 individual runs, and the 
fission data an average of 29 runs. As a consequence, 
the errors to be associated with any given data point 
or region of data points are difficult to determine. The 
errors have in general an energy dependence, which is 
summarized in Table I. 

In the total cross-section measurements, statistical 
uncertainties are important at energies above 12 ev, 
where only one or two runs are represented. Background 
effects are also small below 12 ev, but become much 
larger at higher energies, as a result of structure in the 
background which is due to fast neutrons transmitted 
through the rotor.® The errors which arise from sample 


*R. G. Fluharty, I 


B. Simpson, and O. D. Simpson, Phys. Rev. 
103, 1778 (1956) 


The fission cross section of U™ from 0.02 to 1000 ev. The insets show data points between 10 and 100 ev. 


thickness uncertainties are less than 1.5% at all neutron 
energies. Below 0.5 ev, particular care was taken in the 
sample alignment to reduce the effects of sample 
nonuniformity.” 

In the fission cross-section measurements, the sta- 
tistical uncertainties depend on the number and quality 
of the runs represented in a given energy region. The 
fission data are a relative measurement, and “were 
normalized to absolute measurements at 0.0253 ev. A 
recent evaluation of Evans and Fluharty gives the 
absolute fission cross section at 0.0253 ev as 524 barns 
+0.6%.* The present data were normalized to this 
value by a linear least squares fit from 0.02 to 0.03 ev, 
and the normalization error is a combination of the 
standard deviation of the residuals and the error of 
0.6% in the normalization point. Runs which did not 
extend to 0.02 ev were normalized to those which did 
by matching the areas on a time-of-flight plot, to 
remove the effects of resolution broadening. The 
standard deviations of the normalizations were esti- 
mated from the agreement of such runs over the entire 
region of overlap, combined with the error associated 
with those runs which had already been normalized. 

Both the total and fission cross sections contain an 
uncertainty in the energy scale, which is introduced by 
an uncertainty in the initial delay. The chopper align- 
ment requires either a coincidence or a known delay 
between the neutron burst and a light pulse used for 
timing. The uncertainty in this initial delay was found 


to be of the order of 1.5 usec at the highest rotor speeds 





NEUTRON TOTAL AND FISSION CROSS SECTIONS OF U??#! 717 


TABLE I. Estimated standard deviations to be associated with the total and fission cross-section data as a function of neutron energy. 
The sources of error are discussed in the text. The combined error was obtained under the assumption that the separate errors are 
independent. 


Energy (ev) 0.02t0o0.1 O1to05 O5to5 5 to 12 12 to 25 25 to 200 200 to 1000 


Error in or from counting statistics 0.5% 0.5%, 1.0% 1.0% 97, 15% 
Error in or from background uncertainties <0.3% 1.0% 1.0% 1.0% 4% 10% 
Error in or from sample uncertainties 0.6% 0.6% 1.5% 1.5% 1.5% 1.5% 
Combined error in or 08% 1.3% 2.0% 2.0% 10% 18% 


Error in or from counting statistics 08% 4% 6% 8%, 12% 
Error in oy from background uncertainties <0.3% 1% 1% 1% 4% 
Error in op from normalization 

uncertainties 5% 1.5% 4% 6% 7% 
Combined error in or Why) 4.59 7.5% 10% 15% 


12% 
SY 


c 


Error in energy scale from initial delay 
uncertainties t 1.0% A 1.5% 





used (6000 rpm). The energy dependence of this effect from measurements of the U™ total cross section in the 
is also shown in Table I. kilovolt region, where the resonances are not resolved.’ 
The simultaneous measurements of the total and 
fission cross sections served as a basis for the determi- ACKNOWLEDGMENTS 
nation of the radiative capture cross section. The The authors would like to express their appreciation 
results of this determination, which involved a calcu- to Dr, R. G. Fluharty and Dr. J. E. Evans, whose 
lation of the scattering cross section from multilevel continuing interest and direction during these measure- 
parameters, are given in the accompanying paper.' The ments proved most valuable, and to Dr. R. M. Brugger, 
errors in the radiative capture cross section are for the who assisted in obtaining much of the preliminary data. 
most part the cumulative errors of the total and fission Thanks are due to John Povelites, of Los Alamos 
measurements. Resoluiion broadening precluded the Scientific Laboratory, who supplied the U™ fission foils 
extraction of radiative capture cross sections above Sev. used in the ionization chambers, and to John W. 
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A multilevel analysis of the slow neutron total and fission cross sections of U™ fron 
11 ev has been carried out, under the assumption that in one of the two spin states 
fission primarily through a smal) number of channels. The cases of one and of two fiss 
spin state have been investigated in detail. Although the analysis does not yield ar 
number of available fission channels, the data are adequately fit with a two fissior 
not necessary to invoke any negative energy resonances in the analysis 
component in the cross sections, having a 1/v energy variation, is indicated. At 
component accounts for approximately 80% of the total and fission cross sections. An inter 
this component as being due to one spin state of the compound nucleus is presented 
the fission characteristics of the two spin states of the compound nucleus formed by s-wave 


quite different. 


I, INTRODUCTION 


IGH resolution measurements of the slow neutron 

fission and total cross sections of U™ are reported 
in a companion paper.' Marked asymmetries, which 
cannot readily be described by the single level Breit- 
Wigner formula, are observed in most of the resonances. 
Such asymmetries have also been reported for reso- 
nances in U¥*? and Pu™®.* It has been reasonably well 
established that these asymmetries are due to inter- 
ference among the resonance levels, in which case a 
multilevel treatment is necessary. Multilevel approaches 
have recently been applied to the analysis of the U™® 
fission and total cross sections.’ 

The existence of interference among fission resonances 
implies that there are but few open fission channels. 
This assertion is further supported by the large fluctu- 
ation in the sizes of the fission widths, which, according 


to Porter and Thomas,® implies that the number of 


channels available to the process is small. The present 
analysis of the resonance structure of U™ is based on a 


+t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. Preliminary reports of this work 
have been presented [Bull. Am. Phys. Soc. 1, 327 (1956); 2, 70 
(1957); Symposium on Reactor Physics, Sun Valley, Idaho, 
September, 1957 (unpublished)]. A portion of this work was 
discussed in survey papers on U™ presented by J. E. Evans and 
R. G. Fluharty, in Proceedings of the International Conference on 
Neutron Interactions with the Nucleus, Columbia University, 1957 
[Atomic Energy Commission Report TID-7547 (unpublished) ]; 
and by R. G. Fluharty et al., in Proceedings of the Second United 
Nations International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), A/CONF. 
15/P 645 

1M. S. Moore, L. G. Miller, and O 
paper [Phys. Rev. 118, 714 (1960)]. 

*V. L. Sailor, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. IV, p. 199; F. J. Shore and V. L. Sailor, 
Proceedings of the Second United Nations International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1958 (United 
Nations, Geneva, 1958), A/CONF.15/P 648; F. J. Shore and 
V. L. Sailor, Phys. Rev. 112, 191 (1958) 

+L. M. Bollinger, in Atomic Energy Research Establishment, 
Harwell Report NP/R 2076 (revised), edited by N. J. Pattenden, 
1957 (unpublished), p. 21 

*E. Vogt, Phys. Rev. 112, 203 (1958 

*C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 
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exact value 
channel formula 
The presence of ar 
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nergies, this 


! tation ol 
Under this ass imption, 


neutrons are 


specialization of the dispersion theory formalism of 
Wigner and Eisenbud® given in a previous paper.’ In 
the present analysis it is assumed that, in one of the 
two possible spin states formed by s-wave neutrons, 
fission proceeds through either one or two channels. 
Each of these possibilities is considered in detail. The 
data are quite adequately fit by the two-channel 
formula. While the more important features of the data 
are also described by the one-channel formula, it 
appears that the assumption of only one fission channel 
for U** is Both of ap- 
proaches yield markedly better fits to the data than 
does the Breit-Wigner single level 


somewhat restrictive. these 


formula. 


Il. ANALYSIS 


The multilevel approach used in the analysis has been 
discussed in a previous paper,’ henceforth called I. 
This treatment assumed one neutron channel, an arbi- 
trary number of fission channels, and an essentially 
infinite number of capture channels. In 
particular, for the case of one fission channel in a given 
spin state, explicit expressions for the multilevel scat- 
tering, fission, and radiative capture cross sections were 


radiative 


presented. These have been used in obtaining the single 
fission channel fit to the For the 
case of two fission channels, Eq. (7) of I forms a 
Explicit algebraic expres- 
sions, in terms of the reduced width parameters and 
characteristic energies, for the elements Sy, Si2, and 
S13 of the collision matrix can readily be obtained. The 
subscript 1 refers, as before, to the 
and the subscripts 2 and 
fission channels. In 
collision matrix, 


cross-section data. 


convenient starting point 


neutron channel, 
3 refer to the two assumed 
the 
neutron scattering and 


terms of these elements of 
the S-wave 
for resonal 


calculated from the formulas 


fission cross sections, ces of spin J, can be 
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where A,, is the neutron wavelength divided by 2x, and 
g, is the statistical weight factor for the resonances of 
spin J. For two fission channels, the direct calculation 
of the radiative capture cross section is extremely 
tedious. Instead, in the numerical calculations, the 
radiative capture cross section was obtained by sub- 
tracting the calculated scattering and fission cross 
sections from the total cross section. The expression 
(which follows from the unitary nature of the collision 
matrix) used for the total cross section is 


On.) = lehatgy Re(1—S1), (3) 


where the symbol Re denotes the real part of the 
quantity in parentheses. Equations (1), (2), and (3) 
give the contribution of one spin state to the various 
cross sections. The various measured cross sections 
include contributions from the other spin state as well, 
in which the number of assumed fission channels may 
be quite different. 

The formulas for both the single fission channel and 
two fission channel expressions have been programed 
for use with the IBM-650 data processing machine. 
All the numerical calculations have been carried out 
with the use of this machine. The expressions for the 
two fission channel case have also been programed 
in the IBM Fortran language, and are thus compatible 
with the IBM 704. 

In the single level approximation,® the relation 
between the reduced width parameters y,;, which occur 
in the general resonance theory, and the more familiar 
observed widths IT); is Tyj=2Bfy,7(1+C/), where d 
denotes the resonance level and 7 the channel. As 
indicated in I, the channel quantities C; either vanish 
identically or may be set equal to zero in the analysis 
of slow neutron fission resonances. This, along with the 
definition of B; in the neutron channel, leads to the 
following relationships which were used in the analysis: 

For the neutron width, 

>r,.= T',.°(£)'= 2keYar; k= 1/A,. 

For the fission width, 
Pys= 28,7 

Tys=2(Br2?+ Pr’) 


(one fission channel), 
(two fission channels), 


where 
By; = Bryyj- 


In Eqs. (1), (2), and (3), the interference among the 
resonance levels, A, of a given spin state occurs through 
summations of the form da By Br /(Ex— E- 4iT),) 
where I’,, is the radiative capture width and £) is the 
characteristic energy. The 8); are real quantities, but 
may be either positive or negative. The choice of sign 
for the product 8,9. for a given level, relative to that 
of other levels, depends upon the type of interference 
(constructive or destructive) observed, and thus this 
choice is not completely arbitrary. With no loss of 
generality, all of the reduced neutron width parameters 
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in the analysis were taken as positive. The reduced 
fission width parameters were then given those signs 
which predicted the proper type of interference. The 
fits to the data were obtained by trial-and-error 
adjustments of the characteristic energies and the 
reduced width parameters. 


One Fission Channel Analysis 


The single fission channel multilevel fit to the cross- 
section data in the various energy regions is shown as 
the dashed curve in Figs. 1 through 4. The parameters 
used in obtaining this fit are given in Table I. With the 
exceptions of the regions of 0.2 and 3.6 ev, the fit was 
considered adequate. The following features of the fit 
should be emphasized : 


(1) The fullness below the 1.8-ev resonance was 
assumed to be due to a broad resonance near 1.5 ev. 
While it might appear that this fullness is due to 








OSE (borns ev?) 




















0.1 
E (ev) 


Fis. 1. The total, fission, and radiative capture cross sections 
of U™ below 0.3 ev. The ordinate has been plotted as the respec- 
tive cross section, multiplied by the square root of the neutron 
energy, in order to remove the 1/» dependence. The dashed and 
solid curves show the results of the one and two fission channel 
approaches, respectively. The capture cross-section data have 
been obtained by a subtraction from the measured total cross 
section of the measured fission cross section and the scattering 
cross section as calculated from the multilevel parameters. It 
shou'd be noted that, while the contribution from this resonance 
to the radiative capture cross section is symmetric, the position 
of the resonance peak does not correspond to the characteristic 
energy. This resonance is detectable only through its interference 
with the other levels. A single level contribution from a resonance 
with these parameters would not have been detected experi 
mentally, because of the small neutron width. Indeed, a fit 
which was only slightly poorer than that presented above was 
obtained under the assumption that the neutron width was zero. 
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Fic. 2, The U™ total, fission, and radiative capture cross 
sections, multiplied by the square root of the neutron energy, 
3 ev. The dashed and solid curves show the results of the 
one and two fission channel approaches, respectively. The effects 
of Doppler and resolution broadening have been included in the 
calculated curves. The radiative capture cross-section data were 
obtained as described in Fig. 1. 


below 


strong constructive interference involving the 1.8-ev 
resonance and some other resonance, none of the ob- 
served resonances are sufficiently strong to account for 
this shape. A combination of negative energy resonances 
each with highly anomalous parameters can be postu- 
lated which will give an adequate fit in this region. 
However, such a combination gives a poor fit in other 
energy regions, notably near thermal. A simpler expla- 
nation is that there is a fairly broad resonance in the 
region of 1.5 ev. The parameters of such a resonance 
are quite reasonable, and, when such a resonance is 
assumed, it is unnecessary to postulate the existence of 
a negative energy resonance. There remains the question 
of whether or not this 1.5-ev resonance interferes with 
those at 1.8 and 2.3 ev. In the single fission channel 
analysis, it was assumed that it does not, for the 
following reasons: The contribution of the 1.8- and 
2.3-ev levels was calculated, and subtracted from the 
data. The remainder was found to be adequately 
described by a single level formula. If one assumes 
that this resonance interferes with the 1.8- and 2.3-ev 
the calculated section is grossly 


resonances, cross 


distorted. 
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tive interference. In order to di 
cTOSS 
postulate the existence of a noninterfering component. 
(3) The quite asymmetric shape of the 3.6-ev reso- 
basis of interference 
Attempts to 


the 4.7-ev 


nance is not well described on the 
with the 1.8- and 2.3-ev 
correct this poor fit by the inclusion of 

resonance in the interference further difficulties 
in the regions of 4.0 and 5.0 ev. The 4.7-ev resonance 
to interfere. It should be 


resonances. 
create 
was therefore assumed not 


noted that the 4.7- 
themselves, not sufficient to 


resonances are, by 
for large 


and 1.5-ev 


the 


account 


noninterfering component necessary near 2.5 ev. 

(4) The regions above 
found to be relatively 
Small changes in the parameters of the resonances 


and below ~5.5 ev were 


independent of one another. 
below 5.5 ev, and 
formula gives a 
ture above 5.5 ev, 


a negligible effect 


above 5.5 ev had 


vice versa. The single fission channel 


a reasonable fit to the resonance struc 
as shown in Fig. 4. However, a noninterfering compo- 
nent in the region of 8 ev was required. 

(5) The obtained by assuming that all 
the resonances ¢ hose at 1.5 and 4.7 ev interfere 
and thai the 
Breit-Wigner single 
was also 


final fit was 
vi t T)T 
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in a single fission channel resonances at 


1.5 and 4.7 ev are described by 
level formulas. A noninterfering component 
~80°%,, of the cross section at 
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thermal energies. It is perhaps significant that the 
magnitude of this component in the three energy 
regions, 0.02, 2.5, and 8 ev, is consistent with a 1/1 
energy variation. If the noninterfering component were 
due to resonances whose widths are large compared to 
their spacings, such a 1/» energy dependence would be 
expected. 


While the asymmetric shape of the 3.6-ev resonance 
is not well described by the assumption of a single 
fission channel, by far the most serious objection to 
this approach occurs for the resonance near 0.15 ev. 
The inadequacy of this fit was emphasized when high 
precision data in this region became available.’ Conse- 
quently, a less restrictive approach, invoking two 
fission channels, was adopted. 


Two Fission Channel Analysis 


The fit resulting from the two fission channel analysis 
is given by the solid curves in Figs. 1, 2, and 3. The 
associated resonance parameters are listed in Table I. 
Since the single fission channel approach gave an 
adequate fit above 5.5 ev, and since the regions above 
and below this energy were found to be relatively 
independent, no serious attempt was made to obtain a 
two fission channel fit to the data above 5.5 ev. Since 
to the interference below 


arises from the strong resonances at 6.8 and 10.5 ev, 


some contribution 5.5 ev 
the effects of these resonances were included in the two 
fission channel calculations. Their parameters, however, 
were left unchanged. Contributions from the smaller 
resonances above 5.5 ev were neglected. 

The results of the single fission channel analysis 
formed the starting point of the two-channel analysis. 


In the latter, however, all the observed resonances, 


TABLE I. U™ resonance parameters. These parameters were used 
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Fic. 4. The U™ total and fission cross sections, multiplied by 
the square root of the neutron energy, from 5.0 to 11 ev. The 
dashed line represents the results of the one fission channel 
analysis. The effects of Doppler and resolution broadening have 
been included in the calculated curves. 


including those at 1.5 and 4.7 ev, were allowed to 
interfere. Even under this assumption, a noninterfering 
component is required. This component has a 1/9 
energy dependence and has the same magnitude as in 
the one fission channel analysis. For the most part, the 
resonance parameters are virtually unchanged from 
those of the one-channel analysis. 


in cbtaining the fits presented in Figs. 1 through 4. The radius, 


a, in the neutron channel was calculated from the relation: a= 1.45 10~"(A'+-1) cm and had the value of 10™" cm. The magnitude 


component required in order to achiev 
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> Sign immaterial, since the contribution was calculated using a 
* Not included in the two fission channel analysis 

4 Carried over from the one fission channel analysis. 
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III. DISCUSSION 


From the analysis of the cross sections of U™*, based 
on the assumption that, within one spin state, fission 
of the compound nucleus proceeds primarily by way 
of one or two channels, one is led to the following 
interfere 
with one another, exist in the U™ cross sections. One 


which do not 


conclusion: Two components 


of these components is characterized by sharp, well- 
defined which exhibit strong 
interference effects, and which can be treated as though 
they all interfere with one another. The other compo- 


resonances, most of 


nent is characterized by a cross section which varies as 
1/v at neutron energies, and might be due to 
broad resonances which do not interfere appreciably 
with one another. 


these 


Uniqueness cannot be claimed for any theoretical 
such fundamental information as the 
resonance spins is not currently available. Thus any 
assumption concerning which resonances interfere with 


fit, since even 


one another is subject to question. In fact, even in the 
present analysis, adequate fits were obtained by alter- 
nately assuming that the 1.5- and 4.7-ev resonances do 
and do not interfere with the other resonances. Further- 
more, using still different assumptions, Vogt has also 
obtained a fit to the U™ cross-section data.*® 

One would expect two components which do not 
interfere with one another to be present in the cross 
section, one for each spin state of the compound 
nucleus. Since all the have a 
fission component, it may be concluded that both spin 
states contribute to the fission section. It is 
tempting to interpret the results of this multilevel 
analysis as an indication that the two distinct contri- 
butions to the U™* 


resonances observed 


cross 


cross sections arise from the two 
spin states formed in the compound nucleus. There is 
some recent experimental evidence which supports this 
conclusion. For U™ direct measurements of 7», the 
number of neutrons emitted per neutron 
absorbed, have been made in this energy region.’ These 
data show that the ratio of the average fission cross 


average 


section to the capture cross section is much lower at 
the large resonances than at 0.025 ev and in the valleys 
between the resonances. This indicates that the ratio 
of the fission width to the radiative capture width for 
the prominent resonances is much less than for those 
which the off-resonance 
section. The radiative capture widths are not expected 
to vary markedly, even from one spin state to another. 
The i with the 
assumption that the the strong 


levels contribute to cross 


observed variation in n is consistent 


fission widths of 
resonances are 


widths of the 


considerably smaller than the fission 


levels which contribute 


to the valleys. 
Phys 118, 724 (1960)]. The 
authors are indebted to Dr. Vogt for kindly making available 
prior to publication a copy of his manuscript in which he arrived 
independently at several of the conclusions presented here 

* J. R. Smith and E. H. Magleby, Atomic Energy Commission 
Report IDO-16505, 1958 (unpublished), p. 54 
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Wheeler” has suggested that 


fission fragments might depend on the spin of the state 
(on the 


the mass distribution of 


in which fission occurs basis of the present 
analysis it would appear that the fission of U™ by slow 
neutrons is ideal for investigating this suggestion. At 
thermal neutron energies, the fission cross section may 
while at the inter- 
to the other. Radio- 
that there is indeed a 
distributions of the 
products from thermal fission and from fission at the 
1.8- and 2.3-ev resonances 
and Thomas,® the distribution 
of widths for a given process provides an indication of 


be due primarily to one spin state, 


fering resonances be duc 


may 
chemical studies'! have shown 


difference between the mass 
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the number of channels available to that process. The 
distribution of 
U8, which have been ass 
is given in Fig. 5. The solid lines give the expected 
Porter-Thomas distributions for and four 
degrees of freedom. TI width distribution is 
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widths for the resonances in 
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nances are of the same spin state. The distribution of 


fission widths for these resonances 


is given in Fig. 6. 
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tions for one, two, and four degrees of freedom. To the 
extent that those fission widths constitute a representa- 
tive sample, it may be concluded that the number of 
fission channels is small, although probably greater 
than one. 

Relatively large variations are to be 
sizes of the radiative capture widths. Similar large 
variations in the radiative capture widths of the 
fissionable nuclide U™* have been reported.?* The 
variations are larger than would be expected for 
isotopes having the level densities of U™ and U™® and 
are much larger than those observed in the radiative 
capture widths of resonances in nonfissile 


noted in the 


heavy 
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Fic. 6. The number, N, of levels having a value of x =T,//(Ty,) 
greater than x vs x. All twelve of the levels listed in Tabie I are 
included. The parameters for the levels below 5.5 ev are those of 
the two fission channel analysis. The solid curves are the Porter 
Thomas distributions for one, two, and four degrees of freedom. 


nuclei.5? Furthermore, the levels in U™ which show 
these fluctuations are generally those having parameters 
which shou!d be the most accurately known, since these 
levels are prominent and well separated. The possibility 
exists that radiative capture can compete favorably 
with fission in only a few capture channels. An indi- 
cation of the number of such channels is given in Fig. 7, 
where the distribution of capture widths is plotted. 
The solid lines give the Porter-Thomas distributions for 
10, 20, 30 and an infinite number of degrees of freedom. 

The values of the statistical weight factor shown in 


Table I were chosen, somewhat speculatively, as a 


21.S 


. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956) 
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Fic. 7. The number, NV 


, of levels having a value of x=T,,/(T'),) 
greater than x vs x 


All twelve of the levels listed in Table I are 
included. The parameters for the levels below 5.5 ev are those 
of the two-channel analysis. The solid curves are the Porter- 
Thomas distributions for ten, twenty, thirty, and an infinite 
number of degrees of freedom. 


result of the following considerations. The ground-state 
spin of U™ is $, and the parity is even.” The two possible 
spin states of the compound nucleus are then 2+ and 
3+-, both of which are expected to contribute to the 


fission yield. According to the collective model, the 
states through which the compound nucleus U™ passes 
in undergoing fission may have considerably different 
fission thresholds for the two possible spins.” One 
might then expect the states with the lower fission 
threshold to be characterized by broad levels, with a 
less well-defined resonance structure than for the other. 
Since for U™ the collective model predicts a rotational 
band containing a 2+ state at a lower excitation than 
one containing a 3+ state, one might tentatively 
assign the spin 3+ to the interfering levels, and 2+ 
to the noninterfering component. 

The results of the present analysis might be given 
the following physical interpretation: In one spin state, 
the resonances are sharp, and interference effects are 
pronounced. There are but few open fission channels, 
and the “threshold for fission” for this spin state of 
U™ lies reasonably close to the excitation provided by 
the binding energy of a neutron in U™, In the other 
spin state, the resonances are wide and overlapping, 
and exhibit no detectable interference effects. There 
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are many open fission channels, and the “threshold for 
fission” for this spin state in U™ lies lower in excitation 
than the other. 

At present, the understanding of slow neutron 
induced fission is far from complete. The analysis 
presented here is reasonably self-consistent, but it is 
certainly not unique. In the analysis of U™, it has been 
found necessary to postulate an anomalously large 
negative energy resonance in order to explain the high 
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thermal 
negative energy resonance was not 


cross section.?*“ In the present analysis, a 
necessary. The 
presence of a noninterfering component, possibly arising 
from broad required and 


accounts for the large thermal cross section as well as 


overlapping levels, was 
for the high value of » observed at thermal energies. 
The consequences of the possible existence in U™ of 
two distin« t type s of re sonances, be longing to different 
spin states, would seem to warrant further study. 
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rhe method of analysis developed in a previous paper is applied to the low-energy neutron cross sections 


of the common fissionable isotopes. Further evidence is presented to show that U™® 


’ possesses the unusual 


negative energy level required by the previous analysis. However, good fits are obtained for the cross sections 


of both U™ and Pu® without such an unusual bound level, suggesting that the n« 
sections of the fissionable isotopes do not exhibit a basic anomaly. The size of the 
in each of the isotopes implies that the fission process involves more than one but no n 


channels 


I. INTRODUCTION 


N a previous paper’ the general Wigner-Eisenbud 

resonance theory was used to derive a method of 
fitting the low-energy neutron resonance cross sections 
of the fissionable nuclei. The method was capable of 
describing the interference between levels of the same 
spin and parity using only a few parameters to describe 
the interference and without any assumption concerning 
the number of fission channels. Rather, the number of 
fission channels is found from the average value of the 
interference parameters. The method was employed, 
in I, to describe the low-energy neutron cross sections 
of U™* measured by Shore and Sailor.? 

The purpose of the present paper is to apply the 
methods derived, in I, to the analysis of the cross- 
section data of the other common fissionable isotopes, 
U8 and Pu”. In doing so we shall attempt to answer 
the question which originally motivated this investi- 
gation. For many years it has been asserted that the 
low-energy neutron cross sections of the common 
fissionable isotopes involved some basic peculiarities: 
for example, that each isotope had an anomalously 
large resonance just below the neutron binding energy. 
The question is: are the peculiarities real or have the 
assertions rested on inadequate applications of the 
resonance theory to the data? We shall also try to 
determine what the cross-section analysis has to say 
about the number of channels involved in fission. 


Vogt, Phys. Rev. 112, 203 (1958), hereafter referred to as I. 
J. Shore and V. L. Sailor, Phys. Rev. 112, 191 (1958). 
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The next section gives a review of the results 
obtained in I for U™® togeth with 
of those results and some min 
method of analysis. The 
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given in Secs. III 


of U** is helpful in showing how 
be applied to the other fissionable 
The analysis of U and Pu 


and IV. 
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The fit obtained to the cross sections of U™* is shown 
in Fig. 1 and the constants employed in the fit are 
given in Table I. The data employed and the results 
found are those previously reported in I except that 
1+a, the ratio of the absorption cross section to the 
fission cross section, has so been calculated and 
compared to the experimental! data of the Brookhaven 
neutron cross-section compilation 

Two minor improvements have been added to the 
method of analysis outlined in I which account for the 
slight change of the fit to U™® and the corresponding 
parameters from those given in I. The first improvement 


now i 
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Fic. 1. The data and the theoretical fit 
for the low-energy neutron cross section 
of U™*. The abscissa for each part of the 
figure is the neutron energy, E,, in ev. In 
each part of the figure the solid line is the 
multilevel fit and the points are the data 
described in the text. The top part of the 
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figure gives the product of total cross sec- 
tion, ¢,7, with E,', lying slightly above 
the similar product of ¢,7 with E,$. The 
middle part of the figure gives the scat- 
tering cross section compared to the po- 
tential scattering cross section of 4ra’, 
where a is the nuclear radius (Table I). 
The bottom part of the figure is the ratio 
of the absorption cross section to the fis- 





sion cross section. The broken vertical 
line indicates the resonance energy of 
the 1.14-ev state. 
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takes account of the Doppler broadening of the cross 
sections. Since the resonance peaks are not symmetrical 
the Doppler broadening cannot be taken into account 
by means of the tabulated functions for Doppler 
broadening. Instead we follow Bethe and Placzek‘ in 
assuming that the target atoms have a Maxwellian 
velocity distribution. If so, the Doppler broadened 
cross section, &, is related to the one, ¢, without Doppler 
broadening by 


a(E.)= f w(Bo(EME | f w(E\dE, (1) 
“0 0 


w(E) = (1/r!A) exp[— (E—E,)*/A*], (2) 


where 


in which E, is the energy of the incident neutron in 
the laboratory system, E is the energy of the neutron 
relative to the moving target and A is defined by: 


A=2(kTm/M)*E,}. (3) 


T is the temperature of the target, & is the Boltzmann 
constant and m/M is the ratio of neutron mass to 
target nucleus mass. For the fissionable isotopes at 


‘H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937). 
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room temperature A~ £,'/48.5 with both E, and A in 
electron volts. In all cases discussed below, the com- 
puted cross sections were Doppler broadened by means 
of (1) above. This correction is very important for the 
2.04-ev resonance of U™*, and for some of the resonances 
of the other fissionable isotopes discussed below. 

The second correction io the computed cross sections 


. is made to take into account the levels which are ignored 


in the many-level formula. In the cross-section formulas, 
(9) to (12), of reference 1, it is assumed that only a few 
levels near the energy of interest contribute to the cross 
section.’ The remaining levels are completely ignored 
and the level matrix A,)- as well as the sum over levels 
in the cross-section formulas, refer only to the few 
retained levels. The contribution of the retained levels 
to the cross section is treated in great detail, including 

‘J. A. Harvey and G. R. Satchler have kindly pointed out to 


the author that the formula for the total cross section, in I, 
contains an error in sign. Thus instead of (9), in I, o,7r is given by 


o,7E§=6.52X 10° Rel (1—e****)2gk-4 
je tke Jy ae (Pan? hPa Ana) 
+similar term for the other spin. 


The correct formula for ¢,7 was employed in all of the compu- 
tations of I as well as in the present paper. 
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their mutal interference. The effect of the discarded 
levels on the cross section can easily be calculated in 
an approximate way. We observe first ef all, as in I, 
that the interference terms of the discarded levels with 
themselves and with the retained levels have random 
sign fluctuations. More explicitly, at any energy the 
interference contribution to the cross section arising 
from a discarded level and any other level has a sign 
(i.e., constructive or destructive interference) which is 
random.* This can be seen from (17) of I which applies 
to the discarded level because it is fairly distant from 
the energy under consideration. According to (17) the 
sign of the interference term of the distant level is 
proportional to the sign of the reduced neutron width 
amplitude, yarn, of that level. Presumably y,, has a 
random sign. Because of the random sign and small 
value of the interference terms arising from the distant 
levels, we can ignore the interference terms and include 
the distant levels only through their direct contribution 
to the cross section. The resulting modifications of the 
cross-section formulas (9) to (12) of I is only to add 
to those formulae the contribution from each distant 
level calculated with the Breit-Wigner single-level 
formula. For example, the contribution, co, of 
the distant nonretained levels to the total cross section, 
Ont, iS 


Pyal’s 


rv 
Oar distant) = : » §s>> oe ian? 
k? (F,— EP +1/40 2 


where the prime on the sum means that the nearby 
levels which are retained in the many-level formulas 
are to be excluded from the sum. In (4) I,, is the 
neutron width, I’, the total width, £ the resonance 
energy of each distant level A, Z is the neutron energy, 
k the neutron wave number, and g, the usual statistical 
spin factor. We must remember that all the distant 
negative as well as positive energy levels are to be 
taken into account in the sum of (4). Since the discarded 
levels are distant, (E,—E)<T, and since only the 
levels formed by s-wave neutrons are considered, we 
have 


EX o gp “istant) 
(6582x1090 
= (6.52 10°)} >’ ——_—_—_ 
x (E,-—E/y 


(Tr2”) wt) . dE, 
~ 6.52% 105 ol f +f | : 
D 0 Pati (E,—E) 


(T2”) 1 1 
= 6.52 10°——I',) {| ———-+——_ -), 
D E-E® —E®-E 


* This rule applies to any reaction cross section. An exception 
to this rule occurs for the scattering cross section. As can be seen 
in the detailed analysis below, the principal effect of the resonances 
on the scattering cross section is an interference of the resonances 
with the potential scattering. The interference of a distant 
resonance with the potential scattering does not have an arbitrary 
sign—it is always destructive if the resonance lies above the energy 
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where EZ” and E are, respectively, the upper and 
lower end of the energy interval in which all the levels 
are retained in the many-ievel formulas. D is the average 
level spacing for levels of a given species. (Z is in ev 
and the reduced neutron width [,,° is defined to be 
2g1,,-). The similar contributions of the distant 
levels to the partial cross sections are obtained by 
replacing (I°,) in (5) by the appropriate width®: that is, 
by (Car) for oar", etc. The strength function, 
(T,n")/D, and (Ty) can be estimated from the observed 


. positive energy levels. We can improve (5) by explicitly 


putting the observed positive energy levels into the 
sum on the right-hand side of (5) and approximating 
the sum by an integral only for the nonmeasured 
positive energy levels and for the negative energy levels. 
If the number of levels included in the many-level 
formula is sufficiently large so that E® and E™ are far 
from the energy £ of interest then the square bracket 
of (5) will be practically constant. Over the energy 
range in which we have computed cross sections below 
we have approximated each o““"“"™ by a constant 
value. The constant is given in Table I. As can be seen 
from a comparison of the values in the table with the 
figures, the direct contribution of the distant levels to 
the cross sections is usually a very small part of the 
cross sections. 

It should be noted that the effect of the distant levels 
is taken into account only in a very crude manner by 
the above approximation. Although the interference 
terms of the distant levels with each other and with the 
nearby included levels have a zero expectation value, 
the variance of these interference terms may well be 
large—perhaps larger than the square of @ ane os 
calculated above. The above treatment has included 
only the positive definite contribution from the distant 
levels. 

In U™* the ratio, a, of capture to fission possesses an 
unusual property ; a is found to be larger at resonance 
than in between cross-section peaks not only for the 
resonances shown on Fig. 1 but even for the first few 
resonances lying above the energy of Fig. 1. The value 
of a calculated from the parameters of the multilevel 
cross-section fit (without any attempt to fit a) has the 
same behavior. The explanation appears to lie in the 
rather large negative energy level of U¥*. As can be 
seen from Table I, the negative energy level has not 
only a large neutron reduced width but also a rather 
large fission width. Therefore, a is small for the negative 
energy level. Since the negative energy state dominates 
the cross section in between the first few resonances at 
positive energy, a is unusually small there. Because this 
regular behavior of a extends even beyond the energy 
of detailed cross-section fitting (Fig. 1) it is additional, 
though somewhat minor, evidence for an unusual 
negative energy state in U™. 
of interest and constructive if below. The small effect of the 


distant resonance on ¢,, can easily be estimated by the methods 
discussed in the text. 
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The ratio of the computed 
cross sections of U™ to the 
computed cross sections obtained using 
the parameters of the multilevel fit with 
the Breit-Wigner single-level formula for 
each level. The abscissa is the neutron 
energy, /,, in ev. The result for both the 
fission cross section and the capture cross 
section are shown. The vertical dashed 
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lines identify the resonance energies, Ey, 
of the two states which occur in the 
terval of the figure 
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The measured ratio, a, of capture to fission, can be 
used to initiate a cross-section analysis. For a resonance 
which does not interfere strongly with any of its neigh- 
bors the maxima in ¢,, and oq occur at the same energy 
so that @ also has its maximum (or minimum) value at 
the same energy. However, interference displaces the 
peak in the fission cross section but not the peak in 
capture cross section. The peak displacement due to 
interference may be most apparent in a. Thus, for the 
1.14-ev resonance of U™* the peak in a (or equivalently, 
1+) is shown, by Fig. 1, to occur at about 1.25 ev 
illustrating the fact that this state exhibits considerable 
interference. 

To illustrate the asymmetry of the resonances of U™ 
we can compare the computed cross sections of Fig. 1 
with the computed cross sections which we obtain 
using the parameters of Table I with the Breit-Wigner 
single-level formula for each resonance in place of the 
more general cross-section expressions derived in I. 
The comparison is made on Fig. 2. The result for 
Omultilevel/@Breit-Wigner VS Neutron energy, is shown not 
only for fission but also for capture. We note first that 
the interference between levels makes the fission cross 
section deviate as much as 50% from its Breit-Wigner 
value. Moreover the striking asymmetry of the fission 
cross-section resonances is shown by the variation of 
the ratio of Fig. 2 about the resonance energies (broken 
vertical lines on Fig. 2). 

For capture, the ratio of omuttilevel/aBreit-Wigner devi- 
ates by less than 10% from unity and even this devi- 
ation has only a small part which is asymmetrical about 
the resonance energy. The deviations of the capture 
cross section from its Breit-Wigner value has a rather 
different origin than the corresponding deviation of the 
fission cross section. Thus, to compute the cross section 
for incoming neutrons and an outgoing channel ¢ we 
can begin by assigning to each resonance an amplitude, 


L2 13 


14 15 16 17 18 


nal ).¢/(E,—E—}iT) whose absolute square is pro- 
portional to the estimate of the Breit-Wigner formula 
for the contribution of the level A to the cross section. 
When interference between resonance levels takes place 
two changes are to be made in the computation. First 
of all, according to the results derived in I, for each 
outgoing channel we must take the square of the sum 
the various levels rather than 
the sum of the squares. Secondly, the simple energy 
denominators, (E,—E iT’) of the Breit-Wigner 
amplitudes, are replaced by the much more complicated 
ones given in terms of the level matrix A, in I. For levels 
which do not overlap very strongly the change in the 
energy denominators is a ll effect. The large devi- 
ations of the fission cross section arise because fission 
involves only a few channels so that the cross terms 
between states, in the square of the sum of amplitudes, 
are not washed out by a sum over channels. 

In the capture cross section we assume that the cross 
terms are zero because of the large number of radiation 
channels. The small deviations, Fig. 2, of the capture 
cross section from the Breit-Wigner value are caused 
solely by the change in the energy denominator, that 
is, by the replacement of (E,—E—}4iI',) by An. We 
remember that either of these energy “denominators” 
depends only on the levels and is the same for all 


of the amplitudes from 


sm 


reaction channels. For the nuclear reactions which we 
are considering the changes in the energy denominators 
from those of the Breit-Wigner formula are brought 
ith. However, even for capture 
channels we must use A), in place of (A, —E—4#:iT))", 
in spite of the fact the cross terms 
between levels for capture channels. The new energy 
denominators contain a few terms which are not sym- 
metrical about the resonance energy. Their effect on 
ion is only one or two percent, 


about by the fission wir 


that we negiect 


the capture cross sectic 
an order of magnitude smaller than the effects of the 
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new denominators which are symmetrical about the 
resonance energies. 

The neglected cross terms between levels, i.e., terms 
proportional to >>. l',.!I',-.4 where the sum is over all 
radiation channels, would also give rise to asymmetries 
of a few percent if they had been included. According 
to (16) of I, for a large number of channels m, the 
interference between the roughly equal amplitudes of 
a pair of levels is, typically, about (2/rm)' times as 
large as the sum of the squares of the amplitudes. Thus 
the neglected cross terms, for say a hundred radiation 
channels could easily give rise to an asymmetry (about 
resonance) of a few percent in the capture cross section. 
It is reasonable, therefore, to assume that the capture 
cross section is symmetrical about the resonance energy. 
It is not quite so reasonable, however, to neglect those 
changes in the energy denominators whose effect on the 
cross section is symmetrical about the resonance 
energies and to use only the Breit-Wigner formula for 
the capture cross section. Figure 2 gives a quantitative 
illustration of the kind of effects that are brought about 
by interference. 

To conclude the discussion of U** we sum up the 
evidence for a large negative energy level in that 
element. First of all, the detailed shape analysis of I 
for the fission cross section and the total cross section 
appears to require a bound level at about — 1.0 ev with 
a neutron reduced width almost ten times average.’ 
Secondly, the deviation of the scattering cross section 
of U™* from 4a? (see Fig. 1) is explained by the large 
bound state, as discussed in I, The theoretical value of 
Onn Shown on Fig. 1 was obtained with the multilevel 
cross section formula and the level parameters and 
nuclear radius required to fit o,r and o,”. No attempt 
was made to fit on». Thirdly the regular behavior of 
i+a, discussed above, is accounted for by the properties 
of the large negative energy level. A fourth feature, 
which has not been discussed so far, is the explanation 
of the famous “hole’”’ in the fission cross section of U™* 
in the vicinity of 4 ev. As can be seen from Figs. 1 and 
2, below 3 ev the interference between resonances is, 
on the whole, quite strongly constructive. Both the 
1.14-ev resonance and the 3.16-ev state interfere con- 
structively with the large bound state below their 
respective resonance energies. Eventually one must 
pay for this assist to the cross section by having strong 
destructive interference—that is by having the cross 

7 Although the probability of finding such a large neutron 
reduced width is, according to the Porter-Thomas distribution, 
only a fraction of a percent, the probability would be considerably 
enhanced if the average reduced width turns out to be even 
slightly spin-dependent and if the bound level belongs to the spin 
having the larger average reduced width. Furthermore, an 
appreciable reduction of the reduced neutron width of the negative 
energy resonance could probably be made if the fluctuating 
interference terms of the distant levels were properly taken into 
account, or if any direct interaction occurs, augmenting the fission 
cross section in between resonances. Thus the scattering cross 
section of U™, as shown on Fig La be interpreted to suggest 


that the negative energy resonanc U™ is large, but not quite 
as large as we have assumed it to be. 
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section much smaller than would be computed with the 
Breit-Wigner formula. In our fit this should happen 
beyond the 3.16-ev level since the 1.14-ev and the 
3.16-ev level both interfere destructively with the 
negative energy level there. It is in that vicinity where 
the data show the fission cross section to be abnormally 
low. No detailed fit to the data for U™* has been carried 
out above 3 ev to illustrate this point more quanti- 
tatively. 


Ill. u™ 


Figure 3 shows the Brookhaven* data for oar of 
U™; the MTR® data for o,7; the data of Oleksa” for 
the scattering cross section, and the collected data® for 
1+qa. For the moment we shall ignore the theoretical 
fit to the data which is superimposed on the figure. The 
first feature which we note is that the 2.3-ev level is 
very asymmetric (see the data for 1+a on Fig. 3). 
Thus the resonances of U™ have the asymmetries 
observed in the resonances of U™*. However, we observe 
that neither the scattering cross-section data nor 1+a 
for U™ show the regularities found in U™* which indi- 
cated the existence of an unusual bound level. We 
notice, next, the very broad resonance in the vicinity 
of 4.8 ev, the broad shoulder, near 1.5 ev, of the 1.75-ev 
resonance as well as the broad plateau at lower energies. 
The simplest possible explanation for the broad 
shoulder and the broad plateau would appear, at first 
sight, to be a single broad level, at low energy, which 
produces the plateau directly and which, through its 
interference with the 1.75-ev level, produces the broad 
shoulder at 1.5 ev. This possibility was explored at 
length in a shape analysis of oar and ox», and found 
to be unsuccessful. So much constructive interference 
is required at 1.5 ev that the subsequent destructive 
interference above 1.75 ev is incompatible with the 
data. Consequently two levels are required below 1.75 
ev. Several possibilities for the two exist. For example 
a broad level at ~ 1.5 ev together with a negative energy 
level of moderate size could produce the broad plateau 
at low energies. Alternatively, a broad level at both 
1.5 ev and at low positive energies should also suffice. 
Of these two alternatives, which are equally likely and 


* Brookhaven National Laboratory crystal spectrometer group 
(unpublished data). The author is indebted to Dr. Vance Sailor 
for sending the data and for permission to use it in this article. 

*M. S. Moore and C. W. Reich, preceding paper y= Rev. 
118, 718 (1960)]; M. S. Moore, L. gE Miller, anc O. D. Simpson, 
this issue [Phys. Rev. 118, 714 (1960). See also R. G. Fluharty, 
M. S. Moore, and J. E. Evans, Proceedings of the Second United 
Nations International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), Paper 
P645. Because the data for U™ in the present paper is only the 
early work of Moore, Miller, and Simpson their data may differ 
slightly from that of Fig. 3. Many of the conclusions about U™ 
which are derived below and even some of the details of the fit 
were arrived at independently by the MTR group. The author is 
indebtec to Charles Reich for communicating the MTR data 
and for useful discussions about U™. M. S. Moore, L. G. Miller, 
and O. D. Simpson very kindly consented to the use of their data 
before publication. 

“ S. Oleksa, Phys. Rev. 109, 1645 (1958). 





ERICH 


VOGT 





Yon 





4 





16 
Onn 


barns 14 





—$—<<— 


man 


7s 


j 





I 
20 


] 
0 LO 
Fic. 3 


data described in the text 


this lies the product of ¢,” with E%, multiplied by 1/10 to separate it from ¢,7 £4. The broken 


The data and the theoretical fit for the low-energy neutron cross sections of U™ 
energy, /,, in ev. In each part of the figure the solid lines correspond to multilevel fits and the poi 
rhe top part of the figure gives the product of the total cross section, ¢,7, 


1 
40 50 

The abscissa is the neutron 
nts to the experimental 
with Z,'. Below 
ine gives a slight modi- 


fication of the multilevel fit (see Sec. III). The middle part of the figure gives the scattering cross section compared to the 


potential scattering cross section of 4ra*, where a is the nuclear radius (Table I). The bottom part of the figure is the ratio 


of the absorption cross section to the fission cross section. The broken vertical! line indicates tl 


2.30-ev state 


equally simple, only the latter has been explored in 
detail. As will be shown, a good fit to the data above 
0.1 ev is obtained in this way, without using any bound 
level. 

To begin the analysis we now have six levels below 
5 ev, three broad ones (the 4.7-ev level as well as the 
two below 1.75 ev) and three narrower ones. We re- 
member that only levels of the same spin interfere with 
each other. Therefore we must decide which of the six 
levels belong to each of the two possible spin states. A 
suggestion toward the spin grouping comes from the 
shape of the cross section about the 2.3-ev level. The 
strong asymmetry of the 2.3-ev state suggests that it 
has the same spin as one of its nearest neighbors, e.g., 
the 1.75-ev level. We assume that these two levels do 
have a common spin. Then a fairly simple and believable 
grouping of the levels below 5 ev assigns the three broad 
levels to one spin state and the remaining levels to the 
other. No other grouping of the levels has been 
investigated. 


1 


e resonance energy of the 


The spin grouping chosen here agrees with the recent 
measurements of Regier, Burgus, and Tromp" of the 
variation, from resonance to resonance, of the ratio of 
asymmetric to symmetric fission. They found the value 
of this ratio at 4.7 ev to be the same as at thermal 
energies. However, at both the 1.75-ev and the 2.3-ev 
resonances the ratio was found to be significantly 
different from the value at thermal energies. According 
to Wheeler” the ratio of asymmetric to symmetric 
fission should depend on the spin of the compound state. 

With the above basis the theoretical fit shown on 
Fig. 3 was obtained. The fit is good everywhere except 
in the region just above the 2.3-ev level and below 0.1 
ev. The experimental cross sections show even more 
destructive interference above 2.3 ev than is predicted 
by the fit. Although an extra distant level (Z,=6.8 ev) 
has been added to the “narrow” levels no great effort 


"R. B. Regier, W. H. Burgus, and R. L. Tromp, Phys. Rev. 
113, 1589 (1959). 
2 J. A. Wheeler, Physica 22 


1103 (1956 





NEUTRON CROSS SECTIONS 


has been made to fit the cross section in that energy 
interval. The difficulty lies in having the “narrow” 
levels interfere strongly and destructively at ~2.6 ev 
and, at the same time, to interfere strongly and con- 
structively near 3.2 ev, just below the 3.6-ev level. 
That is, the interference must reverse its sign in a 
region where no resonance state is assumed to lie. No 
serious attempt to resolve this dilemma was made 
say by regrouping the levels, partly because the cross 
section data appear to show some structure in between 
the 2.3-ev and the 3.6-ev levels. If better data show an 
additional resonance there it would at once be simple 
to fit the cross sections over the whole interval. If no 
such level is found we remark here that the present fit 
can be much improved by adding another distant level 
to the fit. For example, the dotted curve on Fig. 3 
shows the fit that is obtained if the known 10.33-ev 
level of U™* is assumed to interfere with the “narrow” 
levels in much the same way that the 6.8-ev 
Table I) does. 

Although the multilevel cross-section fit of Fig. 3 
employs no negative energy resonance, the fit differs 
from the data below 0.1 ev. Figure 3 does not show any 
of the large amount of data’ for U™ cross sections below 
0.1 ev. The theoretical fit is lower than the data there. 
The low-energy region has been disregarded in U™ 
because the present investigation wanted to show that 
the U™ data required no resonance with unusual 
properties. Any bound level of unusual size would 
affect the cross section much beyond 0.1 ev. Our fit 
shows that an unusual bound level is not necessary. 
On the other hand, the difference between the data and 
our multilevel fit at energies below 0.1 ev can be ac- 
counted for easily, in a variety of ways, by a bound 
level of normal size. Because the properties of such a 
level are far from unique, they are not discussed here. 
The fit near thermal energies for U™ is to be contrasted 
with that for U**. In the latter, a very specific and 
large negative energy resonance was required and the 
multilevel fit, below 0.1 ev, does not differ from the 
data by more than a few percent.” The uniqueness of 
our entire fit to U™ is also to be contrasted with that 
to U™*. The large negative energy resonance of the 
latter limited the choice of parameters of the other 
levels quite strictly—for example, it appeared to be 
necessary to have the first two resonances at positive 
energy in U™* have the same spin as the large bound 
level so that they could interfere with it. As discussed 
in I, the unusual bound state makes the cross section 
fit to U™* fairly unique. In contradistinction, the cross 


level 


sections of U™ require no unusual bound level and a 
variety of equally simple fits appear possible, only one 
of which has been investigated in the present paper. 


8 Although the data to support this point are not shown on Fig 1, 
a thorough comparison of the data and the fit at these energies 
has been made by W. W. Havens, Jr., and G. J. Safford (un 
published). The author is indebted to them for discussions about 
their work. 
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Fic. 4. The fission width vectors, g,, employed in the multilevel 
fit. The numbers labelling each vector are given by the tenth 
column of Table I. The length of each of the vectors is drawn, on 
an arbitrary scale, to be proportional to (T',/2)%. The figure 
shows that al! the multilevel fits were chosen to be consistent with 
two fission channels inasmuch as the vectors g, all lie in the same 
plane. For each interfering set of levels, the g, of the lowest lying 
state is chosen to lie at 0° in the plane. As described in the text 
and in Table I, the angle of each other vector @,, in the plane, 
then determines the interference of the state X. 


The fit to the cross sections of U™ which is shown on 
Fig. 3 contains the interesting but very tentative sug- 
gestion that the levels of one spin state, in U™, have 
very large fission widths (T,»~1 ev), whereas the levels 
of the other spin state have fission widths which are 
smaller, more comparable to those of U™*. It is the very 
broad levels which, in our fit, provide the broad “base 
line” for the cross sections—a base line which has in 
the past sometimes been assumed to arise from a huge 
negative energy level lying quite far below zero neutron 
energy. The width of the broad levels is almost equal 
to their spacing. 

Although the fit to the data of U™ is far from unique 
it nonetheless gives quite clear evidence that the 
number of fission channels is not large but more than 
one. According to I, the number of fission channels is 
related to the average value of the interference pa- 
rameters, cos#,,,. In our fit, Table I, the amount of 
interference is moderate and corresponds to a few fission 
channels. In the actual fit the number of free variables 
was reduced, as for U™* in I, by requiring that the fit 
be compatible with two fission channels. This require- 
ment introduces a few linear relationships among the 
interference parameters, cos(@)°). If we define the 
fission width vector g, to have a component 41,r,! in 
each fission channel, c, then the requirement of com- 
patibility with two channels states that the vectors 
@, are all coplanar and each g, has associated with it 
its angle, 6,, in the plane. The interference parameters, 
# , are then simply the angles 0,—0,-, between the 
vectors g, and g,. To illustrate this point and to make 
the meaning of the interference parameters more clear, 
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Figure 4 shows the vector diagrams which correspond 
to the parameters of Table I. The constraint on the 
interference parameters which makes them compatible 
with two channels does not imply that there are only 
two channels—it merely means that the remaining 
degrees of freedom of the interference parameters have 
no important effect on the cross sections so that the 
present data do not distinguish between a two-channel 
fit and a many-channel fit. According to the average 
value of the interference parameter of Table I and Fig. 
1 of I, both the narrow and the broad levels of U™ have 
roughly three channels. 

One does not need to rely on the detailed analysis 
for U* to obtain the above rough information about 
the number of fission charmels. Any reasonable analysis 
of the cross sections appears to require some very broad 
levels and some narrower ones. The broad levels must 
decay through more than one fission channel because 
otherwise their massive interference would distort the 
cross section much more than is observed. On the other 
hand the observed asymmetry of some of the narrow 
such the that at 
moderate interference occurs so that not very many 
fission channels can be important in this reaction. Thus 
any fit will employ the moderate interference corre- 


levels 2.3-ev level shows least 


as 


sponding to a few fission channels. 


IV 5 Pu” 


Figure 5 gives the data of the Brookhaven neutron 
cross section compilation’“ for the total and fission 
cross section of Pu™*. The scattering cross section for 
this element has not been measured and a, which is 
not shown, has been measured only below 0.6 ev and 
above 7.0 ev. 

We note immediately that the levels of Pu are 
much more widely spaced than in U™ or U™*: the 
average fission width (Ir) is almost equal to the 
average level spacing in U™; in U™* (I, ) is perhaps 
five times smaller than D; in Pu (I'\) is about fifteen 
or twenty times smaller than D. Thus the levels overlap 
much less in Pu” than in the U isotopes and we expect 
interference to be less important for Pu®. This is 
indeed so. The resonance peaks of Pu are very large. 
We look for interference effects only in-between the 
resonances—many half-widths away from the resonance 
energy—where the cross section is very small compared 
to its peak values. 

If one calculates the cross sections of Pu® with the 
Breit-Wigner formula, using the accepted’ resonance 
parameters one finds that in the vicinity of 3.0 and 4.0 
ev the calculated fission cross section, for example, is 
too small by a factor of about two. Thus constructive 
interference is required there. The nearby levels at 
positive energies are not sufficiently large to provide 

“4 Much of the data for Pu™ is that of L. M. Bollinger, R. E 
Coté and G. E. Thomas, Proceedings of the Second United Nations 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1958 
(United Nations, Geneva, 1958), Vol. 15, p. 127 
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Fic. 5. The data and the multilevel fit for the total cross 
section, ¢,r, and the fission cross section, ¢,7, of Pu™. The 
abscissa is the neutron energy in ev. The fission cross section has 
been multiplied by 4 to separate it from o,7 


this interference so we ask what the properties of a 
single bound level must be to fit the cross section near 
4 ev. Since the 0.29-ev level has a relatively small value 
of I'y,I',r, its contribution, even with interference, is 
small near 4 ev. Moreover any appreciable interference 
will distort this than is observed. 
Consequently we assume that the 0.29-ev level does 
not have the same spin as the 7.9-ev level or the single 
bound level, and the 0.29-ev state can therefore not 
interfere with the latter two. Of the known levels below 
16 ev we choose the rather large level at 15.5 ev (whose 
asymmetry has been noted before'®) and the 11.00-ev 
level to interfere with the 7.9-ev level and the bound 
one. The parameters of the former two are taken from 
reference 3 and not varied. The fit that is obtained to 
the Pu” data is shown on Fig. 5. The parameters of the 
fit are listed in Table I. 

The fit obtained to the Pu data is, again, far from 
unique. One can obtain as good a fit by using either a 
larger negative energy resonance or by using the inter- 
ference of more of the known resonances above the 
energy of interest. Such fits are either less probable or 
less simple. The bound level of the fit has a reduced 
neutron width about three times average and, therefore, 
with about a 30% probability. Thus the fit of Fig. 5 
shows that fit without unusual properties 
is possible. 


resonance more 


at least one 
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In view of the large amount of interference required 
from the widely spaced levels of Pu the interference 
is much closer to that of a single fission channel (see 
Fig. 4 and Table I) than in the uranium isotopes. 
Bollinger® previously arrived at the same conclusion. 
The deviations from single channel seem necessary 
however to reduce the amount of destructive inter- 
ference in the vicinity of 9 ev. 


Vv. CONCLUSIONS 


The neutron cross sections of the common fissionable 
isotopes exhibit anomalous shapes which may be 
reasonably ascribed to interference between levels. 
However, an anomalously large bound level does not 
appear to be required by each of the isotopes. The 
analysis of the U™* data show that a variety of evidence 
supports the existence of a fairly unusual negative 
energy level in that isotope. Because of the strong effect 
of this bound level on the cross sections of U™* the fit 
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is fairly unique. For U™ and Pu™, the cross section 
fit is much less unique. For each of the latter a simple 
fit is shown which does not involve an anomalous bound 
level. Better data and analyses for these elements may 
impose more uniqueness on the fits. At present there 
is little evidence for a basic anomaly in the neutron 
cross sections of the fissionable isotopes. 

In each of the fissionable isotopes studied the magni- 
tude of the interference between levels implies that only 
a few channels are involved in the fission process. 
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Shell Model Assignments for the Energy Levels of C and Nt 


E. K. Warsurton* anp W. T. Pinxston{ 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received November 24, 1959) 


Electromagnetic transition widths, reduced widths, and inelastic scattering cross sections are calculated 
for the following states of N“ and C™: (1) The levels arising from the ground-state configuration, s*p”, 
(2) the odd-parity levels arising from excitation of a 1p nucleon into the degenerate 2s, and id, shells, 
(3) the even-parity group of levels formed by excitation of two 1p nucleons into the 2s and 1d shells. The 
calculations for the s*p” configuration are carried out using the wave functions of Elliott and of Visscher 
and Ferrell, and in jj coupling. The calculations for the odd-parity levels are done in the jj-coupling 
scheme. For the even-parity excited configuration an inert C® core is assumed and M1 radiative widths 
are calculated for states arising from s*+d*+sd. The calculations are compared to the existing data. On 
the basis of this comparison shell-model assignments are proposed for 19 of the 27 known levels below 
11-Mev excitation in N™ and for all the known levels in C“ below 9-Mev excitation. 


1. INTRODUCTION 


T is expected that the T=0 energy levels of N™ 

below, say, 8 Mev and the T=1 levels below, say, 
11 Mev belong to three groups. One group consists of 
levels arising from the ground-state configuration,’ s*p”*. 
Another group consists of those levels which belong to 
the mixed s‘p’s and s‘p’d configurations. The third 
group of levels is formed by promoting two p-shell 
nucleons into the degenerate, or nearly degenerate, 2s 


¢ This work was supported by the U. S. Atomic Energy Com- 
mission and The Higgins Scientific Trust Fund. 

* Part of this work was done while E. K. W. was at Missile 
Systems Division, Lockheed Aircraft Corporation, Palo Alto, 
California. 

{ Present address: Department of Physics and Astronomy, 
Vanderbiit University, Nashville, Tennessee. 

! We shall often write the s*p” configuration in the hole notation, 
i.e., p-*. Also, when no confusion should arise, we shall leave off 
principal quantum numbers and the closed 1s* shell. 


and 1d shells. The latter group we shall refer® to as 
s*p*(s,d). That the pairing energy is large enough so 
that s‘p*(s,d) should be lower in energy than the s*p*2p 
and s‘p*1/ configurations (which are expected above 
8-Mev excitation in N“) may not be obvious; however, 
it is implied by the work of the Pittsburgh group*® on 
the C"(d,t)C™ reaction and is predicted by the binding 
energy calculations of Unna and Talmi.‘ One other 
configuration which might conceivably be expected to 
contribute to the energy region indicated is that formed 


* This notation is intended to suggest that these levels belong 
to the configurations s*p*s*+-s*p*#+-s*p*sd. We shall sometimes 
refer to these levels as belonging to the (s,d) configuration. This 
loose interpretation of configuration should not cause any mis- 
understanding. 

*W. E. Moore, J. N. McGruer, and A. I. Hamburger, Phys. 
Rev. Letters 1, 29 (1958); E. Baranger and S. Meshkov, Phys. 
Rev. Letters 1, 30 (1958). 

‘I. Unna and I. Talmi, Phys. Rev. 112, 452 (1958). 
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by raising a 1s nucleon into the 1p shell; however, 
the results of Halbert and French® on the non-normal 
parity states of N' indicate that this configuration will 
appear at a considerably higher excitation that s*p*s 
and s‘p*d. 

Extensive shell model calculations®* have been made 
in recent years on the ground-state configuration of N™, 
the main purpose of these being to explain the anoma- 
lously long lifetime of the C™ beta decay. However, no 
conventional shell model calculations have been made 
on the mixed s‘p’s and s‘p*d configurations or upon the 
s‘p*(s,d) group of levels, and in view of the difficulties 
involved it is not likely that they will be. Therefore, 
it is of interest to obtain as much theoretical under- 
standing of the excited configurations of mass 14 as is 
possible by other means. 

In this paper we will bypass the first and most 
difficult step in the usual shell model procedure 
solving for the energies and wave functions resulting 
from an assumed nuclear Hamiltonian—and from the 
beginning will assume relatively simple wave functions 
for the states expected in the low energy spectrum of 
mass 14. These wave functions are then used to calcu- 
late electromagnetic transition widths, nucleon widths, 
and inelastic scattering cross sections. The comparison 
of these predictions with the available experimental 
data enables us to make shell-model configuration and 
pin-parity assignments which agree fairly well with 
all the relevant data. 

Our calculations involving the 


the p? 
configuration are based to a large extent on the calcu- 
lations of Elliott? and of Visscher and Ferrell*—our 
numerical results being obtained by using their wave 
functions. Our primary aim is to identify the states of 


levels of 


this configuration which lie between its three lowest 


members—which already known—and 11-Mev 
excitation in N“ 

Unna and Talmi* have 
arising from the (s,d) configuration. They assumed 
extreme jj coupling in their calculations so that the 
lowest levels are described by the configurations, 
Lsy*lpy®2sy and 1s;'1p,%ldy. Calculations by Redlich® 
and by Elliott and Flowers for the mass 18 nuclei 
indicate that the nearly degenerate configurations, 25°, 
id*, and 2sld, strongly interact in contradiction to the 


are 


treated several of the levels 


assumption of extreme jj coupling. Furthermore, the 
assumption of a closed 1, core is in contradiction with 
the results of the intermediate coupling model." One 
must, however, settle on a relatively simple scheme in 
order to be able to calculate interesting quantities such 


*D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

7]. P. Elliott, Phil. Mag. 1, 503 (1956). 

8 W. M. Visscher and R. A. Ferrell, Phys. Rev. 107, 781 (1957). 

*M. G. Redlich, Phys. Rev. 110, 468 (1958), and references 
therein. 

7. P. Elliott and B. H. 
A229, 536 (1955) 

“DPD. Kurath, Phys. Rev. 101, 216 (1956). 


Flowers, Proc. Rov. Soc London) 


AND 
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as transition rates. The 77 model is the simplest scheme 
for this purpose. As an improvement on the 77 scheme 
we use a model similar to that of Baranger and Mesh- 
kov,? i.e., we assume that the eight p particles from an 
inert spin-zero core (not necessarily a p;° core) and that 
the 2s and 1d nuclecns outside this core interact much 
the same as they do outside an O"* core. This approxi- 
mation neglects the coupling of the core and the outside 
particles—probably not a bad approximation in view 
C” first-excited 
published mass 18 
transition and 


reduced widths and also enables us to use the experi- 


of the high excitation energy of the 
state—and enables us to use the 


wave functions in calculating rates 
mental mass 18 energy scheme in estimating the (s,d) 
level order in mass 14. In addition to identifying the 
lowest (s,d) levels in mass 14, we are interested in 
obtaining information supplementary to that already 
provided by the Pittsburgh I 
between the p? 
levels. 


on the interaction 
(s.d) group of 


group® 


configuration and the 


] 
| 
I 


The simple model of Lan for the non-normal 


parity states of nuclei in th hell region provides a 
basis for the study of the p ind p*d levels of mass 14. 
Lane sugge sted that such states may be describable as 
the weak coupling of a 2s;, lds, or 1d, nucleon to a 
definite state of C™. Since the first excited state of C™ 
is at 3.68 Mev™ and the splitting of the 1d, and 1d, 
shells is about 5 Mev,® Lane’s model would predict that 
the four lowest T=0 levels of mass 14 were formed by 
coupling a 2s, or 1dy nucleon to the J*=4}- C® ground 
and four lowest T=1 


These states would have single-particle reduced widths 
18 


state likewise for the states. 


since they have the C™ ground state as their unique 
parent. A gap of about 3 Mev or more to the next 
odd-parity state of the same isotopic spin is expected. 
predominantly (p4°p;) 
(Pisy) or (pydy). 
been compared to the 
information on the 
mass 14 levels 


Because the C™ ground state 


these states should be predominately 
Recently™ these predictions h 
nucleon 
and an identifi- 
states of mass 14 


available experimental 
reduced widths of the 
cation of these 8 non-normal parity 
has been proposed 


mail ly on the basis of this com- 


parison. The proposed 7=0 levels are at N™ excitations 
levels are at 
these p*s and p’d states 


1e predictions*-!5 based 


in the range 5-6 Mev, while the T=1 
8-10 Mev. The excitations of 
are in good agreement with tl 
on a 7j-coupling description of these states. 

At the time of the work of WRH the N“* 7=1 levels 
at 9.16 Mev and 10.43 Mev had been given"™-'® most 

12 A. M. Lane, Massachusetts Ins Technology 
1955 (unpublished 

3 F. Ajzenberg and T 
(1955). 

“FE. K. Warburton, H. J. Rose, and E. N 
114, 214 (1959), hereafter referred to as WRH 

oe | P } } , 


Report, 


Modern 


Phys. 27, 77 


Lauritsen, Revs 


Hatch, Phys. Rev. 
Elliott (unpublished calculations); E. Baranger 
lished calculations 

16H. B. Willard, J. K 
Phys. Rev. 105, 202 (1957 


unpub 


Bair, H. O. Cohn, and J. O. Kington, 
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probable assignments, J*=2-. Recently the 9.16-Mev 
level has been shown"? to have even parity while 
preliminary results'* indicate that the 10.43-Mev level 
most probably has J*=2*. Therefore all the known” 
T =1 levels in N“ below 11-Mev excitation, except for 
the four p’s and p*d states in question, seem to have 
even parity. There is a gap of 1.5 Mev between the C™, 
8.32-Mev level—which is probably the analog of the 
N“, T=1, 10.43-Mev leveF'—and the next higher 
known C™ level at 9.80 Mev.” The spin-parity of the 
C™ 9.80-Mev level is not known. It would seem then 
that there is a gap of at least 3 Mev between the lowest 
four T=1 odd-parity states and the next higher 
odd-parity state with T=1, in agreement with the 
predictions of Lane’s model and also with extreme jj 
coupling. 

Definite parity assignments have not been made for 
any of the N* levels in the region, 4-8 Mev and, in 
addition, the experimental information on the nucleon 
reduced widths of the N™ levels below 8 Mev is quite 
meager at the present time. A comparison with Lane’s 
model, such as was made by WRH, is consequently 
much less definite for the four T7=0 levels than it was 
for the T=1 levels. 

The radiative widths and inelastic scattering cross 
sections calculated in the present paper provide a more 
stringent test of the identification of the 7=0 non- 
normal parity levels proposed in WRH. For these 
calculations we assume extreme jj coupling, i.e., 
(piss) and (pydy) states. For the electromagnetic 
transitions the effects of admixtures of (pd) in the 
J=1 and J=2 states are considered, but an inert py 
core is assumed throughout since relaxation of this 
assumption would entail more complicated calculations 
than seem warranted. As discussed in WRH, justifi- 
cation for, and interest in, calculations 
extreme j7 coupling for the non-normal parity states of 
mass 14 is provided by (1) the agreement of the 
spectrum and nucleon widths of the non-normal parity 
states with extreme jj coupling, (2) the qualitative 
agreement with extreme 77 coupling of the experimental 
data on those electromagnetic transitions which involve 
the non-normal parity states, (3) the close resemblance 
of the ps and p*d states of mass 14 to the p's and p''d 
states of mass 16, since Elliott and Flowers” found the 
four lowest T=1 (but not T=0) non-normal parity 
states in mass 16 to be remarkedly well described by 
extreme 77 coupling. 


based on 


17 A. A. Strassenburg, R. E. Hubert, R. W. Krone, and F. W. 
Prosser, Bull. Am. Phys. Soc. 3, 372 (1958). 

18 E. Kashy, R. R. Perry, and J. R. Risser, Bull. Am. Phys 
Soc. 4, 96 (1959), and private communications from E. Kashy 
We are grateful to Dr. Kashy for informing us of these preliminary 
results. 

8 F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 

1959). 

*® See Sec. II of this paper 

"= E. K. Warburton, Phys. Rev. 113, 595 

2]. P. Elliott and B. H. Flowers, Pro 
A242, 57 (1957) 


(1959 


Roy. Soc. (London) 
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Il. EXPERIMENTAL ENERGY SPECTRA 
OF N“ AND C* 


The experimentally known information on the energy 
spectra of N“ and C* is shown in Fig. 1. Except for 
some changes and additions, which will be discussed 
here, Fig. 1 is taken from WRH, and is similar to the 
C™ and N™ spectra given by Ajzenberg-Selove and 
Lauritsen.” 

The preference for odd parity for the N™ 5.69-Mev 
level has been discussed previously.“* The N™ 6.23- 
Mev level had previously been assigned odd-parity” 
because the great strength of the N™ 8,.62-—+6.23 
transition would seem to favor /1 radiation. No parity 
preference is given here for the 6.23-Mev level because 
the C%(dm)N™ stripping results are not in good 
agreement with an /,=0 capture into this level. In 
addition, as will be discussed in Sec. ITIC, the strength 
of the N™ 8.62 —> 6.23 transition is compatible with 
M1 radiation. 

The N“ 6.44- and 9.16-Mev levels have recently 
been established as J=3, T=0, and J*=2+, T=1.5 
The assignments for the N™ 10.24 and 10.43-Mev 
levels are from preliminary analysis of C(p,p)C™ 
scattering results."* 

Some isotopic-spin assignments of T=0 have been 
made in addition to those given by Ajzenberg-Selove 
and Lauritsen.” The 7=0 assignments to the N™ 4.91-, 
5.10-, 5.69-, and 5.83-Mev levels are supported by 
observation of deuteron groups corresponding to those 
levels in the N"(d,d’)N™ reaction at Eg=14.8 Mev.”* 
The N*™ 4.91- and 5.10-Mev levels were also excited by 
N"(d,d')N™ with Eg=9 Mev.” The N™ 5.10-, 5.83-, 
7.96-, 8.45-, and 10.05-Mev levels were observed” to 
have relatively large cross sections for the inelastic 
scattering of a particles by N™ indicating T=0 for these 
five levels. The 7=0 assignments to these levels are 
supported by the absence of C™ levels which could be 
their isotopic-spin analogs. 

Although there is no direct evidence, it seems most 
probable that the 8.98-, 9.39-, 9.72-, and 10.24-Mev 
levels have 7 =0 since these levels are all observed" to 
have sufficiently large proton widths so that the non- 
observation” of their counterparts in C“ by C¥(d,p)C™ 
is most likely due to their having 7=0 rather than to 
the C™ counterparts having small neutron widths. It 
will be assumed throughout this work that there are 
no T=1 levels in N“ below 8-Mev excitation, except 
for the 2.31-Mev level (i.e., no C levels below 6-Mev 
excitation). 


™E. K. Warburton, W. T. Pinkston, H. J. Rose, and E. N. 
Hatch, Bull. Am. Phys. Soc. 4, 219 (1959). 
*R. E. Benenson, Phys. Rev. 90, 420 (1953). 


*H. J. Rose, W. Trost, and F. Riess, Nuclear Phys. 12, 510 
(1959), and references therein. 

* E. K. Warburton and J. N. McGruer (unpublished, 1955). 

™ T. S. Green and R. Middleton, Proc. Phys. Soc. (London) 
A69, 28 (1956). 

*D. W. Miller, B. M. Carmichael, U. C. Gupta, V. K. Ras- 
mussen, and M. B. Sampson, Phys. Rev. 101, 740 (1956). 
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Fic. 1. Energy levels of C“ and N™. 
The references for the information given 
in the energy level diagram are given in 
reference 14 except for later additions and 
corrections (see text). Uncertain or less 
likely assignmerits are enclosed in pa- 
levels are denoted 
The C™ ground state is 

with its isotopic-spin 

2.31 Mev in order to 
e correspondence of levels 
isotopic-spin triads. Levels 
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ENERGY LEVELS 
The tentative pairing of the C“ 6.59- and 7.01-Mev™ 
levels with the N™ 8.62- and 9.16-Mev levels will be 
discussed in Sec. IV. The pairing of the other C™ 
levels with the 7=1 N™ levels has been discussed.'**!.™ 


Ill. ELECTROMAGNETIC TRANSITIONS 
AND REDUCED WIDTHS 
A. Introduction 


Expressions for the transition probabilities for multi- 
pole radiations in nuclei are given in Blatt and Weiss- 
kopf.” For an electric multipole transition of order L 
the width of the transition may be put in the form, 


L+1 eR MH 


r(EL)= —— d 
2L(2L+1)[(2L—1) 1! (Ac?44 


A(EL), 


where 
(J ,\|H(EL)|\J,)\? 
(2J +1) 


A(EL) 


The reduced matrix element is that of Racah," E, is 
the energy of the gamma ray. The tensor, Hy (ZL), is 
given by 


A 
Hu (EL)= ¥ r#’Cy*(Q,)[1—73(i)]. 


i=l 


The tensor Cy” is an unnormalized surface harmonic 
tensor, i.e., 


Cy" (Q,) = [40/(2L+1) PY.” (Q)). 


The symbol, 73(7), represents the Pauli spin matrix for 
the ith nucleon. We use the convention that 7r,;=-+1 
for a neutron and 7;=—1 for a proton. The quantity 
A is the same as that of Lane aad Radicati® except for 
F1 transitions. Following these authors A will be 
referred to as the transition strength. The present 
paper considers £1, E2, and E3 transitions. For y-ray 
energies in Mev and nuclear distances in fermi, the 


™ J. C. Armstrong, W. E. Moore, and A. G. Blair, Bull. Am 
Phys. Soc. 4, 17 (1959) 

™* Note added in proof.—Recent C¥(p,p)C™ work [E. Kashy, 
R. R. Perry, and J. R. Risser, Bull. Am. Phys. Soc. 5, 108 (1960) } 
indicates assignments of J*=2*, 1-, 2+, and 1~ for N™ excited 
states at 10.084, 10.20, 10.415, and 10.51 Mev. The 10.084- and 
10.20-Mev levels are almost certainly associated with the 19.05 
and 10.24-Mev levels of Fig. 1. The establishment of the 10.415- 
Mev level (10.43-Mev in Fig. 1 and the text) as J* = 2* is essential 
to the conclusions regarding this level which are discussed in 
Secs. IIIB and C. 

» J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), pp. 595-599 

" G. Racah, Phys. Rev. 62, 438 (1942). All quantities tabulated 
in this paper will follow the definitions and phase conventions of 
this reference. This is important, for example, in predicting the 
angular distributions of radiations in which electric and magnetic 
radiations compete. 

@ A. M. Lane and L. A. Radicati, Proc. Phys. Soc. (London) 
A67, 167 (1954). 
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radiative widths in ev are calculated from 
l'(£1)=6.25X 10° E,*A(E1) ev, 
I'(£2) =8.02 10-*E,°A(E2) ev, (4) 
T'(E3) = 5.24 10-“E,"A(E3) ev. (5) 


It has been observed,” that AT=0 E2 and £3 
transition rates in the 1p-shell region are too fast to be 
accounted for by the independent particle model. 
Elliott and Flowers™ have found that the theoretical 
calculations can be brought into line with the data by 
including the effect of quadrupole and octupole surface 
vibrations weakly coupled to the shell-model states. 
The contribution of a surface vibration of given order, 
say \, may be shown equivalent, in the weak coupling 
approximation, to giving the nucleons effective charges, 
§,e for the neutron and (i1+,)e for the proton, in the 
shell model matrix element for the electric transition 
of order, \. Elliott and Flowers have estimated 6; and 
8; from the £2, O'’, 0.87 -— 0 transition and the £3, 
O**, 6.14-—+0 transition. They found 6,:=0.64 and 
8;=1.1. We shall assume that these values hold for the 
AST=0 E2 and £3 transitions in mass 14, but that 
AT=1 transitions in N™ have no collective enhance- 
ment.” 

For magnetic transitions we have 


L+1 
2L(2L+1)[((2L—1)!! P 


Ej ch 2 
x al (—) A(ML), 
(Ac N\ Me 


(J \H(ML)\J))\? 


(3) 


r(ML)= 


in which, 

A(ML)= - 
(2) +1) 
and 


4 
Hy(ML)= ¥ (¢r'Cy")* 
i=l 


1 
| . I+nstnl 
L+1 


—1 

—-—I+y4 s)|. 
L+1 ‘ 
In this expression uw, and mw stand for ps+y, and 
p—-n, Tespectively, and | and s are the single particle 


orbital and spin angular momentum vectors, respec- 
tively. In the same units as before, 


I'(M1) = 2.76 10-*E,3A(M1) ev, 
l'(M2)=3.55X10*E,*A(M2) ev. 


(8) 
(9) 


In calculating these widths with shell model wave 
functions a radial integral, (r”), appears in the expres- 
sion for A(EL) and a similar integral, (r’~'), appears 
in A(ML). We have calculated these using harmonic 
oscillator radial wave functions. For such wave func- 


*D. Kurath, Phys. Rev. 106, 975 (1957). 
“ E. K. Warburton, Phys. Rev. 1, Letters 68 (1958). 
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tions, which have radial fall-offs of the form, exp(— 4yr’), 
we follow Visscher and Ferrell* and take y~*=1.68 
fermi. Although this value was arrived at from a 
consideration of the Coulomb energy and, hence, only 
holds for the 1p radial wave function, we shall take it 
to hold for the 2s and 1d shells as well. Any method of 
evaluating these radial integrals is subject to uncer- 
tainties, conceivably as much as 10-20% according to 
Lane and Radicati.” M1 transitions are independent 
of the radial wave functions and so do not contain an 
uncertainty from this source. We shall sometimes give 
M1 transition strengths in Weisskopf units (A=0.13 
Weisskopf unit) since experimental results are often 
given in these units. 

The nucleon reduced widths of the non-normal parity 
states of mass 14 were discussed by WRH. We are also 
interested in the p-wave resonant reduced widths, #()), 
of several even parity levels of N"*. For N™ levels below 
the neutron binding ene rgy 10.545 Mev) F (p) can be 
obtained directly from the level width since, for these 
levels, T'=l',+Ir, and l,<Ir,. We quote all reduced 
widths in units of 3(7,47,, TT ,;Ph?/2MR, where 
(TAT ai 5 TT 7) is the isotopi -spin vector addition 
coefficient and the nuclear radius is taken to be 4.8 
x10-" cm. For comparison with theory we need the 
relative reduced width 8=@(p)/0e(p) where 47(p) is 
the single-particle p-wave reduced width for resonant 
reactions. For @;7(p) we adopt the value 0.75 which we 
estimate from the He‘+/ and He‘t+m resonant reac- 
tions.” The theoretical relative reduced width § is 
given in terms of shell-model wave functions by Elliott’ 
and by Auerbach and French.” 


B. M1 and £2 Transitions between the Different 
Levels of the s‘p'® Configuration 


Intermediate coupling shell model calculations®-® of 
the levels arising from the p~* configuration of mass 14 
show that, barring strong interactions of these states 
with excited configurations, the order of the lowest p 2 
states is (J,7)=(1,0), (0,1), (1,0), (2,0), (2,1), and 
(1,1). Of these six states the three lowest have been 
identified as the N™“ ground state, the 2.31-Mev level, 
and the 3.95-Mev level. The (2,0), (2,1), and (1,1) 
states in N'*—which have not been identified—are 
predicted to be within, say, 50% of excitation energies 
of 6, 9, and 12 Mev, respec tive ly. Assuming that these 
six p~* states are in the order given above, we have 
calculated the strengths of the M1 and £2 transitions 
connecting them in an attempt to shed some light on 
their structure and/or their location by comparison of 
these calculations with experimental data. The following 
formulas were used in calculating the transition 
strengths: 

A(M1)=0.144(2/'+1 
x (—)4- 5-46, 1.555 [S(S+1)(2S+1) } 
xW(SSJJ’;1L)\?, (10) 
% T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955). 
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Taser I. M1 and £2 transition strengths between the s*p 


Fy 
(Mev) 
0 
0 
2.31 
0 
2.31 
3.95 
0 
2.31 
3.95 


0 


A(M1) 


} 


a » 


2.45 0.46 
0.032 0.0029 
7.88 13.1 
0.096 0.125 


Ey 
(Mev 


2.31 
3.95 
3.95 


Transition 
(J:Ts) — (JsT 7) 
(10) 
(10) 
(01) 
(10) 
(O01) 
(10) 
(10) 
(O01) 
(10) 
(20) 
(10) 
(01) 


(01)— 
(10)— 
(10) 
(20) — 
(20) — 
(20) — 
(21)— 
(21)— 
(21) 
(21) 
(11) 
(11)- 
(11) — (10) 
(11) — (20) 
(11) — (21) 


» 


0.00032 
12.5 


0.024 
11.8 
0.011 
20.7 
0.15 
0.033 
3.29 
0.63 
0.015 


0.38 
16.4 
3.93 
0.064 
9.26 
0.63 
0.040 


19 


> 
> 
> 


* Extreme jj coupling 

» Calculated from LS amplitudes extracted from the work of J 

* Calculated from the LS amplitudes of Visscher and Ferrell 
tion, the wave function was assumed to be ¥ =0.90y ('Ds) —0.43¢ (Ps) 

4 To take collective enhancement into account multiply A(E2) by «(4 

* The amplitude ratio of the M1 and F2 contributions to a transition 


P. Elliot 


C4—+ N™ @-decay matrix element. This cancellation 
causes the spin part of the M1 transition operator 
which ordinarily dominates M1, AT=1 transitions to 
give a vanishing contribution. Substantial admixture 
of s*p’(s,d) states into the p? (1,0) and (0,1) levels 
could conceivably cause considerable departure from 
the values of A(2.31-—+0) of schemes (b) and (c), the 
departure being due to the interference between con- 
figurations in the orbital terms. A further narrowing 
of the experimental limits on the 2.31—0 lifetime 
could shed light on the wave functions of these two 
States. 

The predicted ratios, I'(3.95 — 0)/T(3.95 - 
corresponding to jj coupling, the wave functions of 
Elliott and the wave functions of Visscher and Ferrell 
are 0.073, 9.010, and 0.014, assuming no collective 
enhancement of the £2, 3.95-—+0 transition. The 
predicted ratios are 0.14, 0.041, and 0.055 if we assume 
the same magnitude of collective enhancement which 
Elliott and Flowers” found necessary to explain the 
©" 0.87-+0 £2 transition rate. It is seen that the 
wave functions of Elliott and the wave functions of 
Visscher and Ferrell give good agreement with the 
observed branching ratios assuming collective enhance- 
ment, but that agreement is also possible closer to jj 
coupling with no collective enhancement of the £2 rate. 
In order to decide whether coilective enhancement is 
actually involved, the additional information obtainabie 
from a measurement of the lifetime of the 3.95-Mev 
level and a determination from an angular correlation 
or distribution measurement of [A(£2)/A(M1) }! for 
the 3.95 — 0 transition would be useful. 

The theoretical widths corresponding to the values 
of A given in Table I indicate that the N™, p-?(2,0) 
level should decay to the N™ ground state with a 
mixture of M1 and £2 radiation, but that decays to the 


> 2.31) 


aes 


LEVELS 
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0.70 

0.0033 
11. 

0.11 


3 


0.0007 
12.6 


0.085 


3 


1.23 
0.04 
11.8 
0.63 
0.023 
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reference 8). For the (2,1) state, for which Visscher and Ferrell dé 
The results are 
, where e(1 «i, 
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states of N™. 


CA(£2)/A(M1)}* 


a a b c 


19.92 +-24.95 71.97 71.97 
11.95 + 11.15 +7.83 +6.63 
7.97 
2.99 
11.95 
7.97 
2.99 
6.97 
19.92 


—113.6 
+-0.78 


+-227.2 
+0.53 


11.15 
+-0.99 


+10.51 
—0.45 
+4.30 


+12,14 
-0.35 
+1319 


2.82 
—0.65 
+-2.26 
—O.11 
—2.82 
—11,15 


+1.43 
- 2.82 
—11.15 


4.98 
4.98 
4.98 


) 
? 
1 


3 
? 
82 
5 


by H. J. Rose 


mmunication) 


reference 7) . 
» not give the wave func 


private « 


quite insensitive to this assumption. 
(9 1 +28s)* =5.2 (see Sec, IITA) 


6 =(1P'(£2)/0 (M1) =5.38 X10-*R, [A(£2)/4(M1) 


ven by 


N™“ 2.31- and 3.95-Mev levels are expected to be 
negligible for all three choices of coupling schemes. 
Any one of the N™ levels (see Fig. 1) at 7.96, 7.60, 7.47, 
7.03, and 5.10 Mev and the uncertain levels at 10.05, 
8.45, 6.60, and 5.98 Mev could conceivably have 
J*=2+, T=. The decay modes" of the 7.96-Mev 
and the 5.10-Mev levels are inconsistent with the above 
remarks about the (2,0) decay. The 5.10-Mev level has 
a large branch to the 2.31-Mev level; the 7.96-Mev 
level branches strongly to the 3.95-Mev level. As will 
be discussed in Sec. IVA it seems improbable that 
the levels at 7.60, 7.47, 6.60, or 5.98 Mev in N™ could 
be the p~*(2,0) level, since none of these three levels 
has been observed” in the N“(a,a’)N™* reaction, as 
is expected for the p~*(2,0) level. If, therefore, the level 
in question is below 9 Mev in N™ as is theoretically 
expected, and if it has been observed, then it is most 
probably the 7.03- or 8.45-Mev level. The 7.03-Mev 
level has been observed to decay to the ground state; 
no other modes of decay have been observed for this 
level. No decays have been observed from the 8.45-Mev 
level. 

Next we turn to a consideration of the p-*(2,1) level. 
Its decay to the p-?(2,0) level is the strongest listed in 
Table I; therefore, a study of its possible location and 
its y-decay modes should also help us in our search for 
the (2,0) level. In the region around 9 Mew the only 
known levels for which the assignment 2+, 7=1, seems 
likely are the 9.16- and 10.43-Mev levels. The 9.16-Mev 
level has T=1, J*=2*, while the 10.43-Mev level has 
T=1, and a most probable assignment of J*=2+. In 
the remainder of this discussion it will be assumed that 
the N™, 10.43-Mev level has J*=2+, T=1. From the 
values of A given in Table I we expect the p-*(2,1) 
level to decay strongly to the N™ ground state as well 
as to the p-*(2,0) level, but negligibly to the N™ 2.31- 


5 


| 
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and 3.95-Mev levels. The y-decay modes of both the 
9.16-Mev and the 10.43-Mev levels have been investi- 
gated by means of the C"(p,v)N"™ reactions."*”“ The 
major decay modes of both levels are reported to be to 
the N™ ground state and to the 6.44- and 7.03-Mev 
levels. No decays have been observed from either level 
to the 2.31- or the 3.95-Mev level, in keeping with the 
above predictions for the p~*(2,1) level. The radiative 
width of the 9.16—> 0 transition is ',=8.7+1.5 ev,® 
while the radiative width of the 10.43-—0 transition 
is reported to be 17 ev.'* These two transitions are 
both too strong to contain appreciable contributions 
from quadrupole radiation for reasonable values of the 
quadrupole matrix element. Neither transition involves 
a parity change, so that the radiative widths of both 
transitions corresponds to M1 radiation. The experi- 
mental widths correspond to values of A(M1) of 4.1 for 
the ground-state decay of the 9.16-Mev level and 5.5 
for that of the 10.43-Mev level. These experimental 
strengths are to be compared to the theoretical values 
of A(M1) for the three sets of wave functions used in 
the calculations of Table I. All three choices predict 
A(M1)~12 for the p-*(2,1) ground-state transition. 
The calculated strength of this transition is quite 
insensitive to reasonable changes in the wave functions 
for initial and final states which are pure p™*. 
Therefore, there are two J*=2+, T=1 N™ levels in 
the energy region in which the p~*(2,1) level is expected, 
both of which decay strongly to the ground state by 
M1 radiation. Only one p™ level can be in this region 
and since M1 radiation is forbidden between states 
belonging to different shell model configurations, we 
conclude that one of these levels arises from an excited 
even-parity configuration but contains a large admixture 
of the p-* configuration. Presumably, this even-parity 
configuration is s‘p*(s,d) since a (2,1) level from this 
configuration is expected near 10-Mev excitation in N™ 
(see Sec. IIIC). Since neither decays to the ground state 
as strongly as a pure p~-*(2,1) state should, we suggest 
that the two (2,1) states contaminate each other quite 
strongly—the strength of the interaction between the 
two levels being due to their proximity. The ground 
state is sufficiently far below any (s,d) levels (see Sec. 
IIIC) so that the contribution to the (2,1) — ground- 
state M1 transitions from its contamination is expected 
to be relatively small. The interaction of the (2,1) 
levels would explain the smallness of A(M1) for both 


ground-state transitions, since in this picture A(M1) is 


reduced by the fraction of p~ in the total wave function 
of the excited state. 


“J. D. Seagrave, Phys. Rev. 85, 197 (1952) 

“H. H. Woodbury, R. B. Day, and A. V. Tollestrup, Phys. 
Rev. 92, 1199 (1953 

“@ Private communication from H. J. Rose (unpublished). We 
would like to thank Dr. Rose for communicating his results to us. 

*S. S. Hanna and L. Meyer-Schiitzmeister, Phys. Rev. 115, 
986 (1959). 

“R. W. Krone, J. J. Singh, and F. W 
Phys. Soc. 4, 219 (1959). 
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We would expect the p~?(2,0) level, like the ground 
state, to be relatively pure since it does not have a 
nearby s‘p*(s,d) level with which it can interact (see 
Sec. IIIC). Therefore, we expect that both (2,1) levels 
would decay to the ~-*(2,0) level with a strength less 
than the value, A(M1)—~18, predicted for the (2,1) — 
(2,0) transition in Table I. Preliminary results of Rose* 
suggest A(M1)=12+5 for the 9.16—+ 7.03 transition 
and A(M1)—~10 (with an uncertainty of about a factor 
of 2) for the 10.43 — 7.03 transition if the 7.03-Mev 
level has even parity. These decays provide evidence 
that the N™ 7.03-Mev level 2,0) level of the p? 
configuration. The que stion of the interaction of the 
p*(2,1) level with a second (2,1) level will be returned 
to in the next subsection 

There are only two known J*=1* 
8-Mev excitation. These are the 
9.72-Mev levels. Neither of these levels have y-decay 
modes” which fit the predictions of Table I for the 
p*(1,1) level. In addition, analogs of these two levels 
have not been observed in C™ so that they are probably 
T=0. It likely that the p-*(1,1) level is 


above 11 Mev as predicted. 


is the 


levels in N' above 


8.98-Mev and the 


seems most 


C. The s‘p’(s,d) States of Mass 14 


If our assumption of an inert spin zero core for the 
(s,d) levels of mass 14 is at all accurate the low-energy 
spectrum of these levels in N™ will bear a rather strong 
resemblance to that of I The two lowest T=0 states 
in F'* are the J*=1* ground state and the J*=3", 
0.94-Mev level. The two lowest T=1 levels are the 0*, 
1.08-Mev and the 2+, 3.07-Mev level.” We 
therefore expect to find the two lowest (s,d)T=0 levels 
and the two lowest T=1 levels in N™ in the order, 
(1,0), (3,0), and (0,1), (2,1), although they need not 
necessarily have the same energy separations as their 
counterparts in F"*, 

We have calculated the strengths of the M1, AT=1 
transitions these states in N*. Electric 
quadrupole transitions and AT7T=0, M1 transitions 
expec ted to be 

1, M1 transi- 
tions.“ The wave functions of these states are assumed 


level 


connecting 


were not considered since 


they are 
negligibly small by comparison to A7 


to be expanded in a 77-coupling basis, i.e. 


? 


V(J,T)=Cy " Ty (d? +Cy a7 Ty ds;) 
+Cy 97 WH(s7)+Cy 97 *W(aydy) 


+Cy nd TY (dys, +Cy "”d Ty (dj). (13) 


transition strengths are 


With this notation, the M1 
given by 


0 


A(M1) =3(4.58C, 9° Cy 
H217Cy PCy 


$4.71C, Cy y 
+2.66C4 PCy 
—0.76C, f'Cy f°, (14) 


“ G. Morpurgo, Phys. Rev. 110, 72 
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for (0,1) — (1,0), 


A(M1)= (4.80C, ¢ 'Cy f °+1.99C, 2 'Cy y® 
—O0.75Cy PCy gf °+0.65C, fC, '° 
_ 2.53C, ; Cy ; o4 2.68C, ? ; ; ® 
—1,60C, 9 'Cy y °—2.99C, PIC,” 
+1.26C; 2 'Cyy 
for (2,1) — (1,0), and 


A(M1) = (—S.A0C, # 'Cy 9° °+1.30C, PCy f° 
+0.70C; PCy ? °+-3.99C, 7 'Cy °° 
—4.62C, PCy BP °+3.15Cy 2 'Cy fF? 
—3.20C, PCy g °—O.S3Cy PIC, FP” 
1.46C;, r Cy rs "F, (U6) 
for (2,1) — (3,0). 


If the wave functions given by Redlich’ for the 
s*p(s,d) levels are assumed for the s‘p*(s,d) levels, the 
strengths of the M1 transitions given by Eqs. (14), 
(15), and (16) are A(M1)=77, 1.55, and 32.8, corre- 
sponding to | M|*=10, 0.20, and 4.26 Weisskopf units, 
respectively. Equation (14) predicts an M1 strength 
relatively insensitive to reasonable changes in the 
Redlich wave functions. The wave functions of Elliott 
and Flowers," for example, give |M|?=9.2 Weisskopf 
units. With initial and final states arising from a pure 
dj configuration, we have |M|*=8.2. Pure sj? gives 

M |?=8.6 Weisskopf units. We expect, therefore, that’ 
the (s,d)(0,1) — (1,0) transition in N™ will be ex- 
tremely strong, about 5-10 Weisskopf units. The 
strengths predicted by Eqs. (15) and (16) are, however, 
more sensitive to changes in the wave functions. This 
is particularly true for Eq. (15). The small value of the 
(2,1) — (1,0) strength for the Redlich wave function 
results from a partial cancellation in Eq. (15) of terms 
with different signs. With initial and final states which 
are pure d,’, for example, the strength would be | M|?=3 
Weisskopf units, 15 times the values resulting from the 
use of Redlich’s wave function. Because of this sensi- 
tivity we feel that the study of the (2,1) — (3,0) and 
(2,1) — (1,0) transitions will not be as useful in identi- 
fying the (s,d) levels in N™ as will the large, insensitive 
(0,1) — (1,0) transition strength.“ 

We propose tne 0+, N™ 8.62-Mev level and the J/=1, 
6.23-Mev level as the (s,d) states analogous to the Ot, 
F'* 1,08-Mev level and the 1*, F"* ground state.” The 

“The F", (2,1)-—+ (1,0) and (2,1) — (3,0) transitions pre 
sumably correspond to the F™, 3.07 — 0 and 3.07 — 0.94 transi- 
tions. The ratio of the radiative widths of these transitions has 
been measured to be I' (3.07 — 0.94)/T' (3.07 — 0) =4.0 (reference 
19). The ratio calculated from Eqs. (15) and (16) with the wave 
functions of Redlich is 7.1. Considering the sensitivity of Eq. (15) 
the agreement must be considered as quite good. 

“ These assignments are in contradiction to those of Unna and 
Talmi (reference 4). These authors, assuming no configuration 
mixing between the 2s and 1d shells, predicted the 1s4*1p,*2s 
(0,1) and (1,0) levels at 8.76 and 4.95 Mev in N* and proposed 
an identification of the N™ 8.62- and 5.10-Mev levels with these 
configurations. They also identified the second mass 18 T= 1, J =0 


state, which has been predicted (reference 9) 3.92 Mev above the 
first T=1, J =0* level in F™, as belonging to 1sy*1 py*1 py*2s;. Pre 
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8.62-Mev level and the p*, 2.31-Mev level are the only 
known J*=(* levels in N“. For any reasonable value 
of the spin-orbit coupling, the separation of the T=1, 
J*=(* levels of p* is greater than 10 Mev.® Since it 
is most unlikely that it arises from p, the configuration 
assignment (s,d) seems the most likely choice for the 
8.62-Mev level. 

The measured width of the N“ 8.62 — 6.23 transition 
corresponds to | M|*=7.3 Weisskopf units® if, in actual 
fact, it is M1. The great strength of this transition was 
previously taken to indicate 1 radiation and therefore 
odd-parity for the 6.23-Mev level. As was discussed 
above, however, the strength of this transition is 
consistent with the anomalously large M1 strength 
theoretically predicted for the (s,d)(0,1)— (1,0) tran- 
sition. The agreement between the measured strength 
of the 8.62-—+6.23 transition and the theoretical 
prediction for the (s,d), (0,1)—>+ (1,0) transition is, 
in fact, the main reason for proposing the 6.23- and 
8.62-Mev levels as s*p*(s,d) states. 

The 8.62-Mev level has also been observed to decay 
to the 3.95-Mey level and to the ground state. The 
strengths of the transitions, assuming M1 radiation, 
are |M|*=0.57 Weisskopf unit for the 8.62— 3.95 
transition and |M|*=0.09 Weisskopf unit for the 
8.62 — 9 transition.** Since electromagnetic transitions 
between (sd) and p levels are forbidden, these 
observed decays are sources of information on the 
mutual contamination of these configurations if the 
8.62- and 6.23-Mev levels are the (0,1) and (1,0) levels 
of (sd) as assumed. The 8.62-Mev level may be 
contaminated with p* states by interaction with the 
2.31-Mev level and with the excited p-*(0,1) level 
which is expected to be well above 10-Mev excitation 
in N™. The 6.23-Mev level may interact with the 
ground state and the 3.95-Mev level. The other p-*(1,0) 
level is probably too far above the 6.23-Mev level to 
have an appreciable interaction with it. The great 
strength of the 8.62-—+ 6.23 transition enables us to 
make rough estimates of the (s,d) contamination in the 
ground state configuration. No M1 transition between 
p levels is expected to have a strength nearly as great 
as the 8.62 —> 6.23 transition so we assume that the 
major contribution to the 8.62 — 3.95 and the 8.62 + 0 
transitions comes from the (s,d) contamination of the 
p levels. With this assumption, the contaminations in 
the p* levels are given by the ratios of their M1 
strengths to that of the 8.62 — 6.23 decay, i.e., ~8% 
in the 3.95-Mev level and ~1% in the ground state. 


sumably the first (0,1) level belongs to the dy configuration in this 
scheme and lies in. between the 5.10- and 8.62-Mev levels, say 
~5-6 Mev in N“ and ~3-4 Mev in C™. Since such a state has not 
been observed, we feel it more likely that the 8.62-Mev level is the 
lowest (s,d)T =1, J*=0* level in mass 14 and is analogous to the 
1.08-Mev level in F™ rather than the second T'=1, J*=0* level 
in F"*, The N™, 5.10-Mev level has been shown by WRH to have 
J =2 since the work of Unna and Talmi was completed, so that it 
cannot be the (s,d), (1.0) level in question. 

“TD. H. Wilkinson and S. D. Bloom, Phil. Mag. 2, 63 (1957). 





742 Ee. K. WARBURTON 
If we also assume that the ground state and the 3.95- 
Mev level have roughly the same interaction matrix 
element with the 6.23-Mev level, first order pertur- 
bation theory predicts admixtures in the ratio (6.23/ 
2.28)?= 8.6 for the 3.95-Mev level relative to the ground 
state, in good agreement with the values obtained 
above. If the 6.23-Mev level contaminates these (1,0) 
levels of p~*, one can say roughly that they contaminate 
it by the same amount; hence, the 6.23-Mev level may 
be contaminated with ~8-10% p™. 

This analysis provides no information on the structure 
of the 8.62-Mev level. Information relative to its p? 
contamination can be obtained from a study of its 
proten reduced width. The proton reduced width of 
the 8.62-Mev level is 0,?=0.026," corresponding to 
$=0.035. If the relative reduced width § is taken to 
result entirely from the presence of p~* contamination 
in the 8.62-Mev level, a lower limit on the amount of 
this contamination can be estimated. 

The theoretical calculation of the relative reduced 
width, 8, for the p~*(0,1) state is straightforward.** The 
greatest value possible is $= 2.0 and occurs in extreme 
jj coupling when the (0,1) state in question is py. 
The width is of course zero in 77 coupling for the other 
(0,1) state, since it arises from py*. For intermediate 
coupling wave functions“near the jj limit a value 
slightly smaller, say 1.8 is obtained. If the C¥ ground 
state is assumed to be pure p* and if the 7j-coupling 
value of 2.0 is taken for the relative reduced width of 
the p? contamination in the 8.62-Mev level, then a 
lower limit of ~ 2% is obtained for this contamination. 
Any p? contamination different from p;?* would lead 
to a larger lower limit. This lower limit on the p 
impurity in the 8.62-Mev level is compatible with the 
estimate of Baranger and Meshkov* of ~11% @ con- 
tamination in the C™ ground state. 

If the N™, (s,d), (1,0) level is at 6.23 Mev then both 
the 9.16- and the 10.43-Mev levels are in the energy 
region where we would expect the (2,1) level of this 
configuration. The strengths of the 10.43 6.23 and 
the 9.16 — 6.23 transitions must both be rather weak 
to have escaped observation. That they have not been 
observed is consistent with the small value predicted 
for the strength of the (s,d), (2,1) > (1,0) transition 
using Redlich’s wave functions. Both the 9.16- and the 
10.43-Mev levels decay strongly to the J=3, N™ 6.44- 
Mev level. Assuming the transition proceeds by M1 
radiation, the strength of the 9.16—> 6.44 transition 
obtained from several measurements®™ is A(M1)=16 
+5, while the strength of the 10.43 — 6.44 transition 
is A(M1)-~10."*-@ Either of these values is in reasonable 
agreement with our expectations for the strength of the 
(s,d), (2,1) — (3,0) transition, so that the N™, 6.44-Mev 
level is a possible candidate for this (3,0) level. In the 
last subsection we proposed that the 9.16- and 10.43- 
Mev levels were two J*=2+, T=1 levels resulting from 
a strong interaction between the lowest (2,1) levels of 
the p* and (s,d) configurations. The fact that both 
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levels decay strongly to the J=3, 6.44-Mev level in 
N* is in agreement with this suggestion if the 6.44-Mev 
level has even parity—in which case it is likely that it 
is a s*p*(s,d) level. Further information on the structure 
of the 9.16- and 10.43-Mev levels can be obtained 
from a study of their proton reduced widths. 

The total width, T, of the N™ 9.16-Mev level is 
772412 ev® while that of the 10.43-Mev level is 3043 
kev.'® The corresponding proton p-wave reduced widths 
6,” are calculated to be 0.85X10~ and 1.210-, with 
§ equal to 1.2X10~ and 1.6 10~, respectively. 

We have calculated § for the p~*(2,1) level in inter- 
mediate coupling. Using an intermediate coupling wave 
function corresponding to L/K=6 and a/K=6.75, 
which was given by Bennett for the C™ ground state, 
and Elliott’s wave function for the N* p 2(2,1) level, 
we find $=2.7X10-*. For larger values of a/K, § is 
even smaller, vanishing in the limit of 77 coupling. The 
theoretical value quoted above is in fairly good agree- 
ment with the experimentally determined value of §$ 
for the 10.43-Mev level. If N"™ were described by an 
intermediate coupling much closer to jj 
coupling, then the theoretical prediction could be 
brought into agreement with the width of the 9.16-Mev 
level. A coupling so close to the 77 limit would, however, 
be at variance with the schemes used so successfully in 
previous investigations of the p shell. On the other 
hand, a comparison of the predicted width of the 
p*(2,1) level in intermediate coupling with the experi- 
mental reduced width of the 9.16-Mev level would seem 
to indicate that the 9.16-Mev level contains at most a 
few percent in intensity of the configuration p*. The 
predicted p~* width is, however, such a small fraction 
of a single-particle reduced width that small admixtures 
of higher configurations in the C™ ground state might 


S¢ heme 


diminish the width by an interference of terms arising 
from different configurations 


The following very crude 
calculations serve to illustrate this possibility. 
We have previously conjectured that the 9.16-Mev 


level is described by a wave function, 


V4(2,1 


ay p'; 2,1 ]+aa[_p*(s,d) ; 2,1]. 
Assume for present purposes that the main features of 
the C™ ground state 
function, 


¥3(3,4 


are incorporated in the wave 


bp’; 3,3 ]+baLp"(s,d) ; 34). 


> 


Further assume a jj-coupling 4° core for the (s,d), (2,1) 
configuration in W,4. For the p’(s,d) state in Wi; take 
the (s,d), (2,1) level antisymmetrically coupled to a py’ 
parent. With these crude assumptions and with the 
previously used intermediate coupling wave functions 
a/K=6.75 for p* and the Elliott wave function for p™- 
the reduced width is readily shown to be 
$= 15(0.0424,6,+-0.13a2)-)" (17) 


rgy Commission Report NYO- 


*E. F. Bennett, Atomic En 
8082, 1958 (unpublished). 
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Taste IT. A7 =1, £1 transition strengths in N™ 


Ey 
(Mev) 


8.06 
8.06 
8.06 
8.76 
8.70 
8.70 
8.62 
5.69 
9.50 
9.50 
8.90 


Transition (jj coupling) 
(pp) s_1 

(Pr Py )s—1 
(sP)yo1 
(pe) sas 

(py py )s 
(s#) soi 
(Psys— 
(py?) 1-0 
(dydy)s 1 
(dydy) ss 
(dydy)s— 


(asy)s—-1 
(Pa) s—1 - 
(Pi)s—1 ~ 
(Pi) s—0 
(Psi) r—o - 
(Pisi)s—o 
(s¥)s—0 
Piis—1 - 
(Pids) sae 
(pydy) 2 
(Pedy) sas 


* Extreme j7 coupling 


> Extreme jj coupling for the odd-parity states, the wave functions of Visscher and Ferrell (refere 


I'(exp)* 

(ev) 
94(+~20%) 
1.2(4~25%) 
not observed (<0.5) 
43(4~20%) 
0.9(+~25%) 
not observed (<0.5) 
0.7(+~W%) 
unknown 
<0.1 
<0.05 
0.01(+~33%) 


nee 8) for the s*tp"* states, and the wave functions of 


Rediich (reference 9) for the assumed s*p*(s,d) states at 8.62, 6.44, and 6.23 Mev in N™ 


* Experimental widths (references 14, 40, 41, 48, 50). 


Let us next take a,;=(4)', ag=+(4%)! for the 9.16- 
Mev level. This assumption enables us to estimate the 
relative values of 5, and 6, needed for any desired 
degree at cancellation in the reduced width. In order 
to reduce $ by a factor of 10—from 2.710 to 
2.7 10-*—one needs only a 1% contamination, or an 
amplitude 5, of 0.1 in the C™ wave function. For a 
reduction by another factor of 10, which is needed for 
close agreement with the observed width of the 9.16- 
Mev level, an amplitude of 0.2, i.e., a 4% contamination 
in the C™ ground state is needed. The cancellation is 
even more easily achieved if the ratio, a;/d2, is decreased 
beyond our arbitrary estimate. These considerations 
are consistent with the observed reduced width of the 
10.43-Mev level since it will have amplitudes of the 
wrong phase to provide cancellation if the phases of 
the 9.16-Mev level amplitudes favor cancellation. 
Unless a cancellation of the sort which is outlined here 
is involved the reduced width of the 9.16-Mev level is 
in disagreement with our assumption that the 9.16- 
and 10.43-Mev levels are mixtures of ~-*(2,1) and 
(s,d), (2,1) states. 


D. AT=1, E1 Transitions in N“ 


The calculated strengths of the isotopic-spin allowed 
F1 transitions connecting the singly-excited p’s and 
p’d odd-parity levels of N“ with the p-? and (s,d) states 
are given in Table II. The identification of the p*s and 
fd states is that of WRH. The strengths listed in 


column 4 were calculated assuming the extreme 


jj-coupling configurations listed in Table II for all 
states involved. The strengths listed in column 5 were 
calculated assuming extreme jj coupling for the odd- 
parity states, the wave functions of Visscher and 
Ferrell for the p* states, and the wave functions of 
Redlich for the (s,d) states. Column 6 lists the radiative 
widths corresponding to the strengths of column 5, and 


the available experimental information" @"4*. on the 
radiative widths is listed in column 7. For all measured 
widths the contributions of higher multipole orders are 
expected to be negligible. In view of the assumptions 
made in the calculations, the overall agreement between 
the calculated and measured F1 widths is surprisingly 
good. 

The factor of four disagreement of the measured 
8.06—0 F1 transition strength with that calculated 
for (p4sy) —> (p;*) is presumably due to departures from 
extreme jj coupling for the 8.06-Mev level. To check 
the sensitivity of this calculation to an admixture of 
(pydy), the radiative width of the 8.06 — ground-state 
transition was calcuiated assuming a 8.06-Mev level 
wave function of the form 


W(1,1) = a (pysy) + aah (pad), 
with the result 


I'(8.06 — g.s.) =35|a,;— (§)4a2|?. (18) 


From the C"(d,p)C™ stripping results the weight of 
s*p’d in the C™ 6.09-Mev level—which is the analog of 
the N™ 8.06-Mev level—was found to be <13%.™ 
Taking a?=0.13 with the same phase for a; and a», 
Eq. (18) gives (8.06 — 0) =9.8 ev as compared to the 
experimental width of 9.4 ev. Therefore, a (p44) 
admixture compatible with the upper limit set by the 
stripping results could cause a factor of ~4 reduction 
in the £1 rate. This consistency argument cannot be 
used, however, to fix the amount of (pyd,) in the 8.06- 
Mev level wave function, since the actual F1 transition 
strength is expe ted to be affected by admixtures of 
p;'p#), etc., in the predominantly (p4°p,) core as well 
as by admixtures of p’d. 


“CC. Broude, L. L. Green, J. J. Singh, and J. C. Wilmott, 
Phil. Mag. 2, 499 (1957); Phil. Mag. 2, 1006 (1957); P. Lehmann, 
A. Lévéque, and R. Pick, Compt. rend. 243, 743 (1956). 

® See Table IX of WRH. 
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The calculated 9.50 — 6.23 transition arises from the 
(dyd,) component of the (s,d)(1,0) wave function of 
Redlich, this being the only component of the (s,d) (1,0) 
state which contribute to the transition if the 
9.50-Mev level is assumed to be pure (pydy). The 
calculated strengths of the (pydy)s22—> (sydy)7—1 and 
(pydy) 2 — (dy),., AT=1, E11 transitions are quite 
weak, so that the most obvious explanation for the 
discrepancy calculated and observed 
radiative width of the 9.50 — 6.23 transition is either 
that the (dyd,) coefficient of the 6.23-Mev level is much 
smaller than that obtained from Redlich’s mass 18 wave 
functions, or that the assumption of an inert pi® core 
breaks down for this transition. 

The observed str ngths of the transitions from the 
N* 9.50- and 8.90-Mev levels to the N“ 6.44-Mev level 
with the 6.44-Mev level being the (3,0) 
level of s‘p*(s,d), with some indication of Cy y” being 
smaller here than its 
functions if such i 


can 


between the 


are consistent 


value in Redlich’s mass 18 wave 
the case. 

Dipole radiative widths are proportional to E,' so 
that, for a given transition strength, lower energy 
transitions are difficult to detect. For this reason 
transitions from the 9.50- and 8.90-Mev levels and from 
the J*=2+ at 9.16 and 10.43 Mev (see Sec. ITIC) 
to the (3,0) level of s*p*(s,d) could easily have been 
overlooked if the (3,0) level were at an high enough 
excitation. Therefore, we conclude that the experi- 
mental evidence presented in Table II and in the last 
subsection is consistent with either the 6.44-Mev level 
or a level Mev being the (3,0) level of 
s*p*( sd). 

Other AT=1, 


information exists are 


| ! 
iCVCIS 


above ~7 


F1 transitions in N“ for which some 
the 9.50— 0, 9.50 — 3.95, and 
8.90 — 7.03 tran assuming the 7.03-Mev level 
is the J*=2*, 7 0 level of p ’). These three transitions 
which are forbidden in extreme 77 coupling—have 
been observed to be extremely weak. The 9.50—0 
and 9.50 — 3.95 transitions were discussed in WRH. 
The weakne 
best evidence 


itions 


of these two transitions is among the 
that the 7=1 odd-parity levels of mass 
14 are fairly well described by 77 coupling. The weak- 
ness of the 8.90 
assignment of ~~*(2,0) for the N 


> 7.03 transition is consistent with an 
4 7.03-Mev level. 


E. M1 and £2 Transition Strengths Connecting 
the Singly-Excited Odd-Parity States 
of Mass 14 


The M1 and £2 transition strengths connecting the 
p*’s and p*d states proposed by WRH were calculated 
assuming extreme 77 coupling. The results are presented 
in Table III. The agreement between the experimental 
and calculated radiative widths is illustrated in the 
last two columns of Table III. Except for the N™ 
9.50 — 5.83 and 5.83 — 5.10 transitions, the agreement 
is satisfactory. As discussed by WRH, the absence of 
transitions connecting the p’s states with the p’d states 


AND W 


is consistent with 
tions. 
The 9.50 


rule for M1 transi- 
> 5.83 predicted to be ex- 
tremely weak. This is a case, then, in which we expect 
the effects of departur om extreme jj coupling to 
dominate the transition rate. This remark also holds for 
the 8.90-—+5.10 transition, so that we regard 
agreement with experiment for the latter transition to 
be fortuitous. Departures from extreme jj coupling for 
the p’d, J*=3- levels can only occur through breakup 
of the p,* core so that it would be difficult to estimate 
the effect of departurt fro id for the 5.83-Mev 
level. For the P d, J* lev owever, admixtures 
of (pid) are possible et 1 alculate the 
effect of 

pd, J*=z?2 


the 


possible 


such an suming that the 


Wave Tuncluons ; given by 


514) + aap (pd), 


bw (pydy) +b (pid), 


and that the pd, J” state is pure pidy . Then the 
9.50 — 5.10 and 9.50 —> 5.83 transition strengths are 
calculated to be A(M1 12| a,b; —0.02a2b,.—0.23(a,b2 
+a2b,) P and 0.11(a,+9.4a2)*, respectively. It is ap- 
parent that 9.50-— + 5.10 transition rate is quite 
insensitive pid;) in either J™*=2 
state, but that even if the N“ 9.50-Mev level contained 
only 1% in intensity of (p4d,) the calculated value of 
the 9.50 — 5.83 transition given in Table III would be 
meaningless—and we certainly expect a larger admix- 
ture of (pd) than 1%. For a reasonable admixture of 
(pydy) in the 9.50-Mev level, however, the 9.50 — 5.83 
transition is still about a fa 
be explained with our assumption of an inert p,° core. 

The N* 5.83 studied by WRH 
who obtained the limits on the radiative width of this 
transition by means of a Doppler-shift We 
shall see that the dis least a factor of 
theoretical 


the 


to admixtures of 


tor of 4 stronger than can 
> 5.10 trar 


1 Was 


method. 


agreement ol 


{ 
50 between the experime! tal lin ind the 


prediction for extreme 77 coupling is quite serious. The 
weakness of the calculated 5.83 —> 5.10 M1 transition 

i ion of AT=0, M1 transi- 
tions in self-conjugate nuclei. As shown by Morpurgo, 
the AT=0, M1 conjugate nucleus is 
proportional to the matrix element of the intrinsic spin 
S taken between initial and final states. If we drop the 
extreme jj-coupling assumption and assume only 
s*p? (2s,1d) for both the 5.83- and 5.10-Mev levels, the 
largest possible value of S in eith is S=2. It 
can easily be shown that the largest possible value of 
A(M1) for the 5.83—> 5.10 transition, assuming S=2 
and T=0 for both lev ; A(M1)=0.9 corresponding 
to ['(M1)=1.2X10™ ev. TI 
considered as a model-ind upper limit to 
r(5.83 — 5.10) with T=0 and odd-parity for both 
states. Actually, we expect the eff value of S in 
the transition to be « less than unity for 
any reasonable assumpti 


1 
‘ 


is due primarily to the inhibit 


rate in a self 


State 


s width can certainly be 
pendent 
effective 
nsiderably 


ns about the wave functions. 
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TasBe III. Extreme jj-coupling M1 and £2 transition strengths between the singly-excited odd-parity states of mass 14 


Ey 
(Mev) A 


Transition E; 
(J;Ts) — (JsTy) Nucleus (Mev) M1) 
Piss — Pass 
(01) — (10) 
(11) — (10) 
(11) — (00) 
(10) — (00) 
(O1)— (11) 


pidy — Pady 
(21) —» (20) 
(21) — (30) 
(31) — (20) 
(31) — (30) 
(30) —+ (20) 
(21) — (31) 


8.70 
8.06 
8.06 
5.69 
6.89 


5.69 
5.609 
4.91 
4.91 
6.09 


10.8 

15.8 
3.62 
0.065 

19.5 


9.50 
9.50 
8.90 
8.90 
5.83 
7.35 


5.10 
5.83 
5.10 
5.83 
5.10 


6.72 


12.0 
0.11 
0.081 

19.3 
0.017 
2.43 


* To take collective enhz 

> The amplitude reti 

* The calculated M1 radiative width corresponding to A(M1). I 
width, 

‘ Experimental widths 

* The measured width 


ncements into account multiply 


references 14, 19, 40, 41, 48, 50) 


For S=1 for both states, the limit on I'(M1) for 
AT=0 would be T'(M1)<0.3X10- ev. It is apparent, 
then, that the measured limits on the radiative width 
of the 5.83 — 5.10 transition are in disagreement with 
the identification of the 5.83- and 5.10-Mev levels as 
T=0, singly-excited, odd-parity states. We sugge 
three possible explanations for this disagreement. (1) 
Either the 5.83- or 5.10-Mev level has even parity, (2 
the 5.83- and 5.10-Mev levels have appreciable admix- 
tures of T=1, (3) the Doppler-shift measurement made 
by WRH of the 5.83-—+ 5.10 transition lifetime is in 
error. In view of the other evidence presented in this 
paper we do not believe the first alternative to be likely 
However, the need of an experimental determination 
of the parity of both levels in order to check this point 
is obvious. 

Let us see how large an isotopic spin impurity would 
be necessary in order to obtain a width ['(.M1)>10~* ev 
for the 5.83 — 5.10 transition. We follow the notation 
of Radicati® and write the wave function of the initial 
or final state of the transition in the form 


¥=¥9(T)+ar(T’(T"), 


where the states are assumed to contain contributions 
from T7=0 and T=1 only and ar(T7”) is the amplitude 
of the 7’ impurity in a state with isotopic spin 7. 

To obtain a crude estimate, we assume ao(1) is the 
same for both states and neglect the AT =0 part of the 
transition. We also assume that the ¥(7") ~ ¥(T) and 
¥(T) ~y(T’) contributions to the M1 matrix element 
are equal in magnitude and phase. With these assump- 
tions we obtain A(M1)=4ae(1)A(AT=1). The limit 
r'(M1)>10-* ev for the 5.83 —+ 5.10 transition corre- 
sponds to A(M1)>1, so that our crude estimate gives 


“L. A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953); 


A67, 39 (1954), and references therein 


A(E£2)* [A(E2)/A(M1)}® 


a Mi and £2 contributions to a transition is given by 
E2) is neglig 


is an upper limit because of the unknown backgroun 


‘T (exp) 
(ev) 


r(mMiy 


(ev) 


0.81 

0.58 

0.31 
8.5x10-* 
2.7510 


<4.8° 
0.56(+~25% 
0.19(4+~3%) 
not observed 

>2.2K10 


0.0 


0.0 


-1.22 
—6.30 
— 6.30 
— 1.00 
— 13.63 
+2.79 


82 
55x10 
23x10 
55 
83x10 
68X10 


17.86 
4.49 
3.22 
19.13 
3.22 
17.96 


3.85(+16%) 

0.80(+ 20%) 

2 10°*(4+.50°%) 
0.37(+16%) 
1.3X10*>r>10"° 
unknown 


A (22) by «(T7.,4T) where (0,1) «1, «(0,0) = (1 +285)" «5.2, «(1,0) 822 ~9.41 (eee Sec. IITA). 


8 =(P(22)/T (M1)  =5.38 K107*Ry(A(E2)/A(M1) B. 
ible compared to (M1) so that (411) is aleo the total calculated radiative 


1 to the N™ 8.70-Mev level (reference 23) 


ag’(1)>[4A(AT=1)}"'. For A(AT=1) we arbitrarily 
take 5.8, which is the A(M1) corresponding to the 
measured AT =1, 9.50-—+5.83 transition (see Table 
IIl). There is some justification for this choice in that 
we expect the T7=1 part of the 7=0, 2~ and 3- levels 
to arise chiefly from interactions with the T=1, 2~ and 
3~ levels at 9.50 and 8.90 Mev; however, the main 
reason for taking A(AT=1)=5.8 is that a strength of 
approximately this value or larger is needed in order to 
obtain reasonable values for the ag’(1). Putting the 
strength A(AT=1)=5.8 into the relationship a¢(1) 
=[4A(AT=1) }" gives ag@(i)20.05. From the nature 
of the assumptions made in obtaining this crude 
estimate it is clear that, in as far as the N™ 5.83- and 
5.10-Mev levels are J*=3- and 2~ and the lifetime 
measurement of WRH is correct, the estimate can be 
regarded as a rather firm lower limit to the isotopic-spin 
impurity of either state. It is hard to envisage a mecha- 
nism which could cause such a large contamination ; 
however, there is some empirical evidence™ that states 
with large 2s- or 1d-reduced widths tend to contain 
large isotopic-spin impurities. 

We have shown that the limits set by WRH on the 
radiative width of the 5.83 — 5.10 transition demand 
a surprisingly large isotopic-spin contamination of the 
N* 5.10- and 5.83-Mev levels if these states are J*=2 
and 3~ as we propose. In view of this consequence and 
the difficulty of Doppler-shift lifetime determinations, 
a re-measurement of the N™ 5.83-Mev lifetime would 
appear to be quite worthwhile, as would a parity 
measurement of the N“ 5.10- and 5.83-Mev levels. The 
question of the isotopic-spin impurities of the f’s and 
p’d \evels will be discussed further in Sec. ITIG. 


“1D. H. Wilkinson, Proceedings of the Rehovoth Conference on 
Nuclear Structure, edited by H. J. Lipkin (North-Holland Pub 
lishing Company, Amsterdam, 1958), Session IV, p. 175. 
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F. AT=0, E1, M2, and E3 Transitions 
in Mass 14 


The £1, M2, and £3 ground-state transitions listed 
in Table IV and the M1 7.35-—+ 6.72 and 6.89 — 6.09 
transitions which were listed in Table III are the only 
known C™ y-ray transitions. The strengths of the three 
ground-state transitions in C'* were calculated assuming 
extreme jj coupling for the odd-parity states and for 
the C™ ground state. A strict shell-model calculation 
would yield zero for the £3 (pidy)y 4- (py) s~0 
transition strength since C™ consists of two neutrons 
outside a C” core. Following Elliott and Flowers,” the 
neutron was endowed with a charge of 1.1le in calcu- 
lating the /3 radiative width of the C* 6.720 
transition. 

In Table IV the calculated radiative widths are 
compared to measured®™ limits on the radiative widths 
of the C™ 6.09- and 6.72-Mev levels. These limits were 
obtained from Doppler shift measurements. It is 
apparent that the experimental limits on the radiative 
widths are consistent with, but give no real test of, the 
predictions of Table IV. It should be pointed out that 
a measurement of the lifetime of the C'™ 6.72—0 
transition would provide additional information on the 
role of electric octupole oscillations in light nuclei. 

There is no experimental information on the lifetime 
of the C™ 7.35-Mev level; however, the ratio ['(7.35 — 
0)/T' (7.35 — 6.72) has been determined™ to be within 
a factor of five of unity. This ratio is consistent with 
the extreme jj-coupling prediction (see Tables ITI and 
IV) of P'(7.35 — 0)/T(7.35 — 6.72) =4.4. 

The M2 and £3 transitions rates of the lowest T=0, 
J*=2- and 3-p*d levels of N'*—assumed to be the 
5.10-Mev and 5.83-Mev levels—to the p-*(1,0) and 
(0,1) ground state and first excited state were calculated 
assuming extreme 77 coupling. For the £3 transitions, 
the particle making the transition was endowed with 
an extra charge of 1.le. For N™ this leads to an enhance- 
ment of a factor of 10. The results are presented in 
Table V. 

A limit on the total radiative width of the N™ 
5.10-Mev level of ,<2.210~* ev was determined by 
WRH using a Doppler-shift method. The 5.10-Mev 
level branches 66% to the N™ ground state and 34% 
to the N™ 2.31-Mev level so that the radiative width 


TABLE IV. Ground-state transitions of the singly-excited 
odd-parity levels of C™ 


] I’, (exp)> 
lransitior . V ev 


>2.2x10"* 
unknown 
2.2x10"3 
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given in Table V for the M2, 5.10 — 2.31 transition is 
compatible with this limit. WRH also analyzed the 
angular distribution of the 5.10-Mev y ray emitted 
following the capture of protons into the N™ 9.50- and 
8.90-Mev levels. Assuming £1 and M2 radiation only 
for the 5.100 transition, they found '(M2)/T(£1) 
to be 0.03+0.01. This ratio, and the branching ratio 
r(5.10 — 0)/T(5.10 17+6 for the 
experimental ratio of the 5.10 — 2.31 to 5.10-+0 M2 
transitions. This ratio is to be compared to the calcu- 
lated ratio (see Table V) of 4.6. The agreement is not 
unsatisfactory, however, it should be remarked that 
the analysis made by WRH on the angular distribution 
of the 5.10-—+0 transition is not justified since the 
contribution of £3 radiation to the 5.10 — 0 transition 
see Table V). The N“ 
a rather unusual case in 
an appreciable effect on the distri- 
bution of the radiation from three multipole orders. 
This situation arises becaus« 


>2.31)=2, gives 


is not expec ted to be negligible 
5.10 — 0 transition, then, is 
which we expect 
of the inhibition of electric 
dipole and magnetic radiation for AJ =0 transitions in 
self-conjugate nuclei and the possible enhancement of 
electric octupole radiation 

From the angular distribution studies of WRH, the 
5.83 — 0 transitior found to have an intensity 
ratio in the range 0.16<I°(Octupole)/T (Quadrupole) 
<16. Such a ratio would be quite surprising if the 
5.83-Mev level had even parity so that the 5.830 
transition were a mixture of £2 and M3 radiation, 
especially in view of the inhibition of AT=0 magnetic 
radiation in self conjugate nuclei.™“* However, with 
J*=3- for the 5.83-Mev level, the 
is a mixture of M2 and 
predict I'(43)/T(M2 


were no collective 


was 


5.83 — 0 transition 
F3 radiation, for which we 
0.16 (see Table V). If there 
of the £3, 5.830 
transition the calculated ratio would be 0.016 so that 
there is for enhancement. The 
limits on the radiative width of the 5.83 — 0 transition 


enhancement 


some evidence here for 


obtained by WRH from measurements of the branching 
ratio and lifetime of the 5.83-Mev level are 1.3«10- 


<I'<2.6X10-* ev. The calculated radiative width of 
the 5.83—0 (M2)+T (£3) =0.95 
x10 ev. If the lifetime determination of WRH is 
correct the evidence for enhancement is considerably 


strengthened since an £3 width smaller than that given 


transition is T 


in Table V would be inconsistent with the measurements 


of T and I'(£3)/T'(M2). As discussed in the last sub- 


rasLe V. AT=0, (pydy) — (p#*), M2 and E3 


radiative widths in N** 


Rx 10 


08x10 
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section, one consequence of the 5.83-Mev level lifetime 
determination is that the 5.83- and 5.10-Mev levels 
contain ~5% in intensity of 7=1. In this case, if the 
5.83-Mev level and the (pjd), (3,1) level at 8.90-Mev 
in N™ were each other’s chief contaminators, the 
calculated AT=1 part of the M2, 5.83-+0 width 
would be larger than the AJ=0 part by a factor 
~0.05 (4 p—pn— §)*/ (upton —4)?=3.2.% The  corre- 
sponding increase in the calculated M2, 5.83 — 0 width 
would be in better agreement with the experimental 
range for the 5.83-—+0 width but would imply a 
collective enhancement of the £3 transition even larger 
than the factor of 10 assumed. 

Finally, we compare the experimental and calculated 
ratio 1'(5.83-—>0)/1'(5.83-+5.10). From Tables III 
and V we find 1'(5.83 — 0)/T'(5.83 — 5.10) =5.2, while 
the experimental ratio was determined by WRH to be 
0.18. The discrepancy of a factor of 30 is approximately 
what we would expect if the lifetime measurement of 
WRH were correct. This comparison, then, gives some 
support to the proposal of large isotopic-spin impurities 
in the N" 5.83- and 5.10-Mev levels. 


G. Isotopic-Spin Impurities in N' 


The isotopic-spin forbidden F1 transitions of the 
lowest N™ p’s T=1 and T=0 levels—which we take 
to be the ones at 8.06 and 5.69 Mev—were discussed by 
Wilkinson and Bloom“* who compared the strengths of 
these transitions with the allowed transitions to the N™ 
ground and first excited states, respectively. If the p~? 
ground state and first excited state are assumed to 
have negligible isotopic-spin impurities, this comparison 
leads to estimates of ay*(0)s 060.061 and ag*(1)s.% 
~0.15.55 From the closeness of these admixtures, 
Wilkinson and Bloom suggested that the J7=1-, T=0 
and 1 levels were each other’s chief contaminators. In 
the spirit of this suggestion we can take the 7” part of 
both wave functions to be (4s) and see if the (p4s4) — 
(p*) E1 strengths given in Table IT lead to appreciably’ 
different a7*(7") for the (p45) states in question. As a 
matter of fact, they do not if the estimate is made by 
modifying the estimate of Wilkinson and Bloom to 
take into account the factor of two difference in the 
calculated (p4s\)—>(py*), (1,1) (1,0) and (1,0)—+(0,1) 
rates (see Table II). In this case, both of the a7*(7") 
are changed by a factor of two, so thai a;*(0)s 060.12 
and ag*(1)s.@~0.075. 

“In principle, the same sort of analysis can be made to 
estimate the isotopic-spin impurity of the N“ 5.10-Mev 
level—assuming it has odd-parity and is predominantly 
(pyd;). As is the case for the (pysy), T=0 and 1 levels, 
we can assume that the J"=2-, T=1, (pyds) level at 


*§ Actually Wilkinson and Bloom proposed J*=1~ for the N™ 
6.23-Mev level. Their analysis, then, was for the 6.23 -~ 0 transi 
tion, rather than the 5.69-+0 transition. The decay of the 
6.23-Mev level is similar to that of the 5.69-Mev level so there 
is no real difference in the analysis. They obtained ap*(1)s 2: 
—~0.078. 
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9.50 Mev and the 5.10-Mev level are each other’s chief 
contaminators. This assumption is justified to some 
éxtent because the 9.50-Mev level is probably the only 
J*=2-, T=1 level below 11 Mev in N™ (see Fig. 1). 
The 7=1 part of the N“ 5.10-Mev level would then be 
predominantly (pydy), and we have no meaningful 
estimate for the strength of the AT=1 part of the £1, 
5.10— + 0 transition since an F1 (pydy) — (p-*) transi- 
tion is forbidden. One method of obtaining an estimate 
of ag*(1)5.10 is to estimate the 5.10—+ 0 transition rate 
from the calculated M2 (pydy)7~2 — (p#*) 7-0 transition 
and the known ratio I'(5.10 — 0)/T'(5.10 — 2.31), and 
to assume for the strength of the AT=1 part of the 
5.10-+0 £1 transition a limit corresponding to the 
measured limit ['(9.50 - 0)<7.6K10-* ev. These as- 
sumptions give ag®(1)5.19>0.13. This estimate, although 
hardly reliable, does show that the decay modes of the 
N™ 5.10-Mev level are not inconsistent with a large 
isotopic-spin impurity for this level. 

There is another way to estimate the isotopic-spin 
impurities of the p’s and p’d levels of N“. Barker and 
Mann® have shown that the ratio of the proton and 
neutron reduced widths is given by 


T’) |? 
(19) 
{ T’) 


6,” l+az 
ar 


if the 7=0 and T=1 parts of the wave function are 
assumed to differ only in their JT values. In principle, 
then, the isotopic-spin impurity of the 8.06-Mev level, 
for instance, could be obtained from a comparison of 
the C¥(p,p)C® and C"(d,n)N" reactions. Alternatively, 
we can obtain an estimate of the isotopic-spin impurity 
of a p*s or fd level by assuming the deviation of the 
reduced width from the single-particle value is due to an 
isotopic-spin impurity. In this case the relative reduced 
width 8 is given from Eq. (19) by 


$= !1+ar(T")|?. (20) 


The proton reduced widths of the N“ 8.06-, 8.70-, 8.90-, 
and 9.50-Mev levels correspond" to $=0.6, 0.9, 0.9, 
and 0.7, which, with the above assumptions, give 
a;*(0)=0.05, 0.0025, 0.0025, and 0.027, respectively. 
These estimates are not very meaningful since we expect 
the breakup of the C” cove, and the interaction of the 
2s and 1d shells to give $<1 regardless of the isotopic- 
spin contamination. In addition, the values of $ have 
an uncertainty of ~30% and Eq. (20) is quite sensitive 
to 8. However, the expec ted effect of isotopic-spin 
impurities does offer a qualitative explanation for the 
discrepancy between the relative reduced widths of N" 
T=1 states and their analogs in C". As discussed by 
WRH, the two s-wave reduced widths in C" are equal 
while the s-wave reduced widths of N™ are not and 
likewise for the d-wave reduced widths. For the s states 
at least, the discrepancy is outside the experimental 


“F.C. Barker and A. K. Mann, Phil. Mag. 2, 5 (1957) 
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error. This difference is just what we would expect if 
the ao(1) of the two T=1 5s states in N™ had different 
magnitudes or phase and likewise for the two d states. 


IV. INELASTIC SCATTERING 


In previous sections of the present paper we have 
studied several excited states of N“ using the time- 
honored procedures of comparing observed radiative 
and nucleon widths with the predictions of the shell 
model. Any reaction data is in principle capable of 
yielding information on shell structure. In particular, 
the direct interaction theory of inelastic scattering has 
recently been used*’®* to study the structure of nuclear 
states in the p shell. In our attempt to compare our 
conjectured mass 14 configuration and spin assignments 
with as much experimental data as possible, we have 
calculated the theoretical differential cross sections for 
the inelastic scattering of protons, deuterons and a 
particles and have compared these with the available 
data. The results do not add as much as had hoped to 
the results of the preceding sections, mostly because of 
the sparcity of the data, but also because in the cases 
of the (p,p’) and (d,d’) reactions, the simpler theories 
are of doubtful applicability. 

The expressions for the inelastic 
sections for a partic les and protons are derived in the 
appendix, the final formulas for the differential cross 
section for N“(a,a’)N™* and N"(p,p’)N™* being given 
by Eqs. (Sa) and (14a), respectively. Also given in 
the appendix is an expression [Eq. (15a)] for the 
C"(p,p")C™ cross section. There is no experimental 
data available at the present time with which to com- 
pare this cross section; it is given in the event that 
such experimental data becomes available. 

For both the (a,’) and (p,p’) reactions, a single- 
particle transition operator is assumed. A direct result 
of this assumption is that the cross section for excitation 
of double-excited configurations is predicted to be zero. 


scattering cross 


This assumption is also made in a completely qualita- 
tive discussion of some experimental (d,d’) results. It 
is found that, in general, this assumption gives results 
consistent with the results presented in the preceding 
sections. A brief report of the work presented in this 
section has been made previously.” 


A. N'*(a,a’)N'* 


Miller ef al.* have measured the relative 
sections for exciting various N™ levels by the inelastic 
scattering of alphas. They used a gas target and took 
data at lab angles between 75° and 105°. Their results 
are given in Table VI, the numbers being our estimates 
of the relative heights of the peaks on a graph for 
8,=90° in their paper. There is no evidence for exci- 


cToss 


*7C. A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 


(1957); 3, 67 (1958) 
88 W. T. Pinkston, Phys 
” W. T. Pinkston and E 
4, 254 (1959). 


Rev. 115, 963 (1959) 
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tation of the 2.31-Mev level. This is to be expected, of 
course, this has 7=1. Neither is there 
evidence for the excitation of the 6.23-Mev level, or 
the doubtful 5.98-Mev level. On the basis of other 
evidence we have suggested that the 6.23-Mev level is 
a J=1, T=0 level arising from the excitation of two 
1p-nucleons to the nearby 2s and 1d shells. Its absence 
in the (a,a’) spectrum is consistent with this conjecture, 
since the single-particle operator which causes the 
transition is incapable of causing more than one nucleon 
to “jump”. The other peaks are all roughly the same 
size, with the exception of the one corresponding to the 
5.10-Mev level, which is two or three times larger than 
the others. There are no peaks corresponding to the 
4.91-Mev and 5.69-Mev levels, but these may be hidden 
by the broad peaks of the 5.10- and 5.83-Mev levels 
which, according to the theory, should be somewhat 
larger than those of the 4.91- and 5.69-Mev levels. 
Miller ef al. also found that the N™ 6.44-Mev level 
was excited quite strongly in (a,a’). This level is also 
excited® by C(d,n)N™, for which the excitation of 
doubly-excited configurations is also forbidden if the 
stripping mechanism is involved. These results indicate 
that the J=3, 6.44-Mev level is not the (3,0) level of 
the doubly-excited (s,d) configuration—unless the (3,0) 
level contains a large contamination from the p~*(3,0) 
level expected’-* at a much higher excitation. Such a 
large contamination seems unlikely, and it is hard to 
imagine any other configurational assignment for a 
J*=3+ level at 6.44 Mev in N"™. One suggestion that 
arises is that the 6.44-Mev level has J*=3- and is a 
p’d level, which in Lane’s scheme, would be predomi- 
nantly a dy nucleon coupled to the first excited p* state 
of C*. In this strong interaction with the 
(pid), 5.83-Mev level would be expected—thus pro- 
viding an explanation for the excitation of the 6.44-Mev 
level by (a,a’) and C"(d,n)N™. Another possibility is 
that the 6.44-Mev level is the /*=3*, T=0 level of 
(pifz2), although this level is expected at ~9 Mev in 
N™ since the /72 level of O"’ is thought to be 3.8-Mev 
above the dy ground state.” If either description of the 
6.44-Mev level were correct it would be hard to under- 
stand the strong preferential 7 decays to this level from 
the (2,1) levels at 9.16 and 10.43 Mev. It would seem 
that the various experimental information on the 6.44- 
Mev level cannot be understood without further infor- 
mation. A striking result of the (a,a’) work of Miller et 
al. was the absence of peaks corresponding to the N™ 
7.47- and 7.60-Mev levels. The (a,«’) data, then, is con- 


sistent with one or both of these levels being s*p*(s,d) ; 


since level 


Case, a 


and it is possible that one of them is the (3,0) level in 
question. 

The N"™ 7.96-Mev level 
of levels, at 8.45 and 10.05 Mev were excited quite 


and the N™ levels, or groups 


strongly in the work of Miller ef a/., implying that these 


©W. A. Ranken, T. W. Bonner, J. M. McCrary, and T. A. 
Rabson, Phys. Rev. 109, 917 (1958 
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levels belong to singly-excited configurations. These 
three levels, as well as the 6.44-Meyv level, are possible 
candidates for the T=0, J*=3* and 4* levels of (pj f7/2). 

The differential cross section for the excitation of the 
3.95-Mev level has been measured by Ploughe et al.” 
The Bessel function shape characteristic of nuclear 
surface interactions was observed, the data correspond- 
ing rather well to [ j2(gRo) F with the radius of inter- 
action, Ro=5.2X10-" cm. Unfortunately, this is the 
only inelastic a-particle differential cross section which 
has been measured for mass 14. 

In order to compare theoretical and experimental 
predictions one must evaluate the radial integrals 
(nyl;| jx(7q)|1p), which appear in the (@’) cross 
section. The surface theory of direct interactions™ 
simply replaces this radial integral over a Bessel 
function by the Bessel function itself, evaluated at a 
“nuclear radius”. Another method performs the volume 
integration using harmonic oscillator radial functions 
for the. target nucleons. For comparison with the 90° 
data both methods have serious shortcomings. 

The difficulty with the surface interaction approxi- 
mation is that it predicts a differential cross section 
whose diffraction oscillations go to zero. At 90° for the 
radius used by Ploughe ef al.“ and for g values corre- 
sponding to energies of interest, the squares of Bessel 
functions of different orders may be quite different and 
their ratios extremely sensitive functions of angle. The 
observed differential cross sections never quite dip to 
zero and their ratios are unlikely to depend so sensi- 
tively on angle. The drawback of the volume integration 
method is that it has a Gaussian fall-off at large angles 
if harmonic oscillator radial functions are used. If the 
hw of the oscillator well is chosen so that the radial 
integral of j2(gr) reproduces the experimental first 
maximum of the 3.95-Mev level distribution, then by 
90° all the differential cross sections are drastically 
attenuated. This is obviously in disagreement with the 
data. The aforementioned difficulties and the poor 
agreement of the theory with the data at angles beyond 
the region of the principal maximum, seem to be 
typical of the simple theories of direct interactions. 

In order to compare our formulas with the 90° data 
we have devised two very rough approximations in an 
attempt to circumvent these shortcomings. First, we 
have replaced the value of the radial integral at 90° by 
an average over angles of a volume integration using 
oscillator radial functions. In order to see how sensi- 
tively the results depend on this procedure we have 
introduced a second approximation which is to assume 
that all the radial integrals at large angles are roughly 
constant and equal. The results for the cross sections 
are tabulated in Table VI for both these approxima- 
tions. One can see that they give very similar results, 


* W. D. Ploughe, E. Bleuler, and D. J. Tendam, Bull. Am. 
Phys. Soc. 4, 17 (1959) 

@N. Austern, S. T. Butler, and H. McManus, Phys. Rev. 92, 
350 (1953). 
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Taste VI. Comparison of the experimental and theoretical 
N™ (a,a’ )N™* cross sections. 


Theoretical cross sections 
(arbitrary units) 
(Radial 
integral)..” (o)ey” o 


pytpy, J=1 1.0 1.0 
Pasi, J=0 0.19 0.33 
J=2 0.83 1.67 
J=1 0.39 0.67 
J =3 0.67 1.33 
, J=3 ‘ o* eee oee 
y?,J=2 1.0 1.0 


Excitation 
energy 
(Mev) 


Soxp (90 
(arbitrary 
units) 


Shell model 
assignment 


3.95 
491 
5.10 
5.69 
5.83 
6.44 
7.03 a 


* Estimated from: Fig. 2 of reference 28 

» Calculated with harmonic oscillator radial wave functions and averaged 
over angles 

¢ All radial integrals assumed constant and equal. 

4 Unresolved 


indicating that the differences in the cross sections are 
caused mainly by differences in the angular momentum 
factors multiplying the radial integrals. 

Comparing these results to the Indiana results in 
Table VI we conclude that the (a,a’) data is in agree- 
ment with the shell assignments already made, although 
the general validity of such comparisons is questionable 
until differential cross sections are obtained for all the 
levels. 

The results in Table VI were obtained using pure 
jj-coupling wave functions. When the excited states 
belong to the ~* configuration it is not necessary to use 
jj-coupling wave functions ; intermediate coupling wave 
functions can be used. The reduced matrix elements in 
Eq. (3a) of the appendix may be evaluated by means 
of Eq. (12) of Sec. IIIB since both equations contain 
the matrix element of a tensor of rank 2. We have done 
this for the wave functions which cause the C’—» N™ 
8-decay matrix elements to vanish. With Elliott’s wave 
function the cross section for the excitation of the 
"Ds, (py py"), (2,0) state, relative to that for the 
excitation of the 3.95-Mev level, is increased from 1.0 
to 1.4. The wave functions of Visscher and Ferrell cause 
this ratio to be increased to 2.0. We do not regard 
these increases to be significant in the light of the 
aforementioned difficulties. In Table VI the N* 7.03- 
Mev level is listed as the p-*, (2,0) level for the reasons 
given in Secs. IIIB and C. The (a’) data supports 
this assignment and indicates that the 6.60-, 7.47-, and 
7.60-Mey levels could not be p*, (2,0) since they are 
not observed in the (a,a’) work of Miller e al. However, 
it should be pointed out, that the data presented here 
and in Sec. III cannot rule out the possibility that the 
N™ 8.45-Mev level is the (2,0) state in question. 


B. N"*(p,p’)N'* 


The situation here is even worse than in the case of 
the alpha-particle bombardments. Very few angular 
distributions have been measured. Freemantle e al.,® 


*®R.G. Freemantle, D. J. Prowse, and J. Rotblat, Phys. Rev. 


.96, 1268 (1954). 
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have measured the angular distribution of 9.5-Mev, 
protons inelastically scattered from the 3.95-Mev level. 
They found the distribution to be approximately 
symmetrical about 90° in the center-of-mass system. 
This could be due to compound nucleus formation; 
however, it seems unlikely that the compound nucleus 
cross section would dominate the direct reaction cross 
section at a proton energy of 9.5 Mev. A much more 
likely explanation is that the rise in cross section at 
backward angles is due to the stripping-type exchange 
term considered by Banerjee.“ 

In their detailed treatment of C"(p,p’)C™*, Levinson 
and Banerjee™ considered two direct reaction terms. 
These are the direct term corresponding to the incoming 
proton with momentum K;, interacting with a nucleon 
and leaving with momentum Ky and the knockout 
term corresponding to the interacting nucleon—in this 
case a proton—exchanging with the incoming proton 
and leaving with momentum Ky. Banerjee has shown 
that the exchange term corresponding to the emission 
of this same proton due to the interaction of the 
incoming proton with the remaining nucleons of the 
nucleus is, in general, not negligible as was previously 
assumed. This term, in analogy to the similar heavy 
particle stripping in deuteron-induced reactions, is 
called the stripping term. The stripping term is expected 
to supply ~ 60% of the direct reaction cross section at 
low proton energies and to become less important as 
the proton energy increases with negligible contribution 
to the cross section for proton energies above approxi- 
mately 14 Mev. Since the relative contribution of the 
stripping-type exchange term is difficult to calculate it 
is not included in the (p,p’) cross-section formula de- 
rived in the appendix and we consider the N“*(p,p’)N'* 
reaction for E,>14 Mev. The only N“(p,p’)N"* work 
in this proton energy range that we are aware of is a 
cursory investigation of the angular distributions at 
E,=17 Mev obtained with scintillation crystal reso- 
lution.® 

Detenbeck® has observed that for 17-Mev protons 
the angular distribution of protons leading to the 
N™ 3.95-Mev very much like that for the 
excitation of the 4.43-Mev level in C", which has been 
analyzed so successfully by Levinson and Banerjee™ in 
terms of the distorted-wave direct interaction model 
without the stripping-type exchange term. This means 
that this term can most probably be neglected at this 
high a proton energy, but that, unfortunately, the use 
of the Born approximation radial integrals in (p,p’) is 
even less valid than it was for (a,a’). For this reason 
and also because of the sparcity of experimental data, 
only the most qualitative comparison between theory 


level is 


and experiment will be made here. In order to get a 
rough estimate of the cross sections we resort to the 
same approximations for the radial integrals in Eq. 

“ M. K. Banerjee, International Congress of Nuclear Physics, 


July, 1958; M. K. Banerjee and D. Mitra (unpublished 
% R. W. Detenbeck (unpublished 
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were case. 


two columns of 


Table VI, the reason for this being that the angular 
momentum factors for (p,p’) are almost identical to 
those for (a,a’) for the N™ 
As in the case of (a,a’), the 
sections obtained from the two very different proc edures 


wave functions we assumed. 
imilarity between the cross 


for estimating the radial integrals presumably indicate 
is the angular momentum factors 


that it which are 
most important. For the spin dependence in Eq. (15a) 
we took a= §, b=} (see the appendix 
were repeated for a=1, 5 
in the results. 

The major difference between the bp’) and (a,a’) 
predictions is that the N™ 2.31-Mev level 
excited in (p,p’ . The predi: ted 
excitation of the 2.31-Mev level in 
for the 3.95-Mev level asid 
the radial integrals. There no significant difference in 
the predicted cross section of the 2.31-Mev level for 
(a) jj coupling, (b) the wave functions of Visscher and 
Ferrell, and (c) the wave functions of Elliott. Detenbeck 
ection for the 2.31-Mev level 


Che calculations 
0 with no significant change 


can be 
section for 
p,p’) is % of that 


the dependence on 


cross 


from 


observed that the cross 
is about 10% or less than that of the 
at E, 17 Mev in with theory. He also 
observed that the 3.95- and 7.03-Mev levels and the 
unresolved 5.69- and 5.83-Mev levels were excited with 
the 6.44-Mev level 
four smaller. 


3.95-Mev level 


agreement 


roughly equal cross sections, while 
about a factor of 
Proton groups corresponding to the 4.91- and 5.10-Mev 
levels were obscured by | p,p')C'™. The N* 6.23-, 
7.47-, and 7.60-Mev ited weakly if at all. 

We conclude that the (~,p’) data, such as it is, is 
with the theoretical predict 
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more complicated than the (p,p’) theory. Huby and 
Newns® have derived expressions for the (d,d’) differ- 
ential cross section when exchange terms are neglected. 
The theory of Huby and Newns is not sufficient for 
present purposes since in C™ the observed excitation™ 
of the J*=2-, 7.35-Mev level can only take place 
through a spin-flip, that is, the transition from the 
J*=0* ground state to this level must involve the 
matrix element of an odd rank tensor in r space in 
order to conserve parity, so that the 4J/=2 transition 
must involve a spin-flip. In view of these difficulties 
we shall make only the most qualitative comparison of 
the C*(d,d’)C™ data with the general features of the 
direct interaction mechanism. 

Armstrong ef al.” have studied the inelastic scattering 
of 14.9-Mev deuterons froma C", They obtained angular 
distributions for the known 6.72-, 7.35-, and 8.32-Mev 
levels and the previously unreported level at 7.01-Mev 
excitation. The angular distribution of these levels all 
peaked in the forward direction and have approximate 
cross sections at 6,=25° of 1.04, 0.45, 0.58, and 0.83 
mb per steradian, respectively. They also observed the 
6.09- and 6.59-Mev levels with cross sections at 6,= 25° 
of 0.25 and 0.14 mb per steradian, respectively. The 
C™ 6.89-Mev level was not observed. 

The identification of the C™ 6.89-, 6.09-, 7.35-, and 
6.72-Mev levels with the O~ and 1-, (p4s,) and 2- and 
3, (pydy) states, respectively, was discussed by WRH. 
This identification is illustrated in Fig. 1 by the solid 
lines connecting these C™ levels with the non-normal 
parity, 7=1, N™ states discussed previously. It should 
be pointed out that the very different cross sections 
for the excitation of the 2-, 7.35-Mev level and the 0, 
6.89-Mev level are hard to understand since, on the 
direct interaction model, the excitation of both levels 
must arise from spin-flip terms. It is possible that the 
low cross section for the 6.89-Mev level arises from 
some accidental cancellation. 

The C* 6.59-Mev level is at approximately the right 
excitation to be the analog of the N™ O*, 8.62-Mev 
level. If it were not it would be difficult to understand 
the nonobservation of the N“, 7=1 level and the C™ 
level which would be the analogs at the C™ 6.59-Mev 
level and the N™ 8.62-Mev level, respectively. The 
uncertain spin-parity assignments shown in Fig. 1 for 
the C™ 6.59-Mev level are due to analysis of the 
C¥(d,p)C™ reaction. As discussed by WRH, this 
analysis is quite uncertain and the 6.59-Mev level 
could well be J*=0*. In this case the cross section 
obtained® for this level in C¥(d,p)C™ would yield a 
neutron reduced width” compatible with the proton 
reduced width of the N 8.62-Mev level. Assuming the 
direct interaction mechanism, the (d,d’) cross section 


* R. Huby and H. C. Newns, Phil. Mag. 42, 1442 (1951) 

® J. N. McGruer, E. K. Warburton, and R. S. Bender, Phys 
Rev. 100, 235 (1955) 

” The reduced widths of the C™ levels were calculated from the 
C(d,p)C™ results (reference 69) by E. U. Baranger (unpublished) 
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for the C™ analog of the N(0,1) (s,d) level is expected 
to arise from the p* impurity in this state. Therefore, 
the small cross section for excitation of the C“ 6.59-Mev 
level in the (d,d’) reaction is consistent with the 6.59- 
Mev level being the analog of the N" 8.62-Mev level, 
which we proposed as the (0,1) (s,d) state (see Sec. 
ITIC). The conclusion that the C™ 6.59-Mev level is 
most likely the analog of the N™ 8.62-Mev level is 
indicated in Fig. 1 by the dashed line connecting these 
levels. 

In Secs. IIIB and C it was argued that the N™ 9.16- 
and 10.43-Mev levels were the two J*=2+, T=1 levels 
resulting from a strong interaction between the lowest 
(2,1) levels of the p-* and (s,d) configurations. On this 
picture, we would expect the C™ analogs of these two 
levels to have comparable (d,d’) cross sections—-the 
excitation of each arising from the p* admixture in 
the state. If such an interaction between the levels is 
assumed, the C'(d,d’)C"* results of Armstrong et al., 
are consistent with an identification of the C™ 7.01- 
and 8.32-Mev levels as the analogs of the N“ 9.16- and 
10.43-Mev levels, respectively. This identification, 
which is indicated by dashed lines connecting these 
states in Fig. 1, is consistent with the relative energy 
positions of these levels. It is also consistent with the 
experimental information on the neutron reduced 
widths of these C™ levels. The nonobservation® of the 
C“ 7.01-Mev level via the C"%(d,p)C™ reaction is 
consistent with the small neutron reduced width 
expected for the C™ analog of the N“ 9.16-Mev level- 
which has an extremely small proton reduced width 
(see Sec. IIIC)—while the neutron reduced width of 
the C™ 8.32-Mev level is compatible®™-® with that 
expected for the analog of the N™ 10.43-Mev level. 


V. CONCLUSIONS 


On the basis of this and previous investigations we 
propose the N™ shell-model assignments which are 
given in Table VII. Our proposed assignments for C™ 
are those indicated by the lines connecting analog 
states of C“ and N™ in Fig. 1. 

We have mentioned only briefly the T=0 states 
above the N™ 7.03-Mev level. On Lane’s model of 
non-normal parity states, eight odd-parity levels with 
T=0 are expected at 7-11 Mev excitation in N“, Two 
of these are the 7=0, J*=1~ and 2- levels arising from 
coupling a d,; nucleon to the C™ ground state. Six 
odd-parity 7 =0 states are expected in this region from 
coupling an sy or dy nucleon to the first-excited p* state 
of C™ at 3.6%-Mev. It is quite probable that the N“ 
9.39- and 10.24-Mev levels are 2 of these expected 8 
odd-parity levels. The C"(p,p)C™ results of Zipoy e 
al.," indicate that the 9.39-Mev level is formed by 
capture of d-wave protons with a reduced width close 


" D. Zipoy, G. Freier, and K. Famularo, Phys. Rev. 106, 93 
(1957); D. M. Zipoy, Phys. Rev. 110, 995 (1958). 
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TABLE VII. Proposed shell model assignments for 
the energy levels of N“ 


N™ excitation 
energy 
(Mev) 


Shell model assignment” 


0 : (1,0); p? 
2.31 (0,1); py? 
3.95 (1,0); py py? 
4.91 0,0); Pysy 
5.10 (2,0); pydy 
5.69 (1,0); pasy 
5.83 (3,0); pydy 

(? 


(5.98) 
6.23 (1,0); (s,d) 
6.44 3: (s,d) or p*d(?) 
(6.60) 208 (?) 
7.03 (2,0); py py 
7.47 (?) 
7.0 + (?) 
7.96 (?) 
8.06 (1,1); pasy 
(8.45) ?): (?) 
8.62 (0,1); (s,d) 
8.70 (0,1); Py 
8.90 (3,1); pady 
8.98 (?) 
9.16 (2,1); (s,d)+ py "py 
9.39 
9.50 
9.72 
(10.05) 
10.24 
10.43 


) 


p*s and/or p*d 


(2,1); py py t+ (s,d) 


* Taken from Fig. 1 and the text 
> The predominant jj configuration is given except in the case of those 
configurations arising from s*p*(s,d) which are denoted by (s,d) 


to the single-particle value. Furthermore, the (a,a’) 
cross section predicted by the method of Sec. IV is 
quite small, consistent with the nonobservation of this 
level by Miller ef al.2* Therefore, we tentatively assign 
this level (pyd,). However, if this assignment is correct 
it is surprising that a 9.39—>+ 2.31 transition has not 
been observed, since the AT = 1, E1(pydy) x21 — (p4") s~0 
transition is calculated to be quite strong. 

No attempt has been made to assign configurations 
to the even-parity 7=0 levels above the N™ 7.03-Mev 
level. As mentioned in the last section, some of these 
may belong to p*(s,d) or p*f. Others may arise from 
p*2p or the single or double excitation of an 1s nucleon. 

An important question which arose in making the 
shell-model assignments of Table VII is just how close 
must be the agreement between the theoretical pre- 
dictions of our over-simplified models and the experi- 
mental data to constitute support for particular level 
assignments. Unfortunately, this question cannot be 
settled in advance ; individual cases must be studied as 
they arise. In some instances the theoretical result could 
be shown to be insensitive to small changes in the wave 
functions. Such cases could be used as strong arguments 
for a particular assignment. An example is the great 
strength of the N“ 8.62 — 6.23 transition which, if M1 
as we assume, practically guarantees that the 8.62- and 
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6.23-Mev levels are (s,d). In other instances strong 
arguments for an assignment arose in cases in which 
there is rough agreement with a large group of data, 
even though agreement with any one of these data 
might be inconclusive. An example here is the assign- 
ment of (pds) to the N“ 5.10- and 5.83-Mev levels. 
The question of what agreement to expect is most 
important in the case of electromagnetic transitions 
which are quite sensitive to the assumed wave functions. 
Even if the 
used, electromagneti 


“correct” shell-model wave functions are 
transition calculations, are not 
always completely successful. Kurath,® in his calcu- 
lations of M1 and £2 radiative widths near the middle 
of the 1p shell, obtained results ranging from agreement 
to disagreement by an order of magnitude. We have 
taken the point of view that the stronger a transition 
is calculated to be in a realistic model the better should 
be the agreement with experiment. For a transition of 
average strength we expect our over-simplified models 
to reproduce the nuclear matrix element amplitude to 
about a factor of two or better; so that we take as a 
rough guide agreement to something like a factor of 
four as consistent with our shell-model assignments. 

One means of judging the degree of agreement for 
the electromagnetic transitions is to see whether the 
calculated widths give any better over-all agreement 
with experiment than that obtained taking for each 
multipolarity the average rate for light nuclei® modified 
to include the expected inhibition™“* of AT= 1 magnetic 
transitions in N™. Given that the spin-parity assign- 
ments we assume are correct, the calculated widths 
give appreciably better agreement. In fact, a major 
success of our calculations is that they give a generally 
consistent explanation for the dipole transition strengths 
which vary from the extremely weak (such as the 
9.50 — 0 transition) to the extremely strong (such as 
the 8.62 — 6.23 transition). 

In this work we have attempted not only to determine 
the predominant shell-model configuration of many 
mass 14 to estimate the type and 
magnitude of admixtures of other configurations in 
these levels. We this, on the main, by 
offering admittedly ad hoc explanations for some of the 
discrepancies and predictions 
based on the models. We have 
shown that some discrepancies are semi-independent of 
the assumed model and have rather surprising results; 
namely, the large interaction of the J*=2*, T=1, p* 
and (s,d) levels and the large isotopic-spin impurities 
of the N™ 5.10- and 5.83-Mev levels. 
unexplained contradictions. An 
relating to the N“ 6.44-Mev level. 

Our approach is frankly heuristic and optimistic. 


levels, but also 


have done 


between experiment 


single configuration 


There are a few 
example is the data 
We 
have tried to indicate, implicitly or explicitly, experi- 
menis which will test our predictions and assist in an 
understanding of the mass 14 spectrum. It is our hope 
that this work will stimulate such experiments. 
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APPENDIX 


In this appendix we derive the differential cross 
sections for the inelastic scattering of alpha particles 
from N™ and the inelastic scattering of protons from 
N™ and C™. These cross sections were used to obtain 
the results presented in Sec. IV. 

The inelastic scattering of alpha particles is treated 
on a very simple model. The alpha particle is spinless 
and tightly bound. For these reasons, but primarily for 
reasons of simplicity, we treat the inelastic scattering as 
the collision of a simple point particle with the target, 
the effective interaction of the alpha with the target 
being represented by an ordinary central potential 
between the alpha and each target nucleon. The cross 
section is calculated in Born approximation, i.e., 


cea 09° 
@)- |. | Zr f (ik) 
K L2eh® CI) Me my 


A |? 
X¥*(J,M,) & V (ran) exp(iKy-1ra)¥(Ji:M,)| . (1a) 


The K’s are the incident and final wave vectors of the 
alpha and yu is its reduced mass. The symbol [7] 
represents (27+1). The sum over m ranges over the A 
nucleons of the target. The calculation may be further 
simplified by the assumption, admittedly a crude one, 
that V may be approximated by a zero range potential, 

V (tan) = Vob(fn— fa). (2a) 
Then using the Rayleigh expansion of a plane wave 
and standard angular momentum methods, Eq. (la) 
may be reduced to 


Kq » F J 
| | VPA? > [A] (dy! ja(qr) | mdi)? 
Lah? 


he@ 


(Ji C(Q4)||F,) |? 
Li] 


In this formula C* is an unnormalized spherical har- 
monic, j,(gr) is a spherical Bessel function of order i, 
nl represents the one-particle quantum numbers of a 
bound nucleon, and q is the momentum transfer 
q=K,—K,. The symbol Q,4 represents the angular 
variables of the position of the Ath nucleon. 

In order to further reduce Eq. (3a), wave functions 
must be chosen for the initial and final states of the 
target. As before the states belonging to excited 
configurations will be treated in 77 coupling. For 
excitation of such configurations the ground state is 
represented by the 77 state, pfpJ=1, T=0, and the 
excited states of non-normal parity by 4(mlj)J,/T,. 
With these restrictive assumptions the sum over ) in 
the differential cross section reduces to a single term, 


(3a) 
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that for which \= 2j—1. If for the sake of brevity we set 


Ky “ ? 
Fh 
K ,L2rh® 


then the differential cross section reduces to 
A-!6.0(0) = 205 W*5I AL; 4d) (medy| jal AP). 


This formula has been used to calculate the (a,a’) cross 
sections which are tabulated in Table VI. The data 
tabulated there and the method used to evaluate the 
radial integrals is discussed in Sec. IVA. 

The direct interaction theory of (p,p’) reactions has 
been treated in detail by Levinson and Banerjee. The 
formula for the differential cross section is made much 
more complicated than for (a,a’) by the exclusion 
principle and the nonzero spin of the protons. In this 
section we use the Levinson-Banerjee transition ampli- 
tude calculated, as before, in Born approximation with 
a zero range potential between the incident proton and 
the target nucleons. In addition we permit the potential 
to have a spin dependence. This turns out to be unim- 
portant for N“, but may be important in weakening 
some selection rules in C™ where there is no exclusion 
principle for the incident proton relative to the two 
neutrons outside the C™ core. 

According to Levinson and Banerjee the differential 
cross section is given by 


(4a) 


(Sa) 


Aye ,(0)=2LJ 7 Sm, Soy Som, Dom,’ 


| 


x Lf ven JM ,T, Ur le iKy 955 (s,,m,)ba(l,,my4) 
| 


K V (2,3) (1— Pose™ Ss (5,,m,')5(1,,my) 


2 


XWVie(IM.iTMr)|. (6a) 


Here the » in A should be that for a proton. The 
operator P,; exchanges particles i and j. A spin-sum 
is implied by the integration, the free proton is particle 
3 in the incident and final wave functions, and the 8’s 
are the usual Pauli spinors for both ordinary and 
isotopic spin. We take for V2, the zero range charge 
independent potential, 


V (2,3) = Vob(r2— £3) (a4+-bP 23°). (7a) 


If we introduce the channel spin in the initial and final 
states, ie., L=J,+s,, l-=J,;+8,, and again use the 
Rayleigh plane wave expansion, then Eq. (6a) reduced 


to 


A~'a,(@) = 2 J<) - DJL 


x>d1, (J Sal p\\X*(2,3)||J sal) |?, (8a) 
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in which 
X ,* (2,3) = pr(qra)e ie (Q2)> tte T Mr 1203(1,,™,) 
<[(a+ bP 23") (b+ aP 23°) P23” Js (te,m’) T\M7)12 
= ja (gr2)C,*(Q2) (a+68P23’). (9a) 


By standard angular momentum recoupling techniques 
a and 8 may be shown to be 


a=a-—Gb, B=b—Ga, (10a) 


with 
G=[T Ty) Siro (T AM rm, | ToMr+m,) 
«(TAM rm,| ToM.+-m)W (T4477; Toh). (11a) 


0 for C“, G=4 for N“ and G=1 for 
O", With the use of the 77-coupling wave functions 


In paritular G 


assumed, Eq. (8a) can be reduced to 


Ae, (0) =2L i dD) dai dy |SxUiJ,))|?, (12a) 


where 


S11) = 3 I ICV | ix (qr) | 1p? 


x laW (JDJ dis POW GI AT POOH 


+BV2>0 pa LI IL’ 
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1 
; I, 


J 


| 
< (jr$0) 774). (13a) 


The last term in brackets on the right of Eq. (13a) is 
a 9j coefficient. For our particular case of spins and 


configurations the sum over channel spins may be 
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carried out to give, for N™, 


x | 2087 


«W2(jJ/41; AW (jh 


jJ Al + 2(6)§L1 (2100) A0 


+d ait 6 l \8*(1100 0 


1 
18 j 
1 
+45(1,J ;)——W? 
Cy, 


(14a) 


The normalization fact s 1 except when the final 
state is the state p,’, J 1, in which case it is 2. 
For the case of ¢ 


is simpler. It is 


' since F 0). 


the resulting expression 
A lg (8) 
+ 3h. f Il l 


xX (Lj}'- 20 


[7 }doa (mpl! jrx(or) | 1p)*{ (a®?+4b)5(J;,d) 
1100 | 0)? W?( 7141; $d) 
6(J,,l))+46(J,,DTF }}, 


15a) 


In deriving Eqs. (14a) and (15a) we have neglected 
the stripping-type exchange term which Banerjee has 
shown to be non-negligible for proton energies less than 
approximately 14 Mev. Therefore, Eq. (14a) is appli- 
cable for proton energies larger than about 14 Mev. 
In as far as C™ can be described as two neutrons outside 
a Cc” core, however, there can be no knock-out (i.e., 
G=0 for C) or stripping exchange term in C(p,p’)C™* 
(15a 


regions where compound nucleus formation can be 


gives the j7-coupling cross section in 


so that Eq. 


neglected. 
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Gamma-Ray Intensities in the Thorium Active Deposit* 
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The relative intensities of the gamma rays of the descendants of radiothorium have been studied by 
measuring the photoelectron spectra from thorium and platinum foils. The relative sensitivity of the arrange- 
ment at different energies was found by using other sources having gamma rays of known relative intensity. 
Comparison of the measured gamma-ray intensities with the measurements by others of internal conversion 
intensities allows internal conversion coefficients to be computed and the multipolarities of several transitions 
to be determined. An electric monopole transition was found in Po*™. The gamma-ray intensities are used 
to find the intensities of beta-ray branches. Gamma-ray intensities are compared with the known intensities 
of long-range alpha particles from Po*™ and transition probabilities are estimated for some electromagnetic 
transitions between states of that nucleus. The level schemes of Po** and Pb™ are discussed in the light of 
the information found here and of other recent information 


INTRODUCTION 


N the decay of the active deposit of thorium states 

are excited in Bi?", Po*”, Tl*, and Pb™*. A simpli- 
fied decay scheme is shown in Fig. 1. These nuclei are 
in a region close to the closing of both neutron and 
proton shells where calculations based on the shell 
model have had some success.' The radiations from the 
deposit have been the subject of extensive study for a 
half century,? but knowledge of the level schemes of the 
nuclei involved is far from complete. One particular 
lack has been the absence of quantitative knowledge 
of the intensities of the gamma rays emitted. We have 
measured the relative intensities of the gamma rays by 
the method of photoelectric conversion, and by com- 
parison with previously published data have deduced 
new information about the excited states involved. 


EXPERIMENTAL ARRANGEMENTS 


The double-focusing beta-ray spectrometer used in 
this work was designed and built by Bartlett and 
Bainbridge.* The central! orbit is of 30-cm radius and the 
magnet return flux is on the outside. A Geiger-Miiler 
counter served as detector. The magnet current was 
supplied by automobile batteries and was controlled by 
a 150-turn Kohlrausch slide wire. The magnetic field 
was measured with a Rawson-Lush rotating-coil 
device‘ driven by a stable-frequency supply. 


* Research games in part by the joint program of the Office 


of Naval Research and the U.S. Atomic Energy Commission. Part 
of this work formed part of a doctoral thesis submitted to the 
Department of Physics, Harvard University, by G. T. Emery, 
which appeared as Technical Report 1-9, April, 1959. 

t Polaroid Fellow in physics during part of this work. Now at 
Brookhaven National Laboratory, Upton, New York 

t National Science Foundation Predoctoral Fellow and John 
Tyndall Fellow during parts of this work. Now at Brookhaven 
National Laboratory 

1M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773, 962 
(1952); I. Bergstrém and G. Andersson, Arkiv Fysik 12, 415 
(1957). 

? An annotated bibliography is included in G. T. Emery, thesis, 
Harvard University, 1958 (unpublished). 

*A. A. Bartlett and K. T. Bainbridge, Rev. Sci. Instr 
(1951). 

* Manufactured by Rawson Electrical Instrument Company, 
Cambridge, Massachusetts. 
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Thorium converter foils 8.3 and 29 mg/cm? thick 
and 4.0 mm wide were used for the principal part of 
the work; a platinum foil 22 mg/cm? thick and 6.4 mm 
wide was also used. With the acceptance solid angle 
set at 0.8%, counter slits 3.2 mm apart, and 4.0-mm- 
wide foil, the instrumental line width at half maximum 
was about 0.8%. 

The source used for the photoelectron measurements 
was about 12 mC of radiothorium with its descendants, 
which include the nuclei of the thorium active deposit. 
The active material of the radiothorium source and of 
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viable 


1. A simplified decay scheme of the thorium active deposit. 
Only the most intense transitions are shown. 
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the calibration sources was contained in cylinders of 
0.080-inch inside diameter and 0.160-inch length. The 
outside diameter of the cylinders was 0.125 inch. They 
were held in an aluminum cup with 0.020-inch walls, 
which was in direct contact with the converter foil. The 
distance between the center of the source and the 
converter foil was then 0.083 inch. 


GAMMA-RAY INTENSITIES 


The calibration for efficiency of photoelectric con- 
version as a function of energy was made by using 
sources with gamma rays of different energy and known 
relative intensity. The sources selected were Na™ 
(1.368- and 2.754-Mev gamma rays), Na®™ (annihilation 
radiation at 0.511 and a gamma ray at 1.277 Mev), 
and the 5.5-hour isomer of Hf'® (gamma rays at 216, 
332, and 444 kev). The effects of the small alternative 
beta-decay branchings of Na™ and Na” were considered. 
For Na™ the gamma rays have the same intensity 
within one-tenth percent. For Na®™ small corrections 
were also included for annihilation in flight, three- 
quantum annihilation, and Doppler broadening of the 
annihilation line. The electron capture-to-positron 
ratio of Sherr and Miller’ was used, since it has the 
smallest quoted error and a weighted mean of other 
values fell within that uncertainty. Our conclusion was 
that the annihilation (1.780+0.012) 
times as intense as the 1.277-Mev gamma ray. The 
isomeric state in Hf'® has spin 9— ,*? and decays to the 
8+ and 6+ levels of the ground-state rotational band, 
by 57- and 501-kev transitions, respectively. The 
332- and 216-kev transitions are the 6+ to 4+ and 4+ 
to 2+ transitions, and thus occur once in each Hf'®™ 
decay. The relative intensity of the 444-kev transition 
between the 8+ and 6+ levels depends on the branch- 
ing from the isomeric state. The branching has been 
measured as 0.80° and 


radiation was 


0.857; we used the value 
0.82+0.05. Then corrections were made for the internal 
conversion of these 
help of the tables 
unscree ned Vf 


low-energy transitions with the 
of Sliv and Band® and of Rose’; the 
shell coefficients of Rose were multiplied 
by an empirical correction factor of 0.60 to account 
approximately for and conversion in 
further shells was assumed to be about } that in the M 
shell ult for the relative intensities of the 


screening,” 
The final re 


5 R. Sherr and R. H 

*G. Scharff-Goldhaber, M. McKeown, 
sull. Am. Phys. Soc. 1, 206 (1956) 

7V. S. Gvozdev, L. I. Rusinov, Yu. I 
Khazov, Nuclear Phys. 6, 561 (1958 

*L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [ translation: Report 57 ICC K1, issued by 
Physics Department, University of Illinois, Urbana, [Illinois 
(unpublished) ], Part I; ibid, Report 58 ICC L1, Part II. 

*M. E. Rose, Internal Conversion Coefficients (North Holland 
Publishing Company, Amsterdam, 1958). We wish to thank Dr. 
Rose for sending us some of his results before publication. 

 P, J. Cressman and R. G. Wilkinson, Phys. Rev. 109, 872 
(1958); G. Backstrém, O. Bergman, and J. Burde, Nuclear Phys 
1, 263 (1958); I. / van Heerden, D. Reitman, and H. Schneider, 
Nuovo cimento I1, 167 (1959 
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gamma rays at 216, 332, and 444 kev is 1.00, 1.15+0.01, 
and 0.98+0.05. 

Since the same geometrical arrangement was used for 
the calibration runs as for the radiothorium, the 
complicated effects of the angular dependence of the 
photoelectric cross section and of electron scattering 
were automatically accounted for. Corrections were 
made for absorption 
sources, and for 
These corrections ranged from 2% to 


in the cylinders containing the 
absorption in the source materials. 
28% for the 
calibration sources, which were in aluminum and copper 
cylinders, and from 6% to a factor of 2.47 for the 
radiothorium source, which was in an iridio-platinum 
cylinder. In making these corrections, account was 
taken of the different effective path length, due to the 
different angular distribution for photoelectron pro- 
duction and electron scattering, at different energies. 
A mean angle of traversal of the cylinder wall was 
estimated, and the effective path length was taken to be 
the wall thickness times the secant of that angle. The 
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Y-RAY INTENSITIES 


gamma ray in Pb™* to remove the contribution of 
annihilation radiation. This radiation is due to the 
positrons produced in the walls of the source cylinder, 
mainly by the 2.615-Mev gamma ray in Pb™*. 


INTERNAL CONVERSION DATA 


Beginning in 1956 a comprehensive series of papers 
on the internal conversion spectrum of the thorium 
active deposit by a group in Leningrad including 
Krisyuk and Latyshev have appeared. The first papers 
were concerned with particular lines.”: Work covering 
the whole spectrum appeared in three sections.'*'* 
Discussions of individual level schemes followed.'*-” 
The gamma-ray intensities found here may be combined 
with the internal conversion intensities of Krisyuk 
et al. to find conversion coefficients. Several interna! 
conversion lines were compared experimentally to 
check the Leningrad results. The only discrepancy was 
in the intensity ratio of the A and Al lines.” (The A 


Fic. 3. Low-energy photoconversion spectrum of radiothorium 
source obtained with an 8.3-mg/cm?* thorium converter. The 
magnetic rigidity (Bp) is measured in gauss-cm 


line is due to L; conversion of the 40-kev transition in 
TI and the Al line to K conversion of the 115-kev 


2 E. M. Krisyuk et al., Izvest. Akad. Nauk S.S.S.R. Ser. Fiz 
20, 363 (1956) [translation: Bull. Acad. Sci. U.S.S.R. 20, 322 
(1956) ]; E. M. Krisyuk et al., Izvest. Akad. Nauk S.S.S.R. Ser 
Fiz. 20, 883 (1956) [translation: Bull. Acad. Sci. U.S.S.R. 20, 
803 (1956) ]. 

4 FE. M. Krisyuk, G. D. Latyshev, and A. G. Sergeev, Izvest 
Akad. Nauk S.S.S.R. Ser. Fiz. 20, 367 (1956) [translation: Bull 
Acad. Sci. U.S.S.R. 20, 335 (1956)]. 

“FE. M. Krisyuk et al., Izvest. Akad. Nauk S.S.S.R. Ser. Fiz 
20, 877 (1956) [translation: Bull. Acad. Sci. U.S.S.R. 20, 797 
(1956)]; V. D. Vorobev et al., Izvest. Akad. Nauk S.S.S.R. Ser 
Fiz. 21, 954 (1957) [ translation: Bull. Acad. Sci. U.S.S.R. 21, 956 
(1957) ] 

4A. I. Zhernovoi et al., Zhur. Eksp. i Teoret. Fiz. 32, 682 
(1957) (translation: Soviet Phys.-JETP 5, 563 (1958) ]. 

1 E. M. Krisyuk et al., Nuclear Phys. 4, 579 (1957) 

17E. M. Krisyuk et al., Zhur. Eksp. i Teoret. Fiz. 33, 1144 
(1957) (translation: Soviet Phys. JETP 6(33)), 880 1958) ]. 

1A. G. Sergeev et al., Zhur. Eksp. i Teoret. Fiz. 33, 1140 

1957) (translation: Soviet Phys. JETP 6(33), 878 (1958) } 

# A. G. Sergeev et al., Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 22 
785 (1958) (translation: Bull. Acad. Sci. U.S.S.R. 22, 779 (1958) ]. 

» The internal conversion lines have generally been referred to 
by the nomenclature introduced by C. D. Ellis, Nature 129, 276 

1932); Proc. Roy. Soc. (London) A138, 318 (1932). Gamma rays 
are identified by the same letter, etc., as their most prominent 
internal conversion line. 
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Fic. 4. High-energy photoconversion spectrum of radiothorium 
source obtained with a 29-mg/cm?* thorium converter. The back 
ground reaching a peak near 8000 gauss-cm is due to Compton 
recoil electrons from the 2.615-Mev gamma ray of the Tl™* decay. 


transition in Bi*.) This had been reported as two-to- 
one® and, later, as eight-to-one.'® We found the ratio 
to be five-to-one.™™ 

In computing the intensities in percent of decays for 
a particular nucleus, account must be taken of the 
branching ratio of Bi®*. We have used the value 0.354 
for the ratio of alpha decays to total decays,” since the 
Leningrad group used that value (and also corrected 


Taste I. Relative intensity of gamma rays of 
the descendents of radiothorium. 


Intensity 
relative to 
gamma X 


Gamma 
name Nucleus 
BB 
Em™ 
Pb™ 
Pb” 
rT} 
Bi™ 
ry 
Wed 
Pb™*® 
Pb™ 
Po*™ 
Pb™* 
Pot 
Pb™ 
Po" 
Po*™ 
Po 
Pot 
Po*™ 
Po™ 
Po™ 
Po™ 
Po™ 
Pb™ 


131 +25 
i4 +4 
1.5+ 
69+ 
1.14 
10.0+ 
0.54 
04+ 
23.04 
864+ 5. 
18.54 
1.9+ 
2.74 
11.44 
1.1+ 
£13 


1.8+ 


£06 
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™= Note added in proof.—-The work of K. O. Nielsen, O. B 


Nielsen, and M. A. Waggoner [Nuclear Phys. 2, 476 (1956/57) ] 
showed that, of the composite line due to L conversion of the 
40-kev transition (lines A, Aa, and Ab) and K conversion of the 
115-kev transition (line Al}, (1943) “, of the total intensity was 
in coincidence with the 300-kev gamma ray in Bi™, and thus was 
due to conversion of the 115-kev gamma ray. Their results imply 
a ratio of (3.8+-0.7) for the intensities of the A and Al Lnes. 
“=P. Marin, G. R. Bishop, and H. Halban, Proc. Phys. Soc. 
London) A66, 608 (1953). 
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ras_e I]. Comparison of the measured intensities of gamma rays in Po”? foll 


AND W R. 


KANI 


of Bi™ with 


earlier work. The intensities are given in percent of the deca 


Itoh and 
E, (Mev Watase* Latyshev” 
0.727 
0.785 
0.83 
1.074 
1.078} 
1.34 
1.513 
1.620 
1.680 
1.800 
2.20 


* See reference 25 
+ See reference 26 


¢ See reference 


i See refere 


for the effect of the 60-minute half-life of Bi?) in their 
series of papers on the individual nuclei. 


POLONIUM-212 


It has long been known that alpha particles (the 
“long range alphas’’) were emitted, in low intensity, 
from excited states at about 727, 1680, and 1800 kev 
in Po?®, The work of Lewis and Bowden” and that of 


Rytz™ give the energies and intensities. Since the 


observed alpha transitions all lead to the 0+ ground 
state of Pb**, these alpha-emitting levels must have 
either even spin and even parity or odd spin and odd 
parity. The strongest gamma ray in the beta decay 
of Bi?", that of 727 kev, was shown by Martin and 
Richardson™ to be of multipole order £2. The recent 
internal measurements of Krisyuk and 
collaborators'® imply states at 1513 and 1620 kev, as 
well as the alpha-emitting states. 


conversion 


There has been much confusion, however, about what 
gamma rays were emitted and in what intensity. A 
series of measurements on the Compton recoils pro- 
duced by gamma rays of the thorium active deposit ,?5>~?” 
and on internal pair formation** implied several gamma 
rays in Po*” of energy greater than 727 kev and with 
intensity greater than or equal to two percent. A 
decomposition of the complex beta spectrum of Bi?” 
was attempted by Burde and Rozner”; their results 
also imply high-energy, high-intensity gamma rays. 


=W. B 
A145, 235 
% A. Rytz, Compt. rend. Acad. Sci. U.R.S.S. 233, 790 (1951). 
“TD. G. E. Martin and H. O. W. Richardson, Proc. Phys. Soc 
(London) A63, 233 (1950 
* A. I. Alichanian and V 
U.R.S.S. 20, 115 


Soc 


Lewis and B. V 
1934 


Bowden, Proc. Roy (London) 


P. Dzelepov, Compt. rend. acad. sci. 
1938); S. C. Curran, P. I. Dee, and J. E 
Strothers, Proc. Roy. Soc. (London) A174, 546 (1940); J. Itoh 
and Y. Watase, Proc. Phys.-Math. Soc. (Japan) 23, 142 (1941). 

** G. D. Latyshev and L. A. Kulchitsky, J. Phys. (U.S.S.R.) 4, 
515 (1941); G. D. Latyshev, Revs. Modern Phys. 19, 132 (1947) 

27 A. Johansson, Arkiv Astron. mat. Fysik 344A, No. 9 (1947). 

* A. I. Alichanian and V. P. Dzelepov, Compt. rend. acad. 
sci. U.R.S.S. 20, 113 (1938) 


*® J. Burde and B. Rozner, Phys. Rev. 107, 532 (1957) 
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to come, offers some difficulties. The 785-kev transition 
is M1. The limit on the conversion coefficient of the 
1513-kev transition indicates that it is F4, ES, ---, or 
M2, M3, ---. The unique spin implied by these con- 
siderations is 3+. It seems, however, unlikely that an 
M3 transition could compete with an M1 transition. 
If the 1513-kev transition had a single proton M3 
transition probability, the 785-kev transition would be 
retarded by a factor of about 3X10° from the single 
proton M1 transition probability. A more likely 
prospect is that the spin of the 1513-kev state is 1+. 
Our limit on the conversion coefficient of the 1513-kev 
transition was found by taking the ratio of the internal 
conversion intensity of Krisyuk et al. less thirty 
percent, their estimated uncertainty, and our limit on 
the gamma-ray intensity. The resulting limit on the 
coefficient, 0.008, is not much above the theoretical M1 
coefficient, 0.0062. We feel that our limit on the gamma 
intensity is sufficiently conservative. The true internal 
conversion intensity may lie somewhat outside the 
limits estimated by Krisyuk et al., or perhaps the 
transition an anomalous dipole 
coefficient. 

A level at 1680 kev is known from the long-range 
alphas. No gamma ray of this energy is seen, but a 
stopover transition of 953 kev goes to the first excited 
state. Our lower limit the conversion coefficient 
rules out a pure £1 or £2 transition. Thus the state 
must either be 2+ or 5— or higher. Since excitation 
of high spin states by beta decay from the low spin 
(probably 1—) ground state of Bi” is unlikely, the 
spin is almost certainly 2+. The limit on the conversion 
coefficient an appreciable £2 
component. 

The case of the level at 1800 kev is especially interest- 
ing. K conversion electrons of an 1800-kev transition 
were seen by Krisyuk et al.," and, earlier, by Ellis. 
We found no gamma ray, however, and the conversion 
coefficient must be greater than 0.012. This eliminates 


shows conversion 


on 


does not exclude 


Po*"?. Intensities 


ex is the K 


Taste III. Electromagnetic transitions in 
are given in percent of the decays of Bi®™ to Po™ 
conversion coefficient. 


E 
Gamma (kev) 
727 
785 
893 
953 
1074 
1078 
1350 
1513 
1620 
1680 
1800 
2200 


Multi- 


nd polarity 


Ix(% 
0.106 
0.051 
0.014 
0.010 
0.006 
0.014 


I(% 


10.1+0.6 

1.5+0.3 

0.6+0.3 
<O8 


1.0+0.2 


< 0.33 

< 0.7 
2.6+0.4 

<04 

<0.4 

<0.27> 


€K 


O 
Oa 
Pa 

Pa2a 

R 
Ra 


2 
W1 
Wi 
Wi+2 

E2 


0.0105+0.0008 

0.034 +0.008 

0.023 +0012 
> 0.909 


5 0.008 
0.0050+0.0015 


0.008 
Sa 0.013 


Sb 0.007 


> 0.012 


* See reference 18 
> See reference 31. 


~ ®C. D. Ellis, Proc. Roy. Soc. (London) A143, 350 (1934). 
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all electric multipoles from one to five, inclusive, and 
since alphas are emitted from the level, the ground-state 
transition must have electric multipolarity. An 26 or 
higher multipole transition would be too slow to 
compete with the alpha decay from this level, so the 
transition must be electric monopole, and the state 
must be 0+. Krisyuk et al. found two internal con- 
version lines (R and Ra) which correspond to gamma 
rays of 1074 and 1078 kev in Po*”. The first fits as the 
stopover transition from the 1800-kev level. Since it 
goes from a 04 state it must be £2, and the 
internal times the theoretical 
conversion coefficient gives a gamma intensity of 
(1.2+0.4)%. This consistent with the measured 
value, but it means that the gamma intensity of the 
1078-kev transition must be small, less than about 0.5%. 
Thus the K-conversion of the 1078-kev 
transition must be greater than 0.018, and the transition 
cannot be F1 or £2. Its place in the level scheme remains 
unknown. 

Figure 6 shows the level scheme of Krisyuk et al.,"* 
with our transition intensities and spin assignments 
added. From the gamma-ray intensities one can find 
the amount of excitation of the various levels by the 
beta decays of Bi?” and the ff values for the partial 
spectra. These are shown in Table IV. The log ft values 
are all consistent with first forbidden transitions, as they 
must be if the spin assignments are correct. 

For the excited states at 727, 1680, and 1800 kev, 
alpha emission is in competition with electromagnetic 
de-excitation. The ratio of transition probabilities for 
competing transitions is just the ratio of the transition 
intensities. Since the alpha intensities are known” 


to a 24 


conversion intensity 


coefficient 


and we have measured the gamma intensities, an 
estimate of the alpha transition probability allows an 
estimate of gamma transition probability to be made. 
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We have used the semiempirical relation 


Ag /Aq = (B,/ Bo) exp[ —C(OQ7—Oe-4) ] 


J 


for the ratio of the alpha transition probability from 
an excited state to that from the ground state. The 
factor exp| —CQ~'] gives the dominant dependence of 
the barrier penetration probability on Q, which is the 
disintegration energy corrected for the effects of the 
of the atomic electrons. We have used 
C= 297.8, which describes the regularities of the even 
polonium isotopes of mass number 212 and above. The 
factor B includes the preformation factor; we have 
assumed, for the sake of this estimate, that the pre- 
formation factors and thus the factors B; are the same 


screening 


for the states of Po under consideration. In the case of 
the spin 2 levels a correction has been made for the 
angular momentum dependence of the barrier pene- 
tration probability. The L=2 correction has been 
calculated for cases similar to these, and is always close 
to 0.60.* 

The estimates of gamma-ray transition probabilities 
found by this method are used to find reduced transi- 


TABLE IV. Beta transitions from Bi® to Po™®. The branch intensi- 
ties are derived from the gamma-ray intensities. 


Maximum 
energy of 
betas (Mev) 


Energy of 
excited state 
(Mev) 


Intensity 
in 
percent 


log ft 


0 

0.727 
1.513 
1.620 
1.680 
1.800 
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Fic. 6. Level scheme showing the 
states of Po™ excited in the beta decay 
of Bi™. Bi?" also decays to states of 
I* by alpha emission. Beta- and 
gamma-ray intensities are in percent 
of decays to Po*™” 


“ transition 


tion probabilities, B( £2 These reduced 
probabilities may be compared with the “ 
value, which is appropriate for two equivalent protons 
of large spin recoupling from a spin 2 state to a spin 0 
state. The “single proton” value for polonium and for 
a nuclear radius of 1.2*10~"A! cm is 0.0078 &« 10-* 
cm‘. We will quote all B(£2) values in 

The B(E2) value for the 727-kev transition is 0.08, 
ten times the “single proton”’ The limit on the 
intensity of an £2 component in the 953-kev gamma 
ray the B(E2, 953)<0.18. The 1680-kev 
transition from the same level is not seen, and we find 
B(£2,1680) < 0.006. For the stopover transition from 
the 1800-kev find B(E£2,1074)=0.04, 
about five times the nominal “single proton” estimate, 
but just the value to be expected for two protons 
recoupling from a spin 0 to a spin 2 st 

In a similar way we can 
probability for emission of a K electron in the 1800-kev 
ED transition; it is Wx=4X 10° sec"'. According to the 
discussion of £0 transitions by Church and Weneser* 


single proton” 


these units. 
value 


sets limit 


0+ level, we 


sin 


ate. 


estimate the transition 


2 
as, 


Wr=\p 


he 


where Q is a function of the energy and the electron 
wave functions, p is the strength parameter, a 
measure of the overlap between the initial and final 
wave functions. 2 is about 1.6 10" sec for 1800 kev 
and polonium, so |p| =0.05. A similar estimate for the 
well-known 1.416-Mev £0 transition in Po™ gives 
|p| =0.05. The lifetime of that state has recently been 
directly measured by Tutt id his neasurement 
yields |p| =0.03. 


“A. Bohr 
Selskab, Mat Me 27. 101 
% E. L. Church and J. Weneser, Phys 
* M. Tutter, Z. Physik 155, 368 (1959 


and 


1S 


36 


er,” al 


1 B. R. Mottelson, Kgl. Danske Videnskab. 


an 
1953 
*T Rev 


103, 1035 (1956). 





y¥-RAY INTENSITIES 

There are several similarities between the level 
schemes of Po?” and Po**, of which we will comment on 
two.” In each case the four lowest alpha-emitting levels 
show the spin sequence 0+, 24, 2+, 0+, and the 
ratios of the energies of the second 2+ and 0+ states 
to the first 2+ state are almost the same. The first 
two levels from which no alphas are known are, in Po*™ 
at 1513 and 1620 kev, and in Po* at 1729 and 1764 kev. 
In each case the lower state decays mostly to the first 
excited state, while the higher one decays mosily in a 
direct transition to the ground state. A diagram com- 
paring the known levels of Po*” with these lower levels 
of Po** is shown in Fig. 7. 


LEAD-208 


The principal features of the level scheme of Pb” 
were established by the work of Elliott and collabora- 


p 2:2 : 2 

F1G. 7. Comparison of the levels of Po" and Po™ excited in the 
decays of Bi?” and Bi**. Alphas are emitted from the levels which 
are identified as 0+ and 2+-. No alphas are known from the levels 
{ and B. In each case the de-excitation of level A takes 
place mostly to the ground state, while the de-excitation of level 
B takes place mostly to the first excited (2+) state. 


labelled 


tors,**-® who measured internal conversion coefficients 
and directional correlations. The angular correlation 
work was almost completely confirmed by Wood and 
Jastram.“ Table V shows our results for the gamma-ray 
intensities, the internal conversion intensities of 
Krisyuk et al.,!7 and the resulting conversion coeffi- 
cients and multipolarities. The conclusions, with 
exception, are consistent with the previous work. The 
discrepancy is in the amount of multipole mixing in the 
511-kev gamma ray, gamma L. Elliott et al. originally 

37 We consider the level scheme given by D. Strominger, J. M 
Hollander, and G. T. Seaborg, Revs. Modern Phys. 30, 794 
1958). 

* LL. G. Elliott et al., Phys. Rev. 93, 356 (1954); 94, 795(A 
1954} 

*L. G. Elliott et al 

© L. G. Elliott et al 
Sheets, 1958) 

“©G. T. Wood and P. S. Jastram, Phys. Rev. 100, 1237(A} 


(1955). 


one 


Proc. Roy. Soc. (Canada) 48, 12A (1954 
private communication to Nuclear Data 
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Tase V. Electromagnetic transitions in Pb™. The intensities 
are given in percent of Tl® decays. ex is the K-conversion 
coefficient. 


d Multi 
Gamma (kev) Ix(%)* WY polarity 


(M1) 

(M1) 

0.25 +0.15 (M1) 
0.35 +0.06 M1 
(E2) 

0.074+0.007 M1+ #2 
0.0156" E2 
0.031 +0.008 M1 
0.024+0.003 M1 
(0.0017)*-* E3 


211 0.15 
2330S s«O0.13 
252 0.37 
277 2.4 
486 001 
511 1.7 23.04+2.0 
583 86.4+ 5.6 
763 0.058 1.9+0.5 
860 380.27 11.4+41.2 
2614 0.17 (100) 


1.5+0.7 
6.9+1.2 


* See reference 17 
> See reference 38. 
¢ A. I. Alichanian and S. J. Nikitin, Phys. Rev 


53, 767 (1938) 
reported the intensity ratio of £2 to M1 as 1.7+0.3,™ 
and later ® as 1.0+0.4. Wood and Jastram found the 
ratio to be 0.04+0.02. Our value of the gamma-ray 
intensity, when combined with the internal conversion 
data of the Leningrad group, gives a conversion coeffi- 
cient indicating nearly pure M1; the ratio of E2 to M1 
intensities is 0.18-+0.15. 

The level scheme is shown in Fig. 8. Our values for 
the gamma-ray intensities may be used to derive the 
intensities of the beta-ray branches. From these, values 
of log ft may be found. The results are shown in Table 


VI. The method gives an intensity of (0.246.8%) for 
the 2.38-Mev branch; Elliott et al.” found it to be 
about 0.03%, 


and their value has been used in com- 
puting log ft for that branch. The transitions to the four 


Ti? (63,1 MIN 


“TY — 


SPIN AND 
Mev PARITY 


4990 Se 


Fic. 8. Level scherne showing the decay of T™ to Pb*™™ 
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Taste VI. Beta transitions from thallium-208 to lead-208 
The branch intensities are derived from the gamma-ray intensities 


Energy of 
excited state 
(Mev) 


Maximum Intensity 
energy of in 
betas (Mev) percent 


2.62 § ~~) .03* 
3.20 51.3 
4.48 5 20.6 
3.71 24.3 
3.96 3.6 


higher levels all have log ft between 5 and 6. Several 


first forbidden decays of thallium and lead isotopes 
have similar values, but it had been thought® that all 
such favored transitions had no spin change. At least 


one of these transitions has unit spin change. 


THALLIUM-208 


The conversion coefficients deduced by direct 
comparison with the data of Krisyuk et al.” are con- 
sistent with the usual M1 assignment” for the 288-, 
328-, and 453-kev transitions in Tl,” but the un- 
“@M. E. Rose and R. K. Osborne, Phys Rev. 93, 1315 (1954). 
*Q. B. Nielsen, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 30, No. 11 (1955). 


AND W . KANI 


ratio of the 
gamma rays was 


certainties are of the order of 50%. The 
intensities of the 288 
measured more accurately; that 
with the internal conversion 
tation of the level by alpha decay to give €x(288) 
=().34+0.13 and ex(328)=0.25+0.10. The theoretical 
values for magnetic dipole transitions are 0.36 and 0.26.° 


and 328-kev 
result was compared 


ntensities and the exci- 


BISMUTH-212 


coefficients deduced for the 238- and 
transitions in BP? are 0.61+0.15 
be almost pure M1 
Lin internal conversion 


T he conversion 
300-ke Vv 
0.30+0.08 


and 
Both transitions mu 
K/L and Ly Lu 
ratios.'® 4.“ The theoretical values for M1 
are 0.71 and 0.38 


because of 


transitions 
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Beta-Gamma Angular Correlation Measurements on Au'’’. I. Directional 
and Circular Polarization Correlation*t 


Rote M. STerren 
Department of Physics, Purdue University, Lafayette, Indiana 


(Received September 2, 1959) 


The beta-gamma directional correlation of Au'®* has been measured as a function of the energy of the 
beta-particles. The anisotropy factor A,(W) in the beta-gamma directional correlation Wa,(0,W) 
= 1+A,(W)P:(cos@) is proportional to #*/W and its value near the maximum beta energy is A2(2.8) 
= (),029+0.001. The beta directional gamma circular polarization correlation of Au’ was measured using 
the backscattering of the circularly polarized gamma radiation from a radially magnetized iron disk. The 


correlation is of the form: Wayp01(6,W) = 1+ (0.45+0.07 
first-forbidden beta spectrum is independent of the beta energy above W = 1.6 within 5% 


The analysis of the data shows that the 


p/W)P;(cos@). The shape correction factor of the 


c 


f-approximation for first-forbidden nonunique beta transitions 


represents the Au™ results in a very satisfactory manner 


1. INTRODUCTION 


HE decay of Au'*® has been the subject of 

numerous investigations and the decay scheme 
(see insert of Fig. 3) is well established.' The main beta 
transition (99%) of 0.960-Mev maximum energy which 
leads from the Au" ground state (J9= 2) to the 0.411- 
Mev excited state (J;=2) of Hg’ was for some time 
considered to be an allowed transition, although its 
log ft-value of 7.46 is characteristic of a first-forbidden 
transition. The statistical shape of the 
and the absence of a 
(A =0.00+0.02) 
supported this conclusion. In addition, the large log 
ft-value (log ft=11.8) of the 0.0259 beta transition 
to the Hg'*® ground state could be explained con 


spectrum 
beta-gamma_ anisotropy 


found by several experimenters’ 


veniently as due to a second-forbidden transition. 

In this paper conclusive evidence will be presented 
that the 0.960-Mev beta transition is a first-forbidden 
transition.® It will also be shown that 
¢-approximation first-forbidden 
represents all the experimental data of Au’ in a very 
satisfactory manner. 


the so-called 


for beta decay’ 


* Work supported by the U. S. Atomic Energy Commission 

t A preliminary report of this work has been presented at the 
Rehovoth Conference on Nuclear Structure, September, 1957 
[ Proceedings of the Rehovoth Conference on Nuclear Structure 
(North-Holland Publishing Company, Amsterdam 1958), p. 426. } 

1 See Nuclear Data Sheets (National Research Council, Washing 
ton 25, D. C.). 

2 R. L. Garwin, Phys. Rev. 76, 1876 (1949). 

+S. L. Ridgway, Phys. Rev. 78, 821 (1950). 

‘R. Stump and S. Frankel, Phys. Rev. 79, 243 (1950) 

5 M. Walter, O. Huber, and W. Ziinti, Helv. Phys. Acta 23, 697 
(1950) 

* An anisotropy in the Au™ beta-gamma directional correlation, 
which indicated that the beta transition is first-forbiddea, was 
first found by T. D. Novey (private communication). 

7 T. Kotani and M. Ross, Phys. Rev. Letters 1, 140 (1958) 

*T. Kotani and M. Ross, Progr. Theoret. Phys. (Kyoto) 
643 (1958). 

* T. Kotani and M. Ross, Phys. Rev. 113, 622 (1959 

1. Iben, Jr., Phys. Rev. 111, 1240 (1958). 


20, 


2. BETA-GAMMA ANGULAR CORRELATIONS OF 
FIRST-FORBIDDEN BETA TRANSITIONS 
IN THE £-APPROXIMATION 


Kotani and Ross’~* have developed a simple approxi- 
mation for first-forbidden nonunique beta transitions. 
They expanded the transition probability in descending 
powers of §=aZ/2R and retained only the leading 
term for any observable. R is the nuclear radius in units 
h/mc and a is the fine structure constant. This ¢- 
approximation presupposes that £>W o, where W4 is the 
maximum energy of the beta particles. Within the 
framework of the £-approximation, the spectrum shape 
correction factor C(W) is independent of the beta 
energy : 

C(W) =| Vo! 


ly, |2, (1) 


where Vo» and Y, are the following combinations of 


nuclear matrix elements? : 
Vo [ bo + 2édo(1 + Y) r] a, 
V; [cy — 2d; +a,(14+7) MV/a,, 


v¥=[(1-—(aZ)?}} 


(2) 


The first-forbidden matrix elements a, to dz are (nuclear 
size effects are neglected) 


ay; | . ds Ca for, 
d, Caf ox, 
— ( ' fix dy Caf Bu. 


If the beta interaction Hamiltonian is time-reversal 

invariant the matrix elements a, to dz are real quantities 
The beta-gamma directional correlation involving a 

first-forbidden beta transition J,5—» 8 — I, followed by 

a gamma transition of multipole order L, 1; > y— J, 

is represented by: 

W 5,(0,W ) 


1+-A.(W)P2(cos6), (4) 
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Fic, 1, The vacuum chamber and detector arrangement used 
in the Au™ = beta-gamma directional correlation measurements. 


where 


A,(W)=AP(W)AY=AP(W)FA(LLIDI). (5) 


The F-coefficients F,(LL’I,J,) are tabulated by Alder 
et al." In the &approximation for nonunique transitions 
the factor A/#(W) describing the beta transition is 
represented by: 


K(Iol:) p= 
c(w) W 


AfP(W)=)2(Z,W (6) 


The factor A2(Z,W) which contains Coulomb corrections 
of the order of (aZW/p) is tabulated in reference 9. 
K (Jol;) is an energy-independent quantity which, if the 
beta interaction is time-reversal invarient, is defined by: 


K (Iol,)= (2/3) [ go2(2 V ods — g11:(2)(2a,—- d,Vj) 
—gi2(2) Vide }(1/a,).  ( 


7) 
The matrix element parameters d2 and d; are given in 
Eq. (3) and 


giity (k) { 1 I Toy (1,0 LL)’: kI9)(27,+1)!. (8) 


W (10 iL,L1': kT) is a Racah coefficient. 


Photomuttiplier (S03) a 
Cathode Follower rt ——f{ScB,7) 
Linear Amplifier Leh +4,—________rgag) 
Single Chonne! Anatyzer | ve = 
FFT woe concawentree| oC — Ca 
bree Sap SB 
+=} SF] 
o_o 


[FCG Fost Coincidence Circuit 


—-__ 


Counting 
Fic. 2. Block diagram of the coincidence spectrometer. 


" K. Alder, B. Stech, and A. Winther, Phys. Rev. 107, 728 
(1957). 


K is the helicity of the 
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Thus, within the validity of the approximation 
the anisotropy factor A2(W 
tional correlation is proportional to \2p*/W. 

The 


correlation is represented by: 


of the beta gamma direc- 


beta directional-gamma circular polarization 


W ay pol AV 1++K 1; a P, cos? ), (9) 


where 


Ai(V Af vi 17 1,” VW FY(LLIvI, ° (10) 


+1 for 
circular 


gamma radiation: 5 
right circular polarization, X 1 for left 
polarization. In the tapproximation 


AP(W)=[2gn(1)Vo¥: 


V2 ¢11 1)Y, 


x (1/C(W))(p/W). (11) 


Thus the degree of circular polarization of the gamma 


rays is proportional to (p vi as in the case of 


allowed beta transitions. 





is 20 
Ww 
relation of Au™. 


Fic. 3. Beta-gamma directional « 


3. BETA-GAMMA DIRECTIONAL 
CORRELATION OF Au 


tained by exposing gold foils to 
the >10-" n/cm?/se« 1e Argonne 
CP5 reactor. The than 10 
ug/cm? thick were prepared by evaporating the radio- 
»a 180 wg/cm? Al foil backing 
correlation 


The Au was ol 
neutron flux in t 
sources which were less 
active gold on t 
The beta-gamma 
ments were performed with the vacuum chamber and 
Sounter arrangement shown in Fig. 1. A Pilot B plastic 
scintillator disk of $ inch thickness in conjunction with 
a Du Mont 6292 photomultiplier was used as a beta 
detector. The 0.624-Mev 
conversion line of Cs’? was about 13%. The gamma 
detector was a 3-in. X3-in. NaI (TI) crystal viewed by a 
Du Mont 6363 photomultiplier 
tronics wl 


directional measure- 


energy resolution for the 


} 


The coincidence elec 
fast-slow type had four beta energy selection channels 


ich was of the usual 


(Fig. 2) which permitted the simultaneous measurement 
of the Au™® beta-gamma correlation in four different 





B-7y ANGULAR CORRELATION 
beta energy ranges. The pulse-height analyzer in the 
gamma channel was adjusted to accept the photopeak 
of the 0.411-Mev gamma radiation. 

The beta-gamma coincidence counting rate was 
measured at seven different angles 6. After applying 
corrections for chance coincidences and background the 
coincidence rates were divided by the single counting 
rates. The data were then fitted to the function 
Wa,’ (0,W)=1+ A.2'(W)P:2(cos#) by a least squares fit. 
From the so determined experimental anisotropy factor 
A,(W) the “true” anisotropy factor A;(W) was 
computed by taking into account the corrections for 
the finite solid angles of the detectors" and the 
corrections for the backscattering of the beta particles in 
the beta scintillator.“ The resultant curve for A,(W) 
is shown in Fig. 3. According to Eqs. (5) and (6), 
A;(W) is proportional to Asp*/W if the £-approximation 
is valid. Figure 4 shows a plot of A2(W)/(Asp*/W) 
versus W. Within experimental error this quantity is 
independent of W in agreement with the predictions of 
the approximation. 











—EE 


20 


wo 


Fic. 4. The ratio As/A:(f?/W) of the Au™ beta-gamma 


directional! correlation versus W. 


The fact that the beta-gamma directional correlation 
exhibits an appreciable anisotropy shows conclusively 
that the Au*® beta decay is forbidden. Its /t-value 
(log ft=7.6) clearly classifies it as a first-forbidden 
transition. 


4. CIRCULAR POLARIZATION OF THE GAMMA 
RADIATION FOLLOWING THE Au'* 
BETA DECAY 


Most of the circular polarization measurements on 
gamma rays performed so far used the forward scatter- 
ing of gamma radiation on polarized electrons whose 
spins were almost parallel to the photon propagation 
direction. This method, however, is rather insensitive 
if it is applied to gamma rays of energies below 0.5 Mev. 
Since the energy of the Au™* gamma radiation, 0.411 
Mev, is below this critical value a different method 


2S. Frankel, Phys. Rev. 83, 673 (1951) 

3M. E. Rose, Phys. Rev. 91, 610 (1953). 

“ T. B. Novey, M. S. Freedman, F. T. Porter, and F. Wagner, 
Phys. Rev. 103, 942 (1956). 
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Fic. 5. Polarization efficiency 5(hvo) of Beard-Rose scattering 
method versus gamma energy (scattering angle a= 125°, f=0.08). 


seems desirable. Beard and Rose'* proposed a method 
in which the electron spins are aligned perpendicular 
to the photon propagation vector. The azimuthal 
asymmetry of the intensity of the scattered gamma 
radiation is then a measure of the degree of the circular 
polarization of the radiation. If compietely circularly 
polarized gamma radiation (energy hyo) is scattered 
by an angle a from magnetized iron (relative number of 
polarized electrons= f) whose magnetization is perpen- 
dicular to the incident radiation, the relative difference 
6 in the intensity of the scattered radiation (energy hy) 
upon reversal of the magnetization is given by: 


(1— cosa) sina hy 


(hvo/hv)+ (hv/hvo) — sin’a mc 


5(hvo) =2f (12) 


Figure 5 shows a plot of 6 versus the energy of the 
incident radiation for a= 125° and for f=0.08. Plural 
and multiple scattering effects were neglected in 
constructing this plot. One notices that the polarization 
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Anatyrer Magnet 
Fic. 6. Cross section of circular polarization analyzer. 


“8D, B. Beard and M. E. Rose, Phys. Rev. 108, 164 (1957), 
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Fic. 7. Cut-away view of circular polarization analyzer magnet 


efficic ncy of an analyzer of this kind is partic ularly 
large for gamma energies of about 0.4 Mev. 

With mind the circular 
polarization correlation analyzer shown in Figs. 6 and 
constructed. The magnetization (B= 20000 
gauss) of the bowl-shaped disk from which the gamma 


these considerations in 


7 was 


radiation is backscattered is in a radial direction and 
can be reversed by reversing the current in the exciter 
coils. The average scattering angle of the gamma radia- 
tion is a= 125°. The circular polarization efficiency of 


this analyzer was calibrated with the completely 


circularly polarized bremsstrahlung spectrum of A 
A 50-mC source of A® was used for this purpose. The 














8. Circular polarization of the 0.411-Mev 
radiation following the beta decay of Au 


gamma 


Hartwig and H. Schopper, Z. Physik 152, 314 (1958). 
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calibration measurements indicated a somewhat smaller 
polarization efficiency as expected on the basis of the 
theoretical calculations 
plural scattering in the 


This is probably a result of 
iron. For the evaluation of 
the data the measured efficiency rather than the calcu- 
lated one was used. As far as the 

measurements discussed below art 
of about 10°, should be 


The circular polarization of the 


ibsolute values of the 
concerned an error 

issign¢ d 

0.411-Mev gamma 

ay of Au"® was deter- 


radiation following the beta de 


mined using the coincidence scintillation spectrometer 
described in Sec. 3. The 


solid angles and for backscattering 


results of the measurements, 
corrected for finite 
of the beta particles in the plastic scintillator are shown 
in Fig. 8. The data are in satisfactory agreement with 
A,(W)=const Pp WW as predicted by 
mation for first-forbidden nonunique 
Taking 
calibration of the 


> 


the £approxi- 
beta transitions. 
the 


obtains the result: 


into account the absolute 


errors 1n 
inalvzer one 
t() 45-4 


(13 


0.07 p VW 


\ 
\ 
Ne 


CA. 6342 _~ p F Oumonrt € sed 
Photomult per | j *] Protornuitt pier | 
a ~~, 

G2 meta Ai toi” 

Source 
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Al reflector — 


a nc dence 
pectrometer 


dl 


Fic. 9. Bet 


This value is in satisfactory ag nt with previous 


measurements 


5. SHAPE OF THE BETA SPECTRUM 


of Au’ 
oincidences between 


The shape of the 0.96-Mev beta spectrum 
was investigated by measuring 
} ’ ] 


the beta particles and the following 0.411-Mev gamma 


ray in a split-crysta ncidence scintillation 
trometer. The expe riment 
Fig. 9. The shape correct 


spec = 
irrangement is shown in 
cal ulated 


from the experimen 


14) 


is plotted in Fig predi 
mation the sh: factor is. witl 


independent of W down to 


ted by the £-approxi- 
in experimental errors, 
1.6 mc’. The increase 
of the shape factor at lower energies is probably a result 

0.28-Mev 


of the low intensity partial spectrum of 


17 F. Boehm and A. H. Wapstra, Phys. Rev 
18 J. Berthier, P. Debrunner, W. Kiindig, at 
Phys. Acta 30, 483 (1958 


109, 456 (1958 
1 B. Zwahlen, Helv. 





ie 
maximum energy and electrons of 
coincident gamma rays. 
The precise measurements of Porter, Freedman, 
Novey, and Wagner” also indicated a statistical shape 
of the Au’ beta spectrum for W> 1.6 mc? within 2%, 


of Compton 


6. ANALYSIS OF THE Au'* RESULTS 


The beta transition of Au"*® is nonunique (AJ =0) 
first-forbidden. For Au™* the parameter §=aZ/2R>16 
and the £approximation should represent the Au'®* 
data to within about 1/~6%. 

The experimentally determined shape correction 
factor C’ (W) of the Au" beta spectrum (Fig. 10) is, 
within limits of error (about +5%), independent of W 
(at least for W>1.6) in agreement with Eq. (1). 

The experimental circular polarization correlation 
coefficient A,(W) (Fig. 8) is, within limits of error, 
proportional to p/W as expected in the approximation 
[refer to Eqs. (10) and (11) ]. For the decay scheme 
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10. Shape correction factor of Au™ beta spectrum 


, L=2)0 the quantity 4,\(W)/(p/W) becomes 


A\l W 
»/W 


A plot of A,(W)/(p/W) is represented in Fig. 11 
together with the experimentally determined value of 
A,(W)/(~/W). From this plot one extracts for the 
ratio Vo/¥,: 


0.167 —0.816/ Vo/¥1) 


1+(V./Y;)? 


(15 


V0/¥i= —1.040.7. (16) 


The experimental beta-gamma directional correlation 
factor A2(W) is, within limits of error (about +8%), 
proportional to \2(Z,W)p?/W (Fig. 4) as predicted by 


| ‘2 Porter, M. S. Freedman, T. B. Novey, and F. Wagner, 


Phys. Rev. 103, 921 (1956). This paper also contains a complete 
list of references to earlier shape measurements. 
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1G. 11. The circular polarization correlation factor A,(W)/(p/W) 
versus the matrix element ratio V»/¥;. 


the approximation [Eq. (6) ]. From the graph of 
Fig. 4 and from Eqs. (1), (5), and (6) one computes for 
K (Tol) ‘C(W): 


K (Tol) K (Tol) 


Ve+V? 


0.032+4-0.002. (17) 


C(W) 

Making use of the result of the circular polarization 

correlation measurements, Va&—Y,, and neglecting 

terms of order 1/£, the following relationship between 

matrix element ratios is obtained [refer to Eqs. (7) 
and (17) ] 

~ 


5(d, ‘a1)+-9(d2/a;). (18) 


The relationships (16) and (18) are consistent with the 
t-approximation approach, which implies 

Vo] | Y,| =£€(d,/a,:)=£(d» a). 
It may be added that in addition to the results presented 
in this paper measurements of the longitudinal polari- 
zation of the Au™ electrons®™ also support the validity 
of the approximation. 
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Beta-Gamma Angular Correlation Measurements on Au’®*. I. Transverse 
Polarization of the Beta Particles* 


P. C. Summst anv R. M. Srerren 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received October 15, 1959 


As a consequence of the nonconservation of parity in beta decay, beta particles emitted in 


first -forbidden 


beta transitions exhibit a small degree of polarization transverse to their momentum. The direction of the 
transverse polarization is defined with respect to a plane which is introduced by observing the direction of 
emission of the beta particle and the direction of emission of a gamma ray following the beta transition. 


The degree of the transverse polarization parallel to the beta-gamma plane Pr;;, and the degree 
tion perpendicular to the beta-gamma plane Pr, has been measured for Au' 


f polariza 


The polarization has 


beta | 


been detected by means of the left-right asymmetry in a Mott scattering process for an average electron 
energy W =2.0 mc? and for an angle © = 135° between the beta momentum and the gamma direction. The 
results of the measurements, Pr); = +0.011+0.005 and Pr, = +0.03+0.008, agree satisfactorily with the 
values calculated on the basis of the £ approximation from the anisotropy of the Au™* beta-gamma directional 


correlation. 


I. INTRODUCTION 


HE original objective of this investigation was 

to obtain information on the _ time-reversal 
invariance of the beta interaction. Curtis and Lewis! 
proposed in early 1957 that the observation of the 
transverse polarization of beta particles in a_beta- 
gamma angular correlation experiment could provide 
a test for time-reversal invariance. Their calculation, 
based on a Z=0 approximation, indicated that in a 
first-forbidden beta decay the mere presence of a 
transverse polarization perpendicular to the beta- 
gamma plane would indicate a violation of time-reversal 
invariance. It was soon realized, however, that the 
effect of the nuclear charge on the electron final state 
wave function cannot be neglected in this problem, 
even if Z is small. In fact, Iben? and Kotani and Ross’ 
have shown that the character of the beta polarization- 
gamma directional correlation is completely changed 
when the effects of the Coulomb field are taken into 
account. Only a very accurate measurement of the 


energy dependence of the perpendicular transverse 


polarization of the beta particles could possibly allow 


a separation of the time-reversal testing terms and 
could lead to information on time-reversal invariance.** 
At present such an experiment seems to be very difficult 
to perform. In the meantime experiments on the beta 
decay of polarized neutrons® and on RaE’ have shown 
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*T. Kotani and M. Ross, Phys. Rev. 113, 622 (1959). 
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the validity of time-reversal invariance in the beta 
interaction. 

In the following, results will be presented of measure- 
ments of the transverse polarization of the Au'® beta 
particles in coincidence with the gamma radiation 
which follows the beta transition. The beta emitter 
Au™® was chosen mainly on the basis of experimental 
considerations such as convenient half-life, high specific 
activity sources, convenient energy values of beta and 
gamma radiation, low intensity competing beta-gamma 
cascades, etc. The decay scheme of Au™® is well known. 
The main transition of 0.97-Mev maximum 
energy (99%) is first-forbidden.* The shape of the beta 
spectrum and the beta-gamma directional correlation 
as well as the beta-gamma circular polarization cor- 
relation of Au'* have been extensively investigated.® 


beta 


2. TRANSVERSE POLARIZATION OF BETA PARTICLES 
IN THE — APPROXIMATION 


As shown in the preceding paper® the approximation 
is very successful in representing the shape of the Au’ 
beta spectrum as well as the directional correlation and 
the circular polarization correlation of the Au™ beta- 
gamma cascade. In the following, expressions of the 
transverse polarization of the beta particles in a first- 
forbidden decay as calculated by Kotani and Ross’ 
will be given in the £ approximation. For the decay 
scheme /o(8)J;(y)J_ the transverse polarization of the 
beta particles parallel to the plane of 8 and y in the 
direction [psXp,|X pz, is expressed by 


Pr, (OW) 
K 
3 sin®) cosMA. ZAM F, LLIel; 9 (1) 


W C(W 


\e(Z,W) contains Coulomb corrections of order 
(aZW/p) and is defined in reference 3. K (Jol) is an 
energy-independent factor on the 


which depends 


®*R. M. Steffen, prec eding | uper | Phy 


s. Rev. 118, 763 (1960) ]. 
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nuclear matrix elements for the beta decay. It is 
defined in the preceding paper.* The F coefficients 
F,(LLIJ;) are tabulated by Alder ef al’ L is the 
multipole order of the (pure) gamma transition. C(W) 
is the shape correction factor, which, within the frame- 
work of the ¢ approximation, is energy-independent. 
The transverse beta polarization perpendicular to the 
plane of 8 and y in the direction psXp, is given by 


Pr,(O,W) 


9 p K(1ol;) 
_ aZ sinO cosOAs(Z,W) ners F,(LLI,1;), 
8 W C(W) 
where 
As= $Ac(Vity2t+3)/(1+71) (1 +714+72), 
(3) 
ve= [?— (aZ)*}}. 


There is a close connection between the transverse 

polarization of the beta particles in a beta-gamma 

cascade and the anisotropy factor A2(W) of the beta- 

gamma directional correlation W,,(0,W)=1+A2(W) 

x P;(cos@). The beta-gamma directional anisotropy 

factor A;(W) is given by (refer to the preceding paper’) : 
K (Tol) 


A2(W)=)2(Z,W)——— 
C(W) 


F(LLI2];), (4) 


A\2(Z,W) again contains Coulomb correction factors. 
Combining Eqs. (1), (2), amd (4) one obtains for the 
polarization in the 8-y plane: 


3 Ae(Z,W) 1 
sin® cos™— A(W 
2 Ao(Z,W) p 


Pr, (O,W —_—— 


and for the polarization perpendicular to the 8-y plane 


9 ds(Z,W) 1 
P7,(0,W) =-aZ sin9 cos8—————- — A, (W 
8 (AW) p 


The expressions (1) to (6) are correct if time-reversal 
invariance of the beta interaction is assumed. 


3. MEASUREMENT OF THE TRANSVERSE 
POLARIZATION OF THE Au 
BETA PARTICLES 


a. Experimental Method 


The most direct method of measuring the degree of 
transverse polarization of electrons is to observe the 
left-right asymmetry in a Mott scattering process on a 
heavy nucleus. The azimuthal variation (angle ¢) of 
the scattered intensity for an incident electron polarized 
in the direction ¢=0 is proportional to sing. The 
asymmetry 4, in intensity J(@) between the azimuth 


*K. Alder, B. Stech, and A. Winther, Phys. Rev. 107, 728 
(1957). 


MEASUREMENTS ON Au!®®. II 


Gad LEAD 
(77 BRASS 
GBB Lucire 


Nol(Ti) — 

















Fic. 1. Vacuum chamber and counter arrangement for the 
measurement of the transverse polarization of beta particles in a 
beta-gamma correlation experiment. 


90° and the conjugate azimuth 270° for a scattering 
angle @ is defined as 


I ,(90°) —14(270°) 
b¢ , 
1,(90°)+-I4(270°) 


The degree of transverse polarization Pr 


N(0°)—N(180°) 
Py = = ’ 
N(0°)+N (180°) 


where N(a) is the number of electrons with their spin 
pointing in the direction a is related to the asymmetry 
be: 


b9=S(E9) Pr. (9) 


The asymmetry coefficient” S(£,9) which depends on 
the electron energy E and the scattering angle @ has 
been calculated by Sherman" for a point nucleus. 
Screening by the atomic electrons has been neglected 
in these calculations. 

In an actual Mott scattering experiment a foil of 
finite thickness of high Z (e.g., Au) is used as scatterer. 
The choice of the foil thickness and of the scattering 
angle @ is a compromise between intensity considerations 


.and keeping the probability of multiple (small angle) 


and double (large angle) scattering small. Wegener” 
has developed a method of taking the latter effects 
into account by introducing a correction factor 
AS(E,9,dp) into Eq. (9): 


b9=([S(E9)+4S(Ef,dp) |\Pr, (10) 


” H. B. Tolhoek and S. R. de Groot, Physica 17, 1 (1951). 
4 N.S. Sherman, Phys. Rev. 103, 1601 (1956). 
1H. Wegener, Z. Physik 151, 252 (1958). 
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TABLE I. Transverse polarization of the Au™ beta particles 


scatterer 


Au 
Al 


Experiment 


Priy a=90 ) 


Pri(a=0) 


AS(E,0,dp) depends on the surface density dp of the 
scattering foil. 

In the present experiment an average scattering 
117° anda gold foil of surface density dp= 1.45 
mg/cm? was chosen. 


angle @ 


b. Experimental Arrangement 


The details of the vacuum chamber used in the beta 
polarization gamma directional correlation experiment 
are shown in Fig. 1. The electrons emitted from the 
Au" source are collimated by a baffle system and 
scattered by the gold foil into the beta detector. The 
foil rotated continuously to provide, on the average, a 
perfectly plane scattering surface of well defined 
position. In this way possible asymmetries due to 
variations in the foil thickness and in the foil orientation 
The beta detector was a }-inch 
plastic scintillator disc. The energy resolution for the 
Cs? 16%. The gamma 
detector was located at an angle ©= 135° with respect 
to the geometric axis of the beta beam in order to 
maximize the sin© cos product which appears in the 
expression for both P7,,(©,W) and P7,(0,W). 

The beta-gamma coincidence electronics was of the 
time of 8 


were averaged out 


conversion electrons was 


usual fast-slow type with a _ resolving 


millimicroseconds. 


c. Experimental Procedure and Results 


The beta polarization gamma directional correlation 
measurements were executed with Au™® sources which 
were obtained by bombarding gold foils in the high 
neutron flux of the Argonne CP 5 reactor and evapor- 
ating the radioactive gold onto a 180 ug/cm? Al backing. 
The sources were less than 10 ug/cm? thick. 

The pulse-height analyzer in the beta channel of the 
spectrometer was adjusted to accept 
above 0.35 Mev. The gamma 
detector accepted the photopeak of the 0.411-Mev 
gamma radiation which follows the beta decay of Au™*. 

The azimuthal position of the gamma detector axis, 


coincidence 


scattered electrons 


which is characterized by the angle a between the 
vertical beta-counter plane and the vertical gamma- 
counter plane (refer to Fig. 1) was automatically 
changed at 15-minute intervals and the beta-gamma 
coincidence rates Ng,"(a) and the single counting 
rates Ss(a) and S,(a) recorded 
The coincidence rates N3,'’(a) were corrected for 
chance coincidences and for the presence of a small 


— 0.0008 + 0.0009 


bla 


+0,0030+0.0011 


Pr (135 +-0.011+0.005 


+0.0035+0.0015 
+-0.0025+0.0015 


Pri fl +0) 011+0.005 


background (including with electrons 
scattered from the 
gamma-gamma coincidences, etc.) which was measured 
with the 
position. The corrected coincidence rates .\ pm a 
divided by the produc ts of the single counting rates. 


From N3,(a)= Na,’ (a)/LSe(a)-S,(a) | the asymmetry 


5(a) =[Ns,(a + 180 N a a 


walls the vacuum (¢ hamber, 


scattering foil removed and the source in 


were 


a+ 180 


+ By\a@) | 


was computed." Table I summarizes the results of 450 
Che asymmetry 6(0) 
measures the polarization Py, of the beta particles 
perpendicular to the | 90”) is a measure of 
the polarization P, in the U-¥ plane (refer to Fig. 1). 

The symmetry of the experimental arrangement was 


days of continuous measurement 


b-+ pia , 6 


tested by measuring 6(a@) with an aluminum scattering 


practical purposes) not sensitive 


I he se 


foil, which is (for all 
to the spin polarization 
measurements are in Fable I 
The asymmetry 5(90°) measured with the aluminum 
foil in the P7,, position is zero within limits of error. In 
the Py, position, however, a small asymmetry 6(0°) 
This is surpr 
positions of the beta and 


electron calibration 


luded in 


relative 
less 
Py,' 
effective center of the 
Aus 


ittering chamber, 


not too sing since the 


exists. 


gamma ounters are 


in the 


symmetric in the Py, measurement than 


measurement. In addition, the 
beam of electrons emitted from th« source does 
not coincide with the axis of the 
because the detection probability of an electron which 
of foil near the 
smaller scattering angle, larger solid 


is scattered from the side the beta 
detector, is larger 
ion probability of an electron 
other half of the foil. Thus 

lect shifted 


Is negligible in 


angle) than the detect 
which is scattered from the 
the effective center of the 
towards the beta detector 
the P7,,; measurement, but 
in the Pr, experiment 

directional 
asymmetry 6(0°) observed wit e polarizat 


be i is 


ntrod ices 


an asymmetry 
beta-gamma 
The 

in- 
and 
beta- 


yrdinary 


correlatior anisotropy 
ion 
sensitive aluminum correct sign 
magnitude to be exp! ’ 
gamma directional correlation 

The asymmetries 6(a) measured with the gold foil 
were corrected on the | aluminum foil 
calibration measurement corrected 6(a 


values the degrees of polarization and Pr, of the 


inisotropii 


8 S(a defined in suct way that | ign is consistent 
) 


with Eqs. (1 2), ar 


is her 
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Au beta particles were computed according to Eq. 
(10). The results are shown in Table I. The geometrical 
corrections for the finite sizes of the gamma detector 
and of the scattering foil were taken into account on 
the basis of the © dependence given by Eqs. (5) and (6). 


4. DISCUSSION 


In the £ approximation the degree of transverse 
polarization P;(©@,W) of the beta particles in a beta- 
gamma correlation experiment is related to the ani- 
sotropy factor A»(W) of the corresponding beta-gamma 
directional correlation according to Eqs. (5) and (6). ' 

The present measurements of the transverse polariza- 
tion were made at an average beta energy of W=2.0 
mc?, for which one takes from reference 8, A4.(W = 2.0 

+0.018+0.001. With this value one obtains for the 
degree of transverse polarization in the beta-gamma 
plane: 

135°, W 


Pri(O - 2.0) = +0.006, 
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and for the polarization perpendicular to the beta- 
gamma plane: 


Pr, (QO = 135°, W = 2.0) = —0.003. 


Within limits of error the experimental values of Py 
agree satisfactorily with the values predicted by the ¢ 
approximation for first-forbidden nonunique beta 
transition 
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Fission of Ra”’® by Deuterons and Helium Ions*t 
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(Received November 30, 1959) 


Fission induced in Ra™* by 14.5- and 21.5-Mev deuterons, and by 23.5-, 31-, and 43-Mev He ions has 
been studied using radiochemical techniques. The mass distributions of fission products for deuteron- 
induced fission is triple-humped, corresponding to separate symmetric and asymmetric fission modes. The 
symmetric mode dominates at the higher bombarding energy. The mass distributions observed for fission 
products from He-ion induced fission look more ‘‘normal”’: asymmetric at the lowest bombarding energy, 
becoming a single broad peak at the highest bombarding energy. These results are interpreted in terms of 
a symmetric fission mode which increases strongly with increasing excitation energy, and an asymmetric 
fission mode which occurs mainly at low excitation energies following neutron evaporation from highly 
excited compound nuclei. Asymmetric fission is interpreted to be disappearing as a fission mode for nuclei 


of lower atomic number than thorium. 


I. INTRODUCTION 

N a previous paper’ we reported the mass distribution 

of fission fragments from fission induced in Ra** by 
11-Mev protons. In those experiments, where radio- 
chemical techniques were employed, the mass distribu- 
tion of fission fragments was found to be a novel one: 
the mass-yield curve was triple-humped, corresponding 
to separate symmetric and asymmetric fission modes. 
Indications of a similar result have been reported? for 
neutron-induced fission of Ra”*, where counter tech- 
niques were employed: at low neutron energies the 
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San Diego State 


distribution of fragment kinetic energies falls into two 
groups, indicating asymmetric fission. At neutron 
bombarding energies around 15 Mev a prominent single 
peak is observed for the fragment kinetic energies, 
corresponding to symmetric fission. At intermediate 
neutron bombarding energies the fragment kinetic 
energy distribution indicates a transition from asym- 
metric to symmetric mass division with increasing 
bombarding energy. Along with the changing character 
of the mass distribution the cross section for fission was 
observed to increase sharply with neutron bombarding 
energy. 

Preliminary results of fission incuded in Ra™* by 23- 
Mev bremsstrahlung’ indicate that the mass-yield 


*R. B. Duffield, R. A. Schmitt, and R. A. Sharp, Proceedings of 
the Second International Conference on Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), Vol. 15, 
p. 202, Paper 678. 
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curve of fission fragments is triple-humped, very similar 
to the corresponding curve for 11-Mev proton-induced 
fission. 

These results imply that the fission behavior of species 
of atomic numbers 88 and 89 is different from the 
heavier elements, (2290), and further experiments on 
fission induced in radium targets are in order. The 
present paper summarizes the results of experiments on 
fission induced in Ra™* by deuterons and helium ions 
of several bombarding energies. 


Il. EXPERIMENTAL PROCEDURES 


The experimental procedures used in the experiments 
being reported here are essentially the same as those 
described previously for fission studies with protons.' 
The radium was always bombarded in the form of a 
thin deposit of radium carbonate sandwiches between 
thin (2.7 mg/cm?) gold foils. This sandwich in turn was 
placed between sheets of aluminum foil which served 
to catch fission fragments escaping from the gold-radium 
the bombardment the aluminum 
catcher foils were processed radiochemically for the 
desired fission products, which were then counted as 
described previously. From the counting data, chemical 
yields, etc., relative fission yields were computed, and 
referred, as before, to Ag™ which was separated in 
every experiment. 

Owing to the finite source thickness fragments which 
travel at oblique angles relative to the target sandwich 
normal do not escape. Because of differences in ranges 
of light vs heavy fragments fewer heavy fragments (by 


target. Following 


TABLE I. Relative yields of fission fragments from radium bom 
barded with deuterons and He ions of various energies 


Relative fission yield 
21.5-Mev 14.5-Mev 
deuterons deuterons 


arbitrary units) 
43-Mev 31-Mev 23.5-Mev 
He ions He ions He ions 
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product 


Br® 
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* By analysis of the total decay curve for 

>» By milking the Y™ daughter from Sr® 

¢ By analysis of the total decay curve for 
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this nuclide 
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escape thar light frag- 
ments. factors correct for 
this effect assuming isotropic emission of fragments. 
This assumption is probably « 


about 2097 complementary 


Correction were applied to 


entially correct for the 
correct for 


ion where signifi- 


case of proton-induced fission, but is not 


deuteron- and helium-ion induced 


cant anisotropies have been observed.‘ However, the 


observed anisotropy small in the case of deuteron- 
induced fission and correction factors applied on the 
assumption of isotropy are probably not seriously in 
error. 
larger, the correction factors are probably too large by 


perhaps 10% for heavy asymmetric 


In the helium ion case, where anisotropies are 
fragments, but in 
the results are sufficiently 
obscure the 


any case, as we shall see, 
clear-cut that these 
significance of the experime! 
Some of the experim: 
formed at the full energy 


corrections do not 


( ported were 


per- 
iteron or helium ion 
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Mass tribution of fission fragmen 
duced in Ra®™* by v iterons he 
nucleus is Ac™* excited to about 29.3 Mev 


beam where the energy of the bombarding particle is 
known to within a few tenths of a Mev. For other 
experiments at lower bombarding energies the primary 
beam was degraded with stainless steel absorbers to the 
desired energy. In some cas« is energy was close to 
the coulomb barrier for t! mbardi1 

that small variations in the | 
to result in a significant change in the per 
the particle into the nucleus id 
uncertainty in the calculation of the fraction of the 
reaction cross sectior 
which goes into fiss 


Ill. EXPERIMENTAL RESULTS 


g particie, so 
would be expected 
etrability of 
s to considerable 


total 


bombarding energy 


number of selected fission 
products have been measured for Ra®* bombarded with 
21.5-Mev and 14.5-Mev deuterons and for 43-Mev, 
31-Mev The data are sum- 
marized in Table I. Except for 23.5- and 31-Mev helium 


*C. T. Coffin and I. Halperr 


Relative fission yields for a 


and 23.5-Mev helium ions 
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ion-induced fission, where each nuclide was measured 
only once, most of the data are the result of several 
measurements. For these cases the quoted errors are 
the standard deviations of the measured values. In 
some instances a particular fission product could be 
measured either directly or indirectly via a daughter 
activity. The extent to which the two methods agree 
gives an indication of the reliability of the several 
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Fic. 2. Mass distribution of fission fragments from fission in 
duced in Ra™* by 14.5-Mev deuterons. The initial compound 
nucleus is Ac™* excited to about 22.3 Mev. 
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Fic. 3. Mass distribution of fission fragments from fission in 
duced in Ra®* by 43-Mev He ions. The initia! compound nucleus 
is Th™ excited to about 38 Mev. 


correction factors which were applied to counting data 
to correct for absorption and scattering effects. 

The relative fission yields of Table I are plotted vs 
mass numbers in Figs. 1 to 5. The yields of complemen- 
tary masses are plotted as reflected points assuming 
formation of a compound nucleus and the emission of 
4, 5, or 6 neutrons during the fission process. The data 
are not critically dependent on the particular value of 
v which is chosen, and the values shown in the figures 
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Fic. 4. Mass distribution of fission fragments from fission in- 
duced in Ra®* by 31-Mev He ions. The initial compound nucleus 
is Th™ ecxited to about 26 Mev 


represent reasonable values from the point of view of 
the excitation energies of the initial compound nuclei 
and the usual number of 2 or 3 post-fission neutrons. 

While there is considerable scatter in much of the 
data, one nuclide, 5.3-hr Ag™ appears to have a con- 
sistently low fission yield relative to neighboring species. 
We attribute this effect to independent formation and 
8 decay of isomeric 1.2-min Ag™™, a species which we 
could not observe in these experiments. The yield of 
I'* appears to be too high in the bombardment with 
14.5-Mev deuterons. While duplicate measurements 
agreed rather closely, some undetermined experimental 
error is probably responsible for the abnormally high 
value in this case. 


IV. CROSS SECTIONS FOR FISSION 


From a knowledge of such things as the amount of 
radium in the target, the beam current incident upon 
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Fic. 5. Mass distribution of fission fragments from fission in- 
duced in Ra™* by 23.5-Mev He ions. The initial compound nucleus 
is Th™ excited to about 19 Mev. 
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Taste II 


Initial 
excitation 
energy 
(Mev) 


Formation 
cross section 
Ag"! (mb) 


Compound 


Projectile nucleus 


21.5-Mev d 
14.5-Mev d 
43-Mev Het 
31-Mev Het 
23.5-Mev Het 
10.5-Mev p 


Ac® 
Ac® 2 
Th” 38 
Th® 26 
Th™ 18 
Ac™ 15 


9. 
? 


ww 


Mn nh 


* See reference 1. 


it, and the disintegration rate of some particular fission 
product, corrected for counting efficiency, chemical 
yield, etc, it is possible to compute the formation cross 
section for that fission product at a particular bom- 
barding energy and for a particular bombarding particle. 
If the absolute fission yield of the particular fission 
product is known also, the total fission cross section 
may be computed. In Table II we have attempted to 
compute total fission cross sections for the present exper- 
iments. The experimental data were used to calculate the 
formation cross sections for the fission product Ag™. 
Absolute fission yields were estimated from normaliza- 
tions of the mass-yield curves passed through the data 
of Figs. 1-5. Clearly, from the scatter in the data the 
normalization is somewhat arbitrary, particularly in 
the case of deuteron-induced fission of Ra®”*®. In drawing 
the “best” curves through the data of Figs. 1-5 it was 
assumed that where asymmetric fission appeared to 
stand out by itself the distribution of asymmetric frag- 
ment masses was similar to that which was observed 
for the asymmetric fission component of 11-Mev proton- 
induced fission. The latter, in turn, is similar to asym- 
metric mass yields from the heaviest elements in general. 
Another characteristic appears to be true in 
general for asymmetric fission is that the low mass side 
of the light fragment “wing” drops sharply below mass 
80. This served as a guide in estimating yields of very 
asymmetric fragments in Figs. 3, 4, and 5. 

In view of the many uncertainties in the data the 
fission cross sections tabulated in Table II are probably 
accurate only within a factor of about 2. 

Also included in Table II are theoretical values*:* for 
the total reaction cross sections for the various bom- 
barding particles and bombarding energies which were 
used. These values are useful in estimating the fraction 
of the total cross section which is fission. 


which 


Table II also lists the estimated fission and total cross 
sections for 11-Mev proton-induced fission! of Ra™*. 
Because the total reaction cross section is changing 
rather rapidly for proton bombarding energies near 11 
Mev there is considerable uncertainty in the total 
reaction cross section owing to uncertainties in the 


§ J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, New York, 1952), pp. 352, 353 
* M. Shapiro, Phys. Rev. 90, 171 (1953). 
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Summary of fission and total reaction cross sections for bombardment of Ra®* by 
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various particle 


Fission 
branching 
ratio (%) 


Normalized 
fission yield 
Agi! (%) 


5.0 
4.5 
3.6 2 
3.0 j 1 
2.1 


4 
1 
l 
3 
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bombarding energy. A bombarding energy of 10.5 Mev 
was used in computing the reaction cross section in this 
particular case. 


V. DISCUSSION 


The data of Table I and Figs. 1 
interesting features. Perhaps th 


5 show a number of 
e most striking of these 
is the change in the character of the mass distribution 
on going from deuterons to helium ions as bombarding 
projectiles. Assuming that 
from complete capture of the bombarding projectile, 
the former give actinium nuclei the latter thorium 
nuclei. At comparable initial excitation energies, e.g., 
21.5-Mev deuterons vs 31-Mev He ions, where initial 
neighborhood of 30 Mev 
sion results in predominantly 

He ion-induced 
haracter 


most of the fission comes 


excitation energies are in the 
the deuteron-induced { 
symmetric fis whereas 
distinctly asymmetric in « 
with the suggestion that asymmetric fission is dying out 
as a mode of fission in the element region below thor- 
ium.’ A larger fraction of the total cross section goes 
uclides (Table IT) and this 
fission is predominantly asymmetric, compared with 
actinium nuclides. Somew! the region of nuclei 
between astatine and acti! 
disappears altogether, because nuc 
from thallium to astat 
metrically.’-* 

From the mass-yield curves observed for fission in- 
duced in Ra*”*® by protons 


actinium nuclei evidently give 


fission is 


$10n, 


This is in accord 


into fission in the thorium 1 


ere 1n 


lium asymmetric fission 
lides in the 


ine apparently fission 


region 
sym- 


and deuterons fission in 
; rise to separate sym- 
metric and asymmetric mass divisions. For these nuclei 
fission represents a smaller fraction of the total cross 
section, and it is evidently asymmetric fission which is 
fission to stand 


suppressed, thereby allowing symmetrik 


out by itself. Symmetric fission could conceivably be 
the 


of the greater prepon- 


present as a separate mode of mass division in 


heaviest elements, but becaus« 
derance of asymmetric fission in these elements, coupled 


with the narrower valley between the asymmetric wings, 


7A. W. Fairhall, R. C 
Vol. 15, p. 452, Paper 677 
*E. F. Neuzil, Ph. D. thesis, Department 
versity of Washington, 1959 (unpul 
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FISSION OF Ra?* BY 
any such separate symmetric mode would be difficult 
to observe. 

A comparison of the mass-yield curves for 21.5-Mev 
and 14.5-Mev deuteron-induced fission of Ra™* reveals 
that there is an enhanced yield of fragments from 
symmetric fission at the higher energy. Also, fission 
represents a somewhat larger fraction of the total cross 
section at the higher energy. This is in keeping with the 
pattern for symmetric fission observed in both the light 
element region below astatine and in the heaviest 
elements: the probability of symmetric fission increases 
with increasing excitation energy up to initial excitation 
energies at least as high as 35 Mev.’-* From studies of 
the energy and mass number dependence of symmetric 
fission of the several lead isotopes® it was observed that 
approximately 80% of the symmetric fission observed 
at any initial excitation energy up to about 35 Mev 
occurs before evaporation of any neutrons. Most of the 
remaining 20% of the symmetric fission occurs after the 
evaporation of the first neutron from the initial com- 
pound nucleus. 

On this basis we attribute the central hump in the 
mass-yield curves of deuteron-induced fission of Ra®* 
to fission of Ac”*, and to a lesser extent to Ac*’. The 
asymmetric fission we attribute to fission of Ac®* and 
Ac™® nuclei excited to energies in the neighborhood of 
10 Mev or less. At excitation energies near 10-Mev 
fission in these nuclei is expected to be asymmetric, in 
keeping with the behavior of the heaviest elements at 
this region of excitation energies. 

In this interpretation we make use of separate sym- 
metric and asymmetric modes of mass division with the 
distinction being made on the basis of the energy which 
the nucleus has when it undergoes fission. The experi- 
ment using 14.5-Mev deuterons to bombard Ra*** was 
an attempt to verify this procedure experimentally. At 
this particular bombarding energy, if the compound 
nucleus Ac” loses a neutron then one gets Ac’ at about 
the same excitation energy as in the experiment where 
Ra™® is bombarded with 11-Mev protons. In principle 
a careful comparison of the fission cross sections and 
mass yield curves for 14.5-Mev deuterons vs 11-Mev 
protons would reveal how much fission occurred in 
Ac™* prior to neutron evaporation, and what the mass 
distribution of this prompt fission was. Unfortunately 
uncertainties in the values of the fission cross sections 
and in the total reaction cross sections in these experi- 
ments are too large to make this comparison possible. 
A comparison of the mass-yield curves in the two cases 
reveals that there is somewhat more symmetric fission 
relative to asymmetric fission in the deuteron experi- 
ment relative to the proton experiment, which is 
qualitative evidence that prompt fission is symmetric 
in character. However, it cannot establish how much, 
if any, asymmetric fission occurs at the higher energies. 
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Fic. 6. Several mass distribution curves superimposed along 
their respective symmetry axes so as to display the variations in 
their widths. 


It seems worthwhile to repeat this experiment. To do 
it properly would require protons of energy higher than 
11 Mev in order to be above the energy region where 
the total reaction cross section is changing rapidly with 
energy. 

One final observation which is worth pointing out 
concerns the width of the central peak, representing 
symmetric fission, for fission induced in Ra™* by 
deuterons. It is significantly wider than either the 
central peak of the mass distribution from fission in- 
duced in Ra®* by 11-Mev protons, or the single sym- 
metric peak for fission induced in Bi® by 22-Mev 
deuterons.’ Recent studies of 43-Mev helium-ion in- 
duced fission of Au’, Pb™, and Pb®* also show differ- 
ences in the widths of the symmetric mass-yield distri- 
butions observed for these target species.* Figure 6 
shows a superposition of the symmetric fission portion 
of the mass distributions for these several cases. The 
variations in width of these curves is apparent. It is 
not possible to tell at the present time whether the 
variation in the widths of symmetric mass distributions 
is to be associated in some way with the excitation 
energies which the fissioning species have, or whether 
it represents intrinsic properties of the nuclear species 
which undergo fission. Further work is in progress to 
try to learn more about this question. 
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Sm!“ was found to decay to Eu'® with a half-life of 21.9+0.2 minutes. Interna 
sponding to the gamma rays in Eu'* were observed in a magnetic spectrometer f 
was studied with a well crystal. The spectra of gamma rays coincident with the x r 
and 246-kev gamma rays were observed. A number of new, weak transitions aré 


correlation 
discussed 


I, INTRODUCTION 


A TWENTY-ONE minute activity from samarium 
was first observed by Pool and Quill.' Inghram 
et al.2 and Winsberg’ assigned this activity to Sm'®. 
Rutledge et al.‘ observed gamma rays of 104.6 kev and 
245.8 kev on internal conversion and photoelectron 
spectrograms. Schmid and Burson’ obtained coinci- 
dences between the 105-kev gamma ray and a gamma 
ray of 141 kev, and proposed the decay scheme shown 
in Fig. 1. 

Because of the position of Sm" in the region of 
150< A <185, it is expected that the excited levels in 
Eu’ will exhibit the characteristics of deformed 
nuclei. The present investigation was undertaken in 
order to study more completely the excited levels 
occurring in Eu'®, 


Il. EXPERIMENTAL METHOD 


Samples of samarium oxide enriched to 99.1% in 
Sm! were irradiated in a flux of 2X10" neutrons 
cm?/sec in the Ford Nuclear Reactor. Except for half- 
life measurements, all data were taken during the 
first 30 minutes after irradiation. 

The magnetic spectrograph sources consisted of about 
i mg/cm? of samarium oxide powder mounted on Scotch 
tape. Two identical sources were used. The elapsed time 
between removing the sources from the reactor and 
starting the exposure on the photographic plate was 
about 3 minutes. While one source was in the camera, 
the other sample was irradiated. The irradiation time 
averaged about 20 minutes and the exposure time was 
about 25 minutes. Three spectrograms of 23, 25, and 
59 exposures were taken. When the Sm'® had decayed 
sufficiently after each spectrogram, a photographic plate 


t Supported in part by the Michigan Memorial-Phoenix 
Project and by the U. S. Atomic Energy Commission. 

1M. L. Pool and L. L. Quill, Phys. Rev. 53, 437 (1938) 

2M.G. Inghram, R. J. Hayden, and D. C. Hess, Jr., Phys. Rev. 
71, 643 (1947). 

*L. Winsberg, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 
No. 196, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 9, Div. IV 
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measurements were made on the 142-kev 


104-kev cascade. Possible 


was exposed for a long time wit the samples to 


determine which lines were di 
Sources of Eu! 
plates. 
The 
gamma-ray 
the directional correlation measurements were made by 
dissolving the Sm,O; powder in dilute acid and 
irradiating the samples from 10 seconds to 3 minutes. 
A conventional fast-slow 


47-hour Sm 
to calibrate the 
used in th alf-life 


sources determination, 


spectra, coincidence measurements, and 


nitric 
circuit with a 


resolving time of 50 millimicroseconds was used in the 
coincidence and angular 


comcidence 


correlation measurements. The 
detectors were 2-in. by 2-in. NaI(T1) crystals mounted 
on RCA 6342A phototube S 

The 5 employed 
gate circuit, which allowed pulses in coincidence wit 
gamma rays in a selected energy range to be recorded 
on a 256-channel A Compton shield of 6.4 
mm thick lead, surrounded by 0.8 mm of Cd and 0.4 
mm of Cu, was placed between the 

Differential l 
around the crystals provided energy 
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measurement a ineal 


coin ide nce 


analyzer 


two detectors 
lead shic lding 


selection in the 


analyzers an ialeral 
Data were taken 
at five angles in a double quadrant sequence. After 
making a least squares fit,* the expansion coefficients 
were normalized. 


directional correlation measurements 
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DECAY 


Ill. RESULTS AND DISCUSSION 
Half-Life Measurement 


The half-life was followed for 31 hours, and the 
47-hour Sm'™ activity did not become significant until 
after approximately eight half-lives had elapsed. The 
counting rates were corrected for background, the 
Sm' activity, and Geiger tube dead time. A least 
squares fit was made on two sets of data, and a value 
of 21.94+0.2 minutes was determined for the half-life. 
The error includes the probable error and also an 
estimate of the systematic error. 


Magnetic Spectrograph Measurements 


Twelve conversion electron lines corresponding to nine 
gamma-ray transitions were observed in the spectrograph 
measurements. The conversion electron energies for 
Sm!** and their assignments are given in Table I. The 


Tasie I. Magnetic spectrograph measurements for Sm'** 


Electron 
energy (kev) 


29.7 


Strength* 


K w 
or L 
33.: K 
or L 


K 

K (Eu) 
or K(Sm)» 
or L(Eu) 

K 


K 
K 
3. K 
96.8 L 
103.0 M 
104.9 K 
197 K 


wane 
-oOonrn 


oa D 


104.3 
104.3 
153.4 
246 


* v very, s =strong, m = medium, w —weak. 
>» Possibly photoelectrons from Sm. 


line with electron energy of 57.2 kev was on the order 
of a hundred times weaker than the K line of the 
104-kev transition and could possibly be explained by 
external conversion of the 104-kev transition in Sm. 
This weak line together with internal conversion lines 
from the 104-kev and 246-kev transitions has been 
observed previously.‘ A spectrogram of blank Scotch 
tape sources taken under conditions similar to the 
samarium sources showed no lines. 


Well Crystal 


Figure 2 shows the gamma-ray spectrum as recorded 
on a 256-channel analyzer. Figure 3 is a spectrum taken 
with a weak source in a 2-in. NaI (TI) well crystal. The 
well crystal spectrum shows an enhancement of the 
246-kev gamma ray, corresponding to a sum of the 
104-kev and 142-kev transitions. There is also a peak 
at 288 kev from the 246-kev gamma ray summing with 
the x ray. 
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Fic. 2. Scintiliation spectrum of gamma rays in Eu. 


The peak at about 75 kev in the spectra could be 
caused by the iodine x-ray from the 104-kev gamma ray 
escaping from the crystal. The ratio of the 75-kev 
peak to the 104-kev peak was 6% in the “singles” 
spectrum and 3% in the well crystal spectrum. The 
theoretical value for the relative intensity of the 
iodine x-ray escape peak to the total peak for gamma 
rays entering perpendicular to an infinite NaI surface 
is about 4% for a 104-kev gamma ray.’ The experi- 
mental ratios for a source distance of 0.4 cm are some- 
what larger than the calculated values.’ 


Coincidence Measurements 


Figure 4 illustrates the spectrum of lines in coinci- 
dence with the x ray. In addition to coincidences with 
the x ray, 104-kev gamma ray, and 142-kev gamma ray, 
coincidences are shown with a gamma ray of about 68 
kev and with the 246-kev transition. 

The spectrum of coincidences with the 142-kev 
gamma ray, Fig. 5, indicates that the x-ray and 104-kev 
transitions are in coincidence with the 142-kev transi- 
tion. Similarly, Fig. 6 indicates that the x ray and 
142-kev transitions are the prominent coincidences 
with the 104-kev gamma ray. A weak coincidence with 


400 000,- 


Fic. 3. Spectrum of gamma rays in Eu" taken 
with source in a 2-in. well crystal. 


7P. R. Bell in Bela- and Gamma-Ray Spectroscopy (North 
Holland Publishing Company, Amsterdam, 1955), p. 255. 
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Fic. 4. Gamma rays in coincidence with the x ray 


the 68-kev gamma ray is possible in both the 104-kev 
and 142-kev coincidence spectra. 

Figure 7(A) is the spectrum of gamma rays coincident 
with the 246-kev photopeak. Coincidences are indicated 
with the x ray and with weak gamma rays of about 68 
kev and 103 kev. Because of the strong peak at the 
x-ray energy, selective absorption was used to determine 
whether part of this peak is due to a gamma ray with 
an energy close to that of the x ray. The coincidence 
with the 246-kev gamma ray were 
runs (0.076+0.008) 
(0.060+0.005) g/cm? of Pr, and no 
absorber (except a 8 shield) in front of the crystal 


measurements 


repeated, using on successive 


g/cm’? of Ce, 


feeding the multichannel analyzer. The coincidence 
spectrum with the Ce absorber is shown in Fig. 7(B) 
and indicates considerable attenuation of the x ray, 
whereas the coincidence spectrum with the Pr absorber 
shows much less attenuation, as shown in Fig. 7(C). 
These results can be adequately explained by assuming 
that the entire photopeak is due to the x ray. 

In all cases the accidental spectra were small and 
were subtracted to get the curves shown. All of the 
gamma rays decayed with the proper half-life. 

The proposed decay scheme is shown in Fig. 8. It 
agrees with the dex ay sx heme reported by Sc hmid and 
Burson® except for the weakly fed levels at 314 kev 


104 kev 
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Fic. 5. Gamma rays in coincidence with the 
142-kev gamma ray. 
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and 349 kev, and the corresponding gamma transitions. 
The additional! levels are s Ippe rted by the coincidence 
measurements and by the sum peak observed between 
the x ray and the 246-kev Schmid and 
Burson® explained the lack of a beta transition to the 
ground state of Sm 
deformed nuclei proposed by 


transition. 


the selection rules for 
Alaga 


The intensities have been calculated from the gamma 


in terms of 


spectrum, correcting for absorbers, crystal efficiency, 
and the interna! of 0.27 for 
the 104-kev transition 142-kev transi- 
tion. In the calculation, the internal conversion coeffi- 
cient for the 246-kev transition was assumed to have 
the theoretical value® for a M1 transition on the basis 
of a K/L ratio equal to eight.‘ 

On the basis of relative source strengths and counting 


conversion coefficients 


ind 0.16 for the 


rates in the coincidence measurements, the intensity 
of the 103-kev transition is on the order of magnitude 
of 2% of the intensity of the 142-kev gamma ray, with 
the 68-kev ey 


transition being somewhat weaker. The 


the 104-kev gamma ray 


103-kev 


he 104-kev 


246-kev 
142-kev cascade 
246 kev in the 


very weak intensity cascade 


in comparison wit! 
explains the low number of counts at 
104-kev coincidence spectrun 

A number of weak lir ( ( n the internal 
conversion measuremet! in the decay 


scheme. These gamma 1 oo weak to be observed 


in the gamma-ray spectt in the coincidence measure- 
ments. On the basis of the coincidence measurements 
the intensity of any of tl transitions is less than 
about 0.1% of the total number of 


However, the uncertainty 


disintegrations. 
position of these 
transitions in the decay me may allow somewhat 
higher intensities 

SL. A. Sliv and gand ningrad Physico-Technical 
Institute Report | I yvort 57 ICC K1, issued by 
Physics Department niversit f nois, Urbana, Illinois 
(unpublished) ] 
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Directional Correlation Measurements on 
142-Kev—104-Kev Cascade 


The directional correlation was measured by accept 
ing a range of energies from 95 kev to 150 kev in both 
pulse-height analyzers. The interference between the 
gamma rays in this energy range and the Comptons of 
higher energy gamma rays was found to be 10.5+ 1.1%. 
After subtracting this interference and correcting for 
finite resolution,’ the expansion coefficients were found 


to be A»=—0.086+0.028 and A,=—0.057+0.050. 
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Fic. 7. Spectrum of gamma rays in coincidence with the 246-kev 
gamma ray, using various absorbers in front of the crystal feeding 
the multichannel analyzer. Curve A was taken with a 8 absorber 
Curve B was taken with an additional (0.076+0.008) g/cm? Ce 
absorber. Curve C was taken with an additional (0.060+-0.005) 
g/cm?® Pr absorber 
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Interference from the 103-kev—142-kev cascade and 
the 103-kev—104-kev cascade is not significant due to 
the low intensity of the 103-kev transition. 

For a nuclear deformation of 0.33 for ¢;Eu', the 
Nilsson model" predicts a ground-state spin of §+. The 
measured spin" of §+ for Eu'™ supports this. The 
spin"? of }— for Eu" is due to the smali deformation 
and the corresponding change in the position of the 
energy levels. For «:Sm'®*, the Nilsson calculations” 
predict a spin of }— or §+ for the ground state. A 
spin’: of 3— for the ground state of Gd! and the 
lack of a beta transition between the ground state of 
Sm'** and Eu'®* support a spin of §{— for the ground 
state of Sm'®. 

The calculated log ft values are 5.7 for the 1.65-Mev 
beta ray and 6.8 for the 1.50-Mev beta transition. The 
internal conversion coefficients’ of 0.27+0.06 for the 
104-kev transition and 0.16+0.06 for the 142-kev 
gamma ray indicate that both transitions are pre- 
dominantly £1. These data indicate that the spin of the 
246-kev level is 4+, $+, or $+, and that the spin of 
the 104-kev The possible spin 
assignments for the 246-kev level and the K/L ratio‘ of 


level is §— or 3-. 


‘about 8 for the 246-kev gamma ray agree in indicating 


that the 246-kev transition is M1. If the experimental 
internal conversion coefficients are interpreted with 
the K-conversion coefficients calculated by Sliv,* the 
104-kev transition is found to be an E14+M2 mixture 
with 030.011, and the 142-kev transition is E1+M2 
with 0.001S050.032. The graphical analysis’® the 
directional correlation data in terms of a 4(D,Q)§(D,Q)§ 
sequence is shown in Fig. 9. The limits of quadrupole 
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iG. 9. Analysis of the 

142-kev—104-kev_ directional 

correlation in terms of a 
D,Q)4§(D,O)§ sequence 





content consistent with the internal conversion data 
are indicated. A §(D,Q)$(D,Q)§ sequence is also allowed 
by the angular correlation and conversion data. For a 
deformation of 0.33 and a ground-state spin of $+ for 


Eu'®, the Nilsson model” predicts low-lying excited 
states of 3+ and §-—. Therefore the $(D,Q)}(D,0)§ 
cascade is favored. Other spins for the ground states of 





Sm!" and Eu'®* would permit different interpretations 
of the directional correlation data. 
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The calculation of spectra of neutrons and charged particles and of cross sections for their production 
from nuclear reactions is compared with experimental values. A compound-nucleus mechanism followed by 
nuclear evaporation is assumed for the reactions Zr, Ta, Bi(14.1-Mev n,n’); Ni(13.4-17.5-Mev n,p); Cu, 
Pd(23-Mev pa); and Ni(162-Mev Oa). The production of neutrons and charged particles from the 
interaction of 190-Mev protons with Ni, Ag, and Au is analyzed in terms of a nucleon cascade, followed by 
particle evaporation. The calculation of the nuclear evaporation is based on Weisskopf's statistical theory. . 
Fairly good agreement is obtained for the values of the cross sections for producing these particles with 
an appropriate set of radius and level-density parameters in each case. There ere serious discrepancies, 
however, in the comparison of the experimental and calculated spectra; many of the latter are deficient in 
low-energy neutrons and charged particles. Possible improvements in the calculation are discussed. 


INTRODUCTION 


| Cent tenner nennge spectra of particles emitted in 
nuclear reactions give valuable information on the 
mechanism of the reaction taking place. An angular 
distribution that is symmetric about 90° in the center- 
of-mass system is considered to be evidence for com- 
pound-nucleus formation.’ At lower energies of excita- 
tion, isotropy in the center-of-mass system is taken to 
be evidence for such a process.’ Comparison of the 
spectra with the statistical theory of Weisskopf provides 
a further check of the mechanism and, in addition, has 
been used to deduce the density of energy levels of 
excited nuclei. The results of various experiments, 
analyzed in this way, affirm the usefulness of the 
statistical approach but give conflicting values for the 
level density as a function of excitation energy and 
mass number.** 

The comparison of the experimental results with the 
theory is fairly direct if the spectrum is that of the first 
evaporated particle only ; however, it has been made for 


* The preceding papers in this series are: Part I, I. Dostrovsky, 
R. Bivins, and P. Rabinowitz, Phys. Rev. 111, 1659 (1958); 
Part II, I. Dostrovsky, Z. Fraenkel, and P. Rabinowitz, Pro- 
ceedings of the Second United Nations International Conference on 
the Peaceful Uses of Atomic Energy (United Nations, Geneva, 
1958), Vol. 15, p. 301; Part III, I. trovsky, Z. Fraenkel, and 
G. Friedlander, Phys. Rev. 116, 683 (1959). 

+ Research performed in part under the auspices of the U. S 
Atomic Energy Commission. 

! L. Wolfenstein, Phys. Rev. 82, 690 (1951) 

* T. Ericson and V. Strutinski, Nuclear Phys. 8, 284 (1958). 

*W. J. Knox, A. R. Quinton, and C. E. Anderson, Phys. Rev 
Letters 2, 402 (1959). 

*W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

* P. C. Gugelot, Phys. Rev. 93, 425 (1954). 

*R. M. Eisberg, G. Igo, and H. E. Wegner, Phys. Rev. 100, 
1309 (1955). 

7G. Igo, Phys. Rev. 106, 256 (1957). 

*G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1956). 

*D. L. Allan, Nuclear Phys. 10, 348 (1959). 


other cases as well." In order to treat the complexities 
of the calculation more adequately when many particles 
are evaporated, a computer program has been prepared 
for the Weizmann Institute computer (WEIZAC). In 
Part I of this series,"' spectra were calculated for par- 
ticles from highly excited nuclei (100 to 700 Mev). 
The computer program was subsequently improved so 
as to make it applicable to lower energies of excitation." 

With the aid of this improved nuclear-evaporation 
calculation, it is possible to compute the spectra of 
particles that result from nuclei in any state of excita- 
tion. By these means we hope to further test the 
validity of the statistical theory and add more to what 
is known of level densities. Not all of the pertinent 
experiments are considered here, since further changes 
in the computer program are suggested by recent 
experimental and theoretical developments and by the 
results of this paper. These suggested changes are 
discussed below. 

An important criterion for the choice of a particular 
nuclear reaction A(x,y)B for this comparison is the 
absence or relative unimportance of noncompound- 
nucleus processes. The (a,p) and (pa) reactions in the 
energy range 10 to 40 Mev are thought to fall into this 
category. The proton spectra from the bombardment of 
Cu, Ag, and Au with 40-Mev alpha particles have been 
measured by Eisberg, Igo, and Wegner and analyzed in 
terms of the statistical theory.* Unfortunately, the data 
were not presented in a form suitable for comparison 
here. The (pa) reaction is considered below. Inelastic 
scattering and to a lesser extent (p,m) and (m,p) re- 


” J.M.B. Lang and K. J. LeCouteur, Proc. Phys. Soc. (London) 
A67, 586 (1954) 

"I, Dostrovsky, R. Bivins, and P. Rabinowitz, Phys. Rev. 111, 
1659 (1958). 

“1. Dostrovsky, Z. Fraenkel, and G. Friedlander, Phys. Rev. 
116, 683 (1959). 
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Reactions selected for comparison of calculated and 
experimental spectra and cross sections. 


Bombarding 
Emitted 
particle 


energy (lab 


Target Projectile Mev) Reference 


Zr 13 
Ta 14 
Bi 14 
Ni 15 
Ni ) 

Ni 

Cu 

Pd 

Ni 

Ni 

Ag 

Au 


actions are not well suited to this purpose. However, 
since no suitable experimental data were available on 
a,n) reactions in the low-energy range, the results of 
Ahn and Roberts" and of Rosen and Stewart™ on the 
(n,n’) reaction were used for the study of neutron 
spectra. The (n,p) reactions studied by Colli ef al." 
were used as an additional comparison for proton 
spectra. 

Bombarding energies above 40 Mev lead to an in- 
creasing contribution of noncompound-nucleus processes 
if the bombarding particle is a nucleon or other light 
particle such as helium ions. With heavy ions as pro- 
jectiles it is possible to form compound nuclei with 
excitation energies of more than 100 Mev (and with 
high angular momentum). So far only a few such studies 
are available. The recent determination by Knox, 
(Quinton, and Anderson® of the alpha spectrum from 
the reaction of O'* ions on Ni is compared with our 
calculations in this work. 

When the projectiles are light particles with energies 
of several hundred Mey, little or no compound-nucleus 
formation occurs. The projectile initiates a nucleon 
cascade which results in the emission of a few relatively 
energetic nucleons. The nuclei remaining at the end of 
the nucleon cascade have a distribution of values in 
1, Z, and excitation energy. The recent calculations of 


ras.e Il. Parameters used in these calculations 


Barrier 
correction 
see text) 


Level density 
parameter, d 
Mev") 


Radius 
parameter, 7 
term) 


10 No 
20 No 
20 No 
20 Yes 


8S. E. Ahn and J. H 
“LL. Rosen and L 
hd L Colli, M 
cimento 9, 280 


Roberts, Phys. Rev 
Stewart, Phys. Rev 


A. Rytz, 


108, 110 (1957 
107, 824 (1957). 
Pignanelli and R. Zurmiihle, Nuovo 
1958 
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Metropolis el al.** have 


able for a 


made such distributions avail- 
number of target nuclei throughout the 
periodic table and for proton bombarding energies up 
to 2 Bev. In thi 
Metropolis ef al. for Cu, Ru, 
various spectra of particles emitted from the excited 
nuclei that bombardment of Ni, Ag, 
and Au with protons of 190 Mev. The calculations were 
compared with the experimental results of Bailey’? and 
of Gross.'* Table 1 lists the reactions 
parison.” 


work we have used the results of 


ind Bi to compute the 


result from the 


selected for com- 


CALCULATIONS 


The WEIZAC computer program for the Monte 
Carlo calculation of nuclear de-excitation has already 
been described in Parts I and III 


The combinations of parame 


of this series.!!:'? 


ters used here are shown 


in Table II. 
Calculations 

L5f 

the radius parameter 


wit! ear-radius parameter of 


in Part [II.!? Use of 


certain ¢ hanges in 


fermi) are de 


the values of the « Thi ts used in 
inverse 


alculating the 
reaction cr clior a The values that 


TABLE III. Coefficient 


cross sectior 


reaction 


appear in 


used for neutrons 
a=0.76+1.93A 


0.050 


1.664 


where a, is the geometric cross section 


For charged parti les the inverse reaction cross sec- 


tion is given [see Eq. (3), reference 12] by 


where the values of . in Table ITI 

16 N. Metropolis, R ivins torm, A. Turkevich, J. M 
Miller, and G. Friedlander hy Rev. 110, 185 (1958 
N. Metropolis, R. Bivins, M. Storm, J. M. Miller, G. Friedlander, 
and A. Turkevich, Phys. Rev. 110, 204 (1958 

17 LL. Evan Bailey, University of Califor: 
tory Report UCRL-3334, March, 1956 (ur 

8 Edward Gross, University of California Radiation Laboratory 
Report UCRL-3330, February, 1956 ublished 

’*K.H. Purser and E. W. Titterton, Australian National 
University Report ANU /P-200, November, 1958 (unpublished 

*™ CC. B. Fulmer and B. L. Cohen, Phys. Rev. 112, 1672 (1958). 


ia Radiation Labora 


published 





MONTE CARLO CALCULATIONS 
for ro=1.7 f [see Table I, reference 12 |. For protons, 
deuterons, and alpha particles, the constants c; and k; 
were chosen to give a good fit to the continuum-theory 
cross sections calculated by Shapiro” and Blatt and 
Weisskopf.** The relationship between the values of « 
and k& for deuterons, tritons, and He*® and those for 
protons and alpha particles is assumed to be the same 
for ro=1.7 f as for 1.5 f. 

Between 2000 and 10 000 evaporation cascades were 
computed for each reaction and set of parameters, so 
as to provide reasonable statistics. Except for the high- 
energy reactions the kinetic energy of the emitted par- 
ticles was classed in 0.5-Mev intervals. In the high- 
energy reactions 1-Mev intervals were used. 


COMPARISON WITH EXPERIMENTAL RESULTS 


The comparison of the calculated and experimental 
particle spectra is given in Figs. 1-19. 


n on Zrine 
== arasso 
@*A/20 
0 AsO neutron spectrum 
@ expen mental 


NEUTRON ENERGY (Mev) 


Fis. 1. Comparison of calculated spectra of neutrons from 
Zr (nat) bombarded with 14.1-Mev neutrons with the e 


mental results of Ahn and Roberts, reference 13 


xperi 


Low-Fnergy Reactions 
A. Neutrons from 14.1-Mev Neutron Bombardment 


The space-integrated spectra obtained by Ahn and 
Roberts” are shown in Fig. 1, and those by Rosen and 
Stewart" in Figs. 2 and 3, together with the results of 
the Monte Carlo calculations. The calculated spectra 
were normalized so as to give the same total cross 
for neutrons above 0.5-Mev kinetic energy 
This procedure was adopted because no experimental 
data below that energy. Practically 
identical spectra are obtained for ro= 1.5 f and ro>=1.7 f 
In Fig. 1 the maximum of the second neutron from Zr is 
at very low energy because the total kinetic energy 
available for two neutrons emitted is about 2.5 Mev. 
With the energy interval used in the calculations 
(0.5 Mev) the lower maximum is not resolved, and the 
net effect is the obliteration of the peak in the kinetic 


section 


are available 


21M. M. Shapiro, Phys. Rev. 90, 171 (1953) 


=]. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 


OF NUCLEAR PROCESSES. 


> ar? 
O° A * neutron spectrum 


@ experimental 





NEUTRON ENERGY (Mev 


Fic. 2. Comparison of calculated spectra of neutrons from 
Ta bombarded with 14.1-Mev neutrons with the experimental 
values of Rosen and Stewart, reference 14 


energy distribution. For Ta the total kinetic energy 
for both neutrons is about 6 Mev, for Bi about 9 Mev. 
The maximum kinetic energy of the second neutrons is 
therefore higher. The spectra show accordingly a single 
maximum at the average value of the nuclear “tem- 
peratures.” The Zr spectrum seems to fit best with a 
value of a close to 10 Mev~'. This value also gives a 
reasonable fit for the Bi spectrum. The Ta spectrum, 
however, requires a higher value of a. Several values, 
in addition to A/10 and A/20, were tried. The calcu- 
lated spectrum that seems to fit the experimental data 
best is for a value of a of approximately 14 Mev". 
It should be remembered that both Bi® and Zr” have 
closed neutron shells, and a lower level density is to be 


T 
on Bi 20% 
ease 
*as20 
a+ast | neutron spectrum 
© exper mento! 





i . 
. — se ——— 
; a $ 
wETRON ENERGY (tev 
Fic. 3. Comparison of calculated spectra of neutrons from 
Bi® bombarded with 14.1-Mey neutrons with the experimental 
values of Rosen and Stewart, reference 14. 
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TABLE IV. Comparison of calculated and experimental numbers 
of neutrons produced per inelastic collision in the 14.1-Mev 


neutron bombardment of various elements 


Number of neutrons per inelastic collision 
Calculated 

rom1Sf roel Sf 

Target a=A/10 a=A/20 
Zr 1.62 


Ta 2.00 
Bi 2.00 


'o= 1.7f 
a=A/20 Experimenta! 
1.62* 
1.90» 
1.96" 


1.48 
1.99 
2.00 


1.51 
1.99 
2.00 


* See reference 13 
» See reference 14 


expected. [This fact is taken into account in the caicu- 
lation by subtracting a shell energy 6,=1.0 Mev from 
the residual excitation energy.'? It seems, however, 
that this value of 6,, which gives reasonable fit for the 
in the medium weight nuclei region 
(24<Z<32), does not give a large enough correction 
for heavier nuclei, such as Zr and Bi. ] Because of the 
effect of the closed neutron shell, the results presented 
here do not permit a proper study of the A dependence 
of the level-density parameter. Further experiments 
with targets carefully chosen so as to be free from shell 
effects are clearly desirable. 

A comparison of the calculated and experimental 
numbers of neutrons produced per inelastic collision for 
Zr, Ta, and Bi targets is shown in Table IV. 


cross sections 


B. Protons from 13.4-Mev and 17.5-Mev 
Neutron Bombardment 


The proton kinetic-energy spectra for the Ni(#,p) 
reaction for two neutron energies, 13.4 Mev and 17.5 
Mev, are shown in Figs. 4 and 5. The experimental 
points are those of Colli et al."* They were measured in 
the forward direction (@;4,=0 to 35 deg). The calculated 
results were normalized so as to give the same total 
cross section of protons above 4 Mev as that given by 
Colli, since no data for lower kinetic energies are given 
by them. 


The calculated spectra, especially for ro 1.5 f, are 


Fic. 4. Comparison of calculated spectra of protons emitted 
from Ni (nat) bombarded with 13.4-Mev neutrons with the 
experimental results of Colli ef al., reference 15 
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displaced toward higher energies with respect to the 
experimental results. (Figs. 4, 5.) The calculated curves 
for ro=1.7 f, a=A early the contribution of 
protons from the For this set of 
parameters at 13.4 Mev a small proportion of (n,p) 
reaction is present (4%), but it is 
sufficient to affect the spectrum near threshold because 


20 show « 
nnp) reaction. 
calculated to be 


two emitted 
(Fig. 5) the 


of the low total energy available to the 
17.5-Mev 


the 


partic les. For the 
agreement calculated and experimental 
values seems to be much better. This results from the 
shifting of the maximum of the kinetic energy distribu- 
because of considerable propor- 
from the (m,mp) reaction are 
for parameters. [Only the high- 
part spectrum measured 
experimentally, the low-energy part being below the ex- 
perimental limit of 4 Mev. The calculated spectra are 
Mev. Hence almost the (otal 
spectrum has been normalized to what 


neutrons 


between 


tion to lower energies 
tions of second protons 
present all sets of 


energy ol the proton was 


almost entirely above 4 
calculated 


tons emitted 


with the 


Fic. 5. Com mn of calculate , prt 
from Ni (nat) bombarded th 17.5-Mev neutrons 
experimental f referer 5 


constitutes only the high-ener 


y part of the experimental 
cross section. At the higher bombarding energy | I ig. 5) 


the experimental spectrum 


an appreciable part of both 
and the calculated spectrum is below the 4-Mev limit, 


hence the apparent differences in magnitude are much 
smaller. ] Inc identally t] illustrates the care that is 
necessary in interpreting the dependence of the position 
of the maximum of kineti« 


Ignoring the second 


energy on excitation energy. 
the example above could 
assume that the “temperature”’ 


decreased with in- 


proto1 
easily have led one to 
of the compound nucleus actually 
creasing excitation en rgy 

Following Weisskopf,” the single-particle spectra of 
charged particles are given by the equation 


P(6)de=Co,e(1 ai(F (1) 


. — ¢)$] 
Vv € 


where P(e)de is the probabi 


with kinetic energy bet 


lity of emission of a particle 


ween e and e+de, C=a constant, 


%V. Weisskopf, Phys. Rev. 52, 295 


1937). 





MONTE 


V =the effective Coulomb barrier (corrected for pene- 
tration) =k;V ;, a= the level-density parameter, E= the 
excitation energy of the nucleus, and (=the separation 
energy for the emitted particle. A plot of log.V («)/(«— V) 
against (E—Q—.e)! should lead to a straight line pro- 
vided (a) the target is monoisotepic, (b) the particle 
under consideration is the only one or the first one to 
be emitted, and (c) a correct value of the effective 
Coulomb barrier is used. Here NV (€) is the number of ex- 
perimentally measured protons per unit energy interval. 
Colli ef ai. have plotted logN (€)/eo, against residual 
excitation energy (E—Q—e). Since «¢,=const(e— V), 
this plot is similar to the one described above, but, 
100 — T os 
t non Ni(nat) 
E,*13.4Mev CALC G*A/20 
E,tI75Mev 
E,*!3.4Mev EXPERIMENTAL 
E,*!7.SMev ” 


fe = 1.5 fermi 


UNITS) 


( ARBITARY 


v 


¥ 
Ziv 





VEeye€ (Mev'/?) 


Exe 
( PROTONS) 
Fic. 6. N(«)/(e—V) vs the square root of the residual excita 


tion energy as obtained from Figs. 4 and 5 for a nuclear radius 
parameter of ro=1.5 f and a level-density parameter of a= A/20 


because the function logN(e«)/(e—V) plotted 
against the residual energy and not its square root, no 
straight-line portions are to be expected even in the 
region of single-particle emission. Furthermore, Colli 
et al. do not state the value of the Coulomb barrier 
(i.e., nuclear radius and penetrability) used by them 
to calculate o,. It is not clear, therefore, what degree 


was 


of agreement between the curves for various energies 
one should expect. 

In Figs. 6 and 7 we have replotted Colli’s data against 
the square root of the residual excitation energy for 
two values of the nuclear-radius parameter and the 
corresponding penetrability. Also shown are our calcu- 
lated spectra for a= A/20 drawn in the same way and 


CARLO CALCULATIONS OF 


NUCLEAR PROCESSES. IV 


—————L—S 
n on Ni(nat) 3 
En" !3.4Mev CALC. u*A/20 

E,*!7.5 Mev “ “ 

£,°13.4Mev EXPERIMENTAL 

€,*!7 5Mev " 


rs) 


fe =\.7 fermi 


— ——— yp rr 


Laissiul 





Vv Cou € 


( PROTONS) 


(Mev'/®) 


Fic. 7. N(e)/(e—V) vs the square root of the residual excita 
tion energy as obtained from Figs. 4 and 5 for a nuclear radius 
parameter of ro= 1.7 f and a level-density parameter of a= A/20. 


with the same value of nuclear radius. Both calculated 
and experimental data were taken from Figs. 4 and 5 
without any further normalization. It is seen that here 
the agreement of the calculated and experimental 
points for ro=1.7 f is surprisingly good, especially for 
the 17.5-Mev data, and that a value of a= A/20 gives 
the correct slope. The agreement is good both in the 
straight-line regions representing essentially single par- 
ticle emission and also in the part where the protons 
from (pnp) reactions are important. The discrepancy 
at very low residual energies (i.e., high proton kinetic 
energy) is undoubtedly due to direct interactions. It 
appears, therefore, that the validity of the statistical 
model is not challenged by Colli’s results. It is unfortu- 
nate that data for protons below 4 Mev could not be 
obtained in this experiment, as it appears that in this 
range there are considerable discrepancies between 
calculations and experiment (see below). To make the 
comparison more valid, the spectra were computed by 
taking into account the natural abundance of the 
various isotopes of nickel. From the fact that the fit of 
calculated and experimental data seems to be much 
better in Fig. 7 than it is in Figs. 4 and 5 it must be 
concluded that the direct comparison of calculated and 
experimental spectra (as shown in Figs. 4 and 5) permits 
a more rigorous test of the general validity of the statis- 
tical theory. It is for this reason that all other com- 
parisons between calculated and experimental spectra 
discussed in this paper are presented in the form of the 
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TaBLe V. Comparison of experimental and calculated cross 
section for emission of protons and alpha particles 


Cross 

Bombard section, 
ing energy experi 
lab) mental 
(mb) 


Cross section, calculated 
romiSf romi.5f 
a=A/10 a=A/20 


roml.7f 


Reaction a@=A/20 


Ni**(n,p)Co® 560 +110 655 651 595 
Ni**(n,np)Co® 160 +40 i41 90 362 
Culpa) Ni 2 2 122425 23 76 160 
Pd(pa)Rh 4 2 2525 1.3 6.5 47 


actual particle spectra rather than in the form of “level 
densities”’ [or log.\ e)/le V) |. 

Colli ef al.'® do not give values for the total cross 
section for proton production. The calculated cross 
sections, using Bjorklund and Fernbach’s value (1400 
mb)™ for the inelastic neutron cross section for Ni®*, 
agree well with the experimental values of Purser and 
Titterton™ for the Ni®*(n,p)Co® and Ni®*(n,np)Co™” 
reactions for ro>=1.5 f, a= A/10 (see Table V). From 
Colli’s result one can obtain an approximate value for 
the partial cross section for protons above 4 Mev; 
these are 240 mb at 13.4 Mev and 380 mb at 17.5 Mev. 
It follows that a considerable proportion of the protons 
in Colli’s experiment must have been below 4 Mev. 
However, the calculated spectra (Figs. 4 and 5) show 
very few protons below 4 Mev and are thus in disagree- 
ment with experiment. 


Alpha Particles from 23-Mev Proton Bombardment 


Calculated alpha spectra for the reaction Cu(p,) 
and Pd(p,a) are shown in Figs. 8 and 9 together with 
the experimental values of Fulmer and Cohen” for an 
angle 0..m,= 150 deg. The calculated spectra of Figs. 8 
and 9 were obtained by using Eq. (1) and not by the 
Monte Carlo calculation. This procedure was adopted 
because of the small cross section of alpha emission, 
which would have required undue computer time for 
satisfac tory statistics by the Monte Carlo method. The 


sterodan Mev 


mé 


ALPHA ENERGY Mey) 


Fic. 8. Comparison of calculated spectra of alpha particles from 
Cu (nat) bombarded with 23-Mev protons with the experimental 


results of Fulmer and Cohen, reference 20, for 0... = 150 deg 


* F. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 
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procedure is justified only if all alpha’s are emitted as 
first particles. Monte Carlo calculations showed that 
the ratio of cross se (p,na)/ (pa) is less than 
0.005. The calculated curves were normalized to the 
differential (pa) section at 6, 
reported by Fulmer and Cohen 
mental results it was 
cross section below 5 Mev is zero. 


10ns 
cross =150 deg as 
In plotting the experi- 
assumed that the differential 

Figure 8 indicates that the effective Coulomb barrier 
is much lower than that used in the calculation. A com- 
parison of the slope s of the high-energy end of the 
spectra seems to indicate that the value of a= A/20 for 
the level-density parameter is the most suitable here. 
The Pd spectrum, Fig. 9, shows essentially no agreement 
with the calculation in either respect for the radius and 
level-density parameters used here. This lack of agree- 
ment is probably due in part to the increased proportion 
The differences between 
Pd, and for Au the 


of various direct interact 
the results for Cu, for 


wr 
LOnS 


(where 


| 
. te. 
z is i = —T | 


ENERGY 


ALPHA 


Fic. 9 Compar t caiculate pectra f alpha particles from 
Pd (nat) bombar protons with the experimental 
results of Fulmer and Cohen, reference 20, for 6.» = 150 deg 


be understood when it 
is recalled that the cross section for emission of charged 
particles by evaporation decreases sharply with in- 
creasing Z. Therefore, direct inter- 
actions become more prominent for higher values of Z. 

In Table V are 
from emission from Cu(p,a)Ni and Pd(p,)Rh. It is 
obvious that ro= 1.7 fis t since the experimental 
cross sections include the direct-interaction alpha par- 
ticles and, therefore, should be higher than calculated 
values. 


discrepancy is even greater) can 


on a relative basis, 


calculated cross sections 


shown the 


0 large, 


High-Energy Reactions 
1lpha Particles from 162-Met 


Oxygen-Ion Bombardment 


The experimental results for the 


particles emitted on the 
162-Mev ©'* ions reported by Knox, Quinton, and 
} 


Anderson,’ are shown in Fig. 10. The excitation energies 


spectra of alpha 
bombardment of Ni with 





MONTE CARLO CALCULATIONS 
of the compound nuclei lie in the range 123 to 136 Mev 
for the various isotopes. Alpha-emission spectra were 
calculated for the excited Kr nuclei in the proportions 
in which they are formed from the Ni isotopes and 
with the corresponding excitation energy. The calcu- 
lated spectra were drawn normalized to the same area 
as the experimental results for 90 deg. This angle was 
chosen for comparison because it is the largest angle for 
which a complete spectrum was available, and in order 
to minimize the effects of direct interactions. The 
spectrum of ro=1.7 f and a= 4/20 seems to agree best 


162 Mev O'© on Wi (nat) 
e fer! Sterm o*as00 
fri a*a/20 
Get? « Gras2c 
@* A/20 barrier corr 
@ experimenta! Gen: 90° 


fort? « 


Nie) (ARBITARY UNITS) 


ALPHA ENERGY (Mer) 


Fic. 10. Comparison of calculated spectra of alpha particles 
from Ni (nat) bombarded with 162-Mev O"* ions with the experi 
mental results of Knox, Andersor:, and Quinton, reference 3, for 
6..m = 90 deg. For details of the barrier correction see Discussion. 


od enon | 





ey T T T 
190 Mev p on Nifnat) 
ad ~—=-6 aso 
@*A/20 
© expermmenta §=6.* 135 


3 


% 


mb/steradian Mev 


~ 
. _ 





NEUTRON ENERGY (Mev) 

Fic. 11. Comparison of calculated evaporation spectra of 
neutrons from Ni (nat) bombarded with 190-Mev protons with 
the results of Gross, reference 18, for 0. = 135 deg 


with experiment, but even here the discrepancy in the 
Coulomb barrier is noticeable. Again the effective 
barrier is lower by several Mev than that used in the 
calculations. 


B. Neutrons and Charged Particles from 190-Met 


Proton Bombardment 


Calculated spectra for neutrons, protons, deuterons, 
and alpha particles emitted from Ni, Ag, and Au 
bombarded with 190-Mev protons are compared in 
Figs. 11-19. 
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Fic. 12. Comparison of calculated evaporation spectra of 
protons from Ni (nat) bombarded with 190-Mev protons with 
the results of Bailey, reference 17, for @4,=100 to 180 deg. For 
details of the barrier correction see Discussion. 


Since no prompt-cascade calculations are available 
for Ni and for Ag, use was made of the calculations 
available for Cu” and Ru™. In order to take into 
account the mass and charge difference between the 
Ru'™ and Ag (nat) targets (AA = +7, +9 and AZ= +3), 
this difference was added to the mass and charge of 
each prompt-cascade result of the distribution before 
the evaporation calculation was started. The excitation 
energy of the prompt-cascade product was not changed. 
Hence the distribution of prompt-cascade results with 
given A, Z, and E was substituted by A+AA, Z+-AZ, E. 
in order to take into account the two natural isotopes 
Ag” and Ag™, the calculations were repeated with 
different AA in the proportion of their natural abun- 
dance. The shifting procedure from Cu®™ to Ni (nat) was 
similar. Although this procedure may not be completely 
reliable for the purpose of determining total-particle or 
product cross sections, the error introduced in the shape 
of the particle spectra is believed to be negligible. Since 
no prompt-cascade calculations are available for a 
bombarding energy of 190 Mev, the Ni and Ag spectra 
presented here were interpolated from the particle 
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Fic. 13. Comparison of calculated evaporation spectra of 
deuterons from Ni (nat) bombarded with 190-Mev protons with 
the results of Bailey, reference 17, for 64=100 to 180 deg. For 
details of the barrier correction see Discussion. 
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Fic. 14. Comparison of calculated evaporation spectra of alpha 
particles from Ni (nat) bombarded with 190-Mev protons with 
the results of Bailey, reference 17, for 04,=100 to 180 deg. For 
details of the barrier correction see Discussion. 


spectra calculated for bombarding energies of 156 Mev 
and 236 Mev. A comparison of the particle spectra for 
the two bombarding energies showed this interpolation 
to be entirely reliable. 

In order to obtain the neutron spectrum from Au 
bombarded at 190 Mev, the prompt-cascade results for 
Bi®™ were used after they had been shifted in the 
manner described. However, the bombarding energies 
nearest to 190 Mev for which calculations were available 
for this element are 82 Mev and 286 Mev. An interpola- 
tion over so wide an energy range was not thought to 
be reliable for neutrons or even possible for charged- 
particle spectra because of the scarcity of charged- 
particle evaporation from Au at a bombarding energy 
of 82 Mev. Hence the neutron spectrum was calculated 
for only one value of level-density parameter a and 
radius parameter fo. 

The calculated neutron spectra were normalized to 
the areas of the experimental spectra for 135 deg. The 
calculated charged-particle spectra were normalized to 
the experimental backward-hemisphere data. The ex- 
perimental results are those of Bailey’? and Gross.'* 

Again almost identical neutron spectra were obtained 
for ro=1.5 f and ro=1.7 f. This, together with the 
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Fic. 15. Comparison of calculated evaporation spectra of 
neutrons from Ag (nat) bombarded with 190-Mev protons with 
the results of Gross, reference 18, for 0, = 135 deg. 
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results of the low-excitation-energy region (Figs. 1-3) 
seems to indicate that the shape of the theoretical 
neutron spectra is roughly independent of the nuclear- 
radius parameter that was assumed in the calculation. 
As seen in Figs. 11, 15, and 19, the calculated neutron 
spectra show a deficiency of low-energy particles, 
whereas both the shape and the absolute value of the 
high-energy part of the calculated neutron spectrum for 


wsteradian Mev 


mb 


Fic. 16. Comparisor 
protons from Ag (nat) b 
the results of Bailey, referer 
details of the barrier « 


evaporation spectra of 
190-Mev protons with 
=100 to 180 deg. For 


Fic. 17. Comparisor i evaporation spectra of 
deuterons from Ag (nat ed with 190-Mev protons with 
the results of Bailey, referen« r @i4»= 100 to 180 deg. For 


details of the barrier correction see Dis 


ussion 


a=A/10 show good agreement with the experimental 
results. The discrepancy in the low-energy neutrons was 
not improved appreciably when the calculations were 
repeated with a=A/6. As ult, the calculated 
differential cross shown in 
Table VI. The experimental 

in Table VI do not include 
according to Gross 


sections are 00 10W, as 
given 
prompt-cascade neutrons, 


cToss sections 
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Tae VI. Comparison of experimental and calculated cross sections (in mb/sr) for the emission of neutrons, protons, deuterons, 
H?, He’, and He‘ upon the bombardment of Ni, Ag, and Au with 190-Mev protons. 


Ni at 190 Mev 
Forward 
Experimental* 
Backward 
Prompt cascade (calculated )» 
a=A/10 
a=A/20 
a=A/20 
a=A/20 (Corr) 
Ag at 190 Mev 
Forward 
Experimental* 
Backward 
Prompt cascade (calculated) 
roe 1.5f, a=A/10 
, a= A/20 
, = A j 20 
, a=A/20 (Corr) 
Au at 190 Mev 
Forward 
Experimental* 1085 
Backward 
Prompt cascade (calculated) 131 
rom 1.5f, a=A/10 980 


* Results of Bailey 


’ and Gross."* The experimental neutron cross sections do 


p d He Het 


1.93 17.4 
9.65 


5.75 
10.0 
13.95 
26.0 


0.92 
0.92 
2.16 


2.62 
3.95 


1.76 23.2 
0.64 14.1 
0.28 9.07 
1.18 17.67 
0.997 20.25 
3.02 58.35 

15.0 

991 
12.31 2.40 


not include prompt-cascade neutrons, according to Gross. 


>» The value given here is that from Metropolis ef al.'* divided by 2+, since we assumed that the prompt nucleons go into the forward hemisphere. 


The charged-particle spectra (Figs. 12, 13, 14, 16, 17, 
and 18) show the same effects as were already observed 
in the lower energy region. In these cases the effective 
Coulomb barrier again seems to be lower than that 
used in the calculations. In Figs. 12 and 16, pertaining 
to proton spectra, the contribution of prompt-cascade 
protons is visible even in the backward hemisphere. 
This effect is far more evident in the forward direction. 
The deuteron spectra (Figs. 13 and 17) show also a 
contribution from prompt-cascade deuterons or—more 
likely—pickup by outgoing prompt-cascade nucleons. 

The calculated cross sections for the emission of 
protons and alpha particles from Ni agree well with 
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Fic. 18. Comparison of calculated ———— spectra of alpha 
particles from Ag (nat) bombarded with 190-Mev protons with 


the results of Bailey, reference 17, for 04.100 to 180 deg. For 


details of the barrier correction see Discussion. 


the experimental values in the backward direction 
particularly for a= A/20, Table VI. The agreement is 
less satisfactory for Ag. The calculated deuteron cross 
sections seem to be too high, especially in view of the 
contribution of nonevaporation deuterons to the experi- 
mental values. For deuterons, tritons, and He’ par- 
ticles a= A/10 seems to give better agreement with 
experimental cross sections. However, the statistics of 
the experimental and calculated values are rather poor 
in the last three cases. 


DISCUSSION 


In Part III of this series the excitation functions of 
various nuclear reactions are compared with the calcu- 
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Fic. 19. Comparison of calculated evaporation spectra of 


neutrons from Au’ bombarded with 190-Mev protons with the 
results of Gross, reference 18, for Oi, = 135 deg 
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lated values.” In general, the agreement is good. 
A similar comparison made here for the cross sections 
for production of light particles also indicates fairly 
good agreement, depending on the choice of radius and 
level-density parameters, Tables IV-VI. Especially 
striking is the comparison given in Table VI, since it is 
based on both a nucleon-cascade and an evaporation 
calculation. An agreement within a factor of two is 
indicated for most calculated entries in comparison 
with the experimental values for the backward hemi- 
sphere. In addition, the difference between the cross 
the forward and 
backward hemispheres is in excellent agreement with 


sections for emission of protons in 
the value of the cross section given by the cascade 
calculation, Table VI. It thus appears that the cross 
sections for emission of light particles are consistent 
with the two-stage model of nuclear reactions induced 
by high-energy protons, namely, a prompt cascade 
followed by an evaporation process. The treatment of 
the first stage, however, will have to be modified to 
account for the excess of heavier particles as well as of 
nucleons in the forward hemisphere. 

The comparison of the spectra, on the other hand, 
indicates some serious discrepancies. The most striking 
feature of the calculated charged-particle spectra is the 
apparent displacement of the curves toward higher 
energies with respect to the experimental results. This 
discrepancy cannot be reduced by any reasonable choice 
of level-density parameters. Although the barriers and 
their penetrability used in the calculation seem to 
need correction, this is not the sole diffi ulty, for the 
neutron spectra from the reactions induced by high- 
energy protons cannot be corrected in this way. This 
latter discrepancy is particularly serious, since it 
cannot possibly be explained by any of the direct- 
mechanism reactions postulated so far, nor can it be 
due to our incomplete knowledge of the Coulomb 
barrier. Moreover, no such discrepancy has been found 
in the lower energy region (Figs. 1-3). Changing the 
nuclear-radius parameter from 1.5 f to 1.7 f does indeed 
lead to a slight improvement in the spectra of charged 
particles, but still far from sufficient. This 
change has no effect on the neutron spectra. There may 
be two within the framework of the 
statistical model, why the calculated and observed 


this is 
explanations, 
spectra do not agree. In all our calculations we have 
assumed constant density of nuclear matter within the 
nucleus. The neglect of the diffuse edge of the nucleus 
may be expected to lead to errors in the computed 


inverse reaction cross sections. It is to be expected that . 


both classical Coulomb barriers and their penetrability 
by charged particles will be affected.2* The neutron 
cross sections may also be expected to be modified as a 
result of the change in the boundary conditions at the 
surface and the reduced reflection of the outgoing wave. 


*% G. Igo, Phys. Rev. 117, 1079 (1960) 
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Scott* and later Evans*’ have suggested that the effect 

of the diffuse edge on the Coulomb barrier may be 

approximated by using a larger effective nuclear radius. 
larger parameter 


The choice of the nuclear-radius 
be regarded as a first approxi- 


(ro=1.7 f) 
mation of the diffuse-edge effect 


may thus 
Igo has calculated the 
tion for alpha particles, based 
on a more correct representation of the nuclear surface.”* 


inverse-reaction cross se 


This would account for the emission of some lower- 


energy alpha particles, but is of insufficient magnitude 
noted in Figs. 8, 9, 10, 
that the effect of the diffuse 


ufficient to account for the 


Lo explain the large discre pancies 
14, and 18. It is thus seen 
nuclear surface alone 
dis repane ies 
Another major co ion may be necessary because 
section has to be calculated 


tgoing particle and an 


the inverse-reaction 
for the 
excited nucleus 


interaction I 
For cl 
dependence has alr 


reactions such a 

1 postulated. Thus, Bagge 
barrier is reduced as a 
* LeCouteur” and 
also assumed excita- 
recently the need for 
ulmer and Cohen.” 
have illustrated 


concludes t t the Coulomb 


consequence of nuclear surface waves 
Fujimoto and Yamaguchi” have 
More 

is suggested by I 
Dostrovsky, Bivins, and Rabinowitz 
the effect of such a correction on the yields and spectra 
To i tigate this point further 


tion-depende nt barrier 


such a correction w 


of emitted particles 
we repeated some of 5, using excitation- 


dependent Coulomb corrections used 


were of the form 
(2) 


is the classical ( 


excitation 


where V oulomb barrier and E, the 


residual energy, and & is the 
coefficient (Table III 

This particular form was 
same correction for Ag at 


penetration 


hosen so as to give the 
200-Mev excitation energy as 
that suggested by LeCouteur 

At high excitation energies £, can be taken, to a good 


approximation, as equal to the excitation energy prior 

Chis makes it possible 
same computer program with only minor 
At lower energies and towards the end of the 
high-energy evaporation cascade 
valid. The proper procedure would be to compute the 
inverse reaction cross section for each choice of kinetic 
energy of the outgoi icl lo do this properly 
requires an entirely and in view of the 
tentative and doubtful nature of the correction, no 
attempt made to compose such a program. 
As is seen in Figs. 10, 12, 13, 14, 16, 17, and 18, the 

] 


barrier correction of Eq 2) does indeed lead to a muc h 


to the emission of particie 
to use the 
changes. 


this assumption is not 


has been 


*7.M.C 
#7 J. A. Evans, Proc. Phys. Soc. (I ion) 73, 33 
%* E. Bagge, Ann. Physik 33, 389 (1938 

* K. J. LeCouteur, Proc. Phys. So 
»Y. Fujimoto and Y 
Kyoto) 5, 76 (1950 


Scott, Phil. Mag. 45, 441 (1954 
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better agreement with experimental spectra, and even 
better agreement might possibly be obtained with other 
values of ro and a. However, the cross sections for the 
emission of deuterons, tritons, He*, and He‘ particles 
are far too high with this correction, while that for the 
neutrons is too low (Table VI). It should be remembered 
that by use of Eq. (2) only the emission of charged 
particles is corrected, while that of the neutrons remains 
unchanged. This is evidently unsatisfactory, and a more 
rigorous treatment should also attempt to describe the 
dependence of the neutron-capture cross section on the 
excitation energy of the target nucleus. The unfavorable 
effect of the correction on the ratio of protons to alpha 
particles emitted also indicates that its form is un- 
satisfactory. 

The same correction was applied also to the calcu- 
lation of the alpha-particle spectra from the bombard- 
ment of natural Ni with 162-Mev O"* ions (Fig. 10). 
Here it seems to be somewhat too powerful, indicating 
that the form chosen was not quite correct. However, 
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no attempts were made to find better forms of this 
correction. 

Clearly an excitation-energy-dependent Coulomb 
barrier, as suggested by Fulmer and Cohen” and others, 
will not in itself lead to a satisfactory agreement 
between calculated and experimental spectra and par- 
ticle cross sections. 

A more rigorous treatment of inverse-reaction cross 
sections, taking into account both the diffuse edge of 
the nucleus and its excitation, is highly desirable. Only 
then will it be possible to examine more quantitatively 


the validity of the statistical model. 
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Monte Carlo Calculations of Nuclear Evaporation Processes. 
V. Emission of Particles Heavier Than He* 
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Previous Monte Carlo calculations of nuclear evaporation reactions have been extended to include the 
emission of He*, Li*, Li’, Li*, and Be’ from Cu, Ag, Au, and Bi targets bombarded with high-energy protons 
(340-2000 Mev). Comparison with available experimental results shows good agreement in most cases. A 
discrepancy has been observed between the calculated and observed variation of Be’ formation cross section 
with the mass of the target nucleus, but even here the agreement is within a factor of three. It is shown that, 
for the usually chosen parameters of the calculation, a level density parameter of a= A/10 is necessary. 


’ TUDIES of the evaporation of nucleons, deuterons, 
tritons, He’, and He‘ from various nuclei excited to 
energies from a few Mev to a few hundreds of Mev were 
reported in previous papers of this series.~* The in- 
creasing availability of experimental measurements of 
the formation cross sections and kinetic energy spectra 
of particles heavier than He* produced in high-energy 
interactions*~’ make it useful to extend our calculations 


‘I. Dostrovsky, P 
111, 1659 (1958). 

21. Dostrovsky, Z. Fraenkel, and P. Rabinowitz, Proceedings of 
the Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy (United Nations, Geneva, 1958), Vol. 15, 
p. 301. 

*1I. Dostrovsky, Z 
116, 683 (1959) 

* E. Baker, G. Friedlander, and J. Hudis, Phys 
(1958) 
de 
1958) 
*S. Katcoff, Phys. Rev. 114, 905 (1959) 

7S. C. Wright, Phys. Rev. 79, 838 (1950). 


Rabinowitz, and R. Bivins, Phys. Rev 


Fraenkel, and G. Friedlander, Phys. Rev. 
Rev. 112, 1319 


S. Rowland and R. L. Wolfgang, Phys. Rev. 110, 175 


to include such particles. In particular, it is interesting 
to establish whether calculations based on the statistical 
mode! are still valid for particles heavier than Het. 
Approximate calculations of the emission of Be’ from 
various targets bombarded with high-energy protons 
have recently been reported by Hudis and Miller* to be 
in reasonable agreement with measured cross sections.‘ 

The Monte Carlo computer program described by 
Dostrovsky, Bivins, and Rabinowitz' was modified so 
as to include the emission of He’, Li*®, Li’, Li*, and Be’ 
as competing process to the emission of the lighter 
particles and fission. In dealing with these heavier 
particles one slight complication arises in that most of 
these have bound excited states. In the calculation 
account has to be taken of the fact that these particles 
may be emitted either in their ground state or in excited 
states. This was done by considering a particle in its 


* J. Hudis and J. M. Miller, Phys. Rev. 112, 1322 (1958). 
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Tasie I. Mass excess and statistical weight of 
various particles and their excited states. 


Mass 
excess 


Mev) 


Statistical 
Particle weight 
2 
2 
6 
6 


p 
H? 


=) 


RO er re ee 


excited state as a discrete evaporating entity with its 
appropriate spin and binding energy. The list of parti- 
cles, their excited states and statistical weights used 
are shown in Table I. 

The starting point of each evaporation calculation 
was one of the excited nuclei resulting from the prompt 
nucleon cascade initiated in the target nucleus by an 
incident proton. Distributions in A, Z, and excitation 
energy of such excited nuclei from various targets and 
for various proton energies have been computed by 
Metropolis et al.,’"° and were made available to us 
through the courtesy of Dr. G. Friedlander. In order to 
improve the statistics of the calculations ten complete 
evaporation cascades were computed from each starting 
nucleus. In all 5000-10 000 evaporations were computed 
for each target and given proton energy. 

Calculations were limited to cases for which such 
distributions were directly available or which could be 
approximated by small shifts of the origin of the dis- 
tribution. For example, the interactions of Au were 
approximated using the available distribution for Bi 


Taste IJ. Experimental and calculated cross sections* (in mb) for the emission of He*, Be’, Li®, Li 


Proton 

energy 
Target” Mev 
Cu 
Cu 
Ag 
Ag 
Au 
Au 
Pb 
Pb 


940 
1840 
940 
1840 
940 
1840 
940 
1840 


2.2+0.5 
6.3+0.8 
5.9+1.0 
11.34+1.6 


13.342.4 
39.8+4.7 


10+5 
2i+11 





® The calculated cross sections take into account the factor (A1'+A 2)? xi 
rating particle respectively) which was neglected in equation 3 of reference 1 


nucleus and the evap< 
> The calculations were made for the natural isotopic mixture. 
¢ Experimental results of Rowland and Wolfgang 
4 Experimental results of Baker, Friedlander, and Hudis (reference 4) for 
* Estimated cross sections of Katcoff (reference 6). 
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after shifting each A by 12 units and each Z by 4 units. 
This shifting procedure, if not excessive, does not intro- 
duce appreciable errors in the medium and heavy nuclide 
region. It is possible that for lighter nuclides (e.g., Cu) 
where the sides of the stability valley are steeper and 
many shell edges are encountered in the course of 
an evaporation cascade, the shifting proc edure is less 
trustworthy. 

All calculations wer using a nuclear radius 
parameter of 1.5 10-" cm, and with one exception with 
a level density parameter of a= A/10. The calculations 
for Ag and 1.84-Bev protons were repeated using a level 
density parameter of a= A/20 to demonstrate the effect 
of a change in this parameter on the yield of heavy 
particles. 

In Table II are shown the calculated emission cross 
sections of He®, Be’, Li®, Li’, and Li® as well as experi- 
mental results for He*®, Be’, and Li®. Since no nucleon 
cascade results are available for the precise proton 
bombarding energy used in the experiments, calculations 
were carried out from data available for the nearest 
energy. Thus, experiments with 1-Bev protons are com- 
pared with calculations for 940-Mev protons and experi- 
ments with 2-Bev protons (He® production) and 2.2-Bev 
protons (Be’ and Li® compared with calculations 
for 1.84-Bev protons In view of the low precision of 
both experimental and calculated results, these rela- 
tively small differences in proton bombarding energies 
were not considered important 

The agreement between calculated and experimental 
results for the formation cross section of He® is within 
the experimental and statistical error except for pb and 
1.84-Bev protons. The calculations reproduce the rise 
of the cross section with both A and bombarding energy. 
The agreement of the Be’ cross section is satisfactory 
for Cu and for 1.84 Bev protons on Ag. The calculated 
values for Au and for 940-Mev protons on Ag are too 
high by a factor of three 
are again in agreement with the estimates of Katcoff® 


made 


are 


The rough Li® cross sections 


', and Li® from various targets. 


Li’? 
Calc 
9.2+1.0 
17.6+1.3 
15.9+1.6 
38.94+3.3 
31.742.6 
81.62-4.7 


Ai+A1—1)1(1+Ai/A s of the residual 


reference 5) for 1.0- and 1.9-Bev proton energy 


1.0- and 2.2-Bev proton energ 


*N. Metropolis, R. Bivins, M. Storm, J. M. Miller, G. Friedlander, and A. Turkevich, Phys. Rev. 110, 204 (1958) 


 N. Metropolis, R. Bivins, M 


Storm, A. Turkevich, J. M. Miller, and G. Friedlander 


110, 185 (1958 
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Taste III. Be’ formation cross sections (mb). 





460-Mev protons 
Calculated 
Exp* Hand M® Authors 


06 £075 
0.1 0.7 
0.01 0.18 


1.07 
0.40 


1.42 
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940-Mev protons 
Calculated 

H and M® Authors 

44 2.1 5.3 

2.5 3.2 6.8 

1.3 1.6 44 


Exp* 





1.84-Bev protons 
Calculated 
Hand M® Authors 
4.5 ma 


6.5 
6.0 





* Results for 330-Mev protons, Marquez and Perlman, reference 11. 
» Hudis and Miller, reference 8. 
* Baker, Friedlander, and Hudis, reference 4. 


and show a rise with A and with proton energy. Thus 
there seems to be a discrepancy in the A dependence 
of the Be’ cross section between the calculated and the 
experimental results. The approximate calculations of 
Hudis and Miller® while often closer to the experimental 
values than ours (see Table III) also show the same 
increase in Be’ formation cross section with the mass 
number of the target. 

It appears that at low proton bombarding energy 
(330 Mev) the experimental cross sections decreases 
with increasing A both for Be’™ and for Li*.’ Un- 
fortunately, no results are available for He* production 
at 340 Mev. At higher bombarding proton energies the 
decrease in the formation cross section of Be’ with in- 
creasing A is less marked. For Li® the situation seems 
actually to reverse at higher proton energy and the 
formation cross section increases with A. We have 
attempted to calculate from Cu to Ag targets. The 
calculated cross sections for the emission of Be’ from 
Cu, Ag, and Au targets bombarded with 460 Mev pro- 
tons are shown in Table III. It is seen that there is no 
sharp decrease in the cross section in going from Cu to 
Ag targets. The large discrepancy between the calcu- 
lated values for a bombarding energy of 460 Mev and 
the experimental cross sections for 330 Mev are prob- 
ably due to the proximity of the threshold for this 
reaction. 

Tables II and III show that the calculated cross 
sections are larger than the experimental cross sections 
and that the discrepancy increases with increasing mass 
of the target. It is believed that this overestimate is at 
least partially due to an overestimate of the interaction 
radius R=ro(A,'+-A,') (here ro is the nuclear radius 
parameter and A;, A; are the mass numbers of the re- 
sidual nucleus and evaporated particle respectively) in 
the calculation of the inverse cross section and the 
Coulomb barrier (see equation 9, ref. 1). 

A comparison of the results for Ag with two different 
values of the level density parameter (Table IV) shows 


a Marquez and I. Perlman, Phys. Rev. 81, 953 (1951). 





clearly that for the particular choice of the other pa- 
rameters used in the calculation a value of a= A/20 is 
utterly unsuitable, while 4/10 gives reasonable agree- 
ment. ‘This result is in agreement with other calculations 
in the high-energy region, but is in disagreement with 
low-energy calculations which require a smaller a. In 
fact, it appears that calculations in the range of initial 
excitation of 20-50 Mev fit experimental results best 
with a= A/20 or A/30, whereas there is no doubt that 
calculation for initial excitation in the hundreds of Mev 
region agree best with a= A/10. 


Tape IV. Calculated heavy particle formation cross sections 
from Ag bombarded with 1.84-Bev protons for two different 
values of level density parameters. 





Calculated cross section 
a=A/i0 


He* 7 +4 11.341.6 
Be’ 11.342.8 13.641.9 
Li* 4 8.5+1.5 
Li® tee 43.8434 
Li? eee 38.943.3 


Particle 
emitted 


Experimental 
cross section 








In common with all thermodynamical calculations the 
results while giving quantitative results do not throw 
light on the mechanism of the process. While for the 
evaporation of nucleons and perhaps alpha particles no 
difficulty is encountered in accepting the evaporation 
analogy of classical physics and chemistry, for heavy 
particles such as Li* such naive picture of the mechanism 
is clearly untenable. The apparent success of the statis- 
tical model of nuclear reaction in calculating cross 
sections for the evaporation of particles as heavy as Li* 
raises the interesting speculation as to how far such 
agreement will hold with increasing mass of emitted 
particle. 
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Using the same source and instrument geometry, both the external as we 


version lines of 


the 1.17- and 1.33-Mev gamma rays of Co are scanned in a Siegbahn-Slat yectro r. From the known 


internal conversion coefficients of these gamma rays, the instrument is calibrat: 
of internal conversion coefficient of any other gamma rays having energy near 
the internal conversion coefficient of the 1.408-Mev gamma ray, in the deca 


value obtained is 4.99 10™ 


I, INTRODUCTION 


ERY recently a series of work has been reported 

by Hultberg and Stockendal' in which they have 
made an absolute determination of the internal con- 
version coefficient (1.C.C.) of the 662-kev gamma ray 
in Cs'*7, and also the various gamma rays in the decay 
of Bi® and Bi™*.? Using a common source and spec- 
trometer geometry the peak areas of both the external 
and internal conversion lines are measured in a double- 
focussing spectrometer. The principle is briefly as 
follows: If A be the area under the external K photo- 
peak of a gamma ray of energy E, then 


1=KN,rxc(E)wf(F), (1 


where K is the instrument transmission factor, which 
depends mainly 


the total number of gamma rays emitted from the 


upon source and baffle positions. NV, is 
source, Tx(£) is the K-shell photoele¢ tric cross section, 
w is the solid angle subtended by the source at the 
radiator, and f(£) is a complicated function which 
accounts for the angular distribution of the photo- 
electrons, and converter thickness. In 
Eq. (1), disturbing effects like the multiple scattering 
of electrons in the converter is neglected. The term 
wf(E) (called 
lated assuming a point source from a knowledge of the 


contains the 


fdb in reference 1) can be easily calcu- 
angular depe ndence of photoele ctrons. The effect of the 
finite extension of the source has been qualitatively 
discussed by Hultberg.’ 

Similarly, if B be the area under the internal K-con- 
version line, then 


K Nek, (2) 


where Nex is the total number of internally converted 
K-shell electrons emitted from the same source corre- 
sponding to V,, the number of gamma rays of energy E. 
In this we have assumed that A, the spectrometer 
transmission, is practically independent of the electron 
energy. 

From Eqs. 
coefficient is 


and (2), the internal conversion 


Nex N . (B 1 tx(E)wf(E). 


1S. Hultberg and R. Stockendal, Arkiv Fysik 14, 565 (1959). 
2 R. Stockendal and S. Hultberg, Arkiv Fysik 15, 33 (1959) 
*S. Hultberg, Arkiv Fysik 15, 307 (1959). 


ax(/ 


determination 
an example, 


The 


is measured 


tion rx(£) has been tabu- 
White‘ for different Z, and from 
ybtained graphically for any E. 
if one could 


The photoele CTOSS Se 
lated extensively 
this 


Thus it would be possible to estimate ax (/ 


rx(E) may 


calibrate the spectrometer for w/ E 
This method of t el nination of the I.C.C. is 
straightforward, sin previous assumption about 


the decay scheme is not necessary to evaluate ax. 


Thus, the conversion coefficient of any of the gamma 
rays in a complicated decay can be easily and accurately 
determined 

It is relatively sim to get 
wf(k) for ¢ 


angular spre ad 


1 theoretical estimate of 
ymeter. This is because the 
ron trajectories is small, 
and so the integrations involved due to the angular 
trons become sufficiently simple 
n. As is we 


nstrument 


distrib ition of pi otroete 


know n, because of 
K=1% in 


necessary to get 


for numerical evalu 
the low transmissiot 1 su 
reference 1) rat! trong sources are 
Statistically sigt int counting rates. However, for the 

thin 
contra- 


measurement of inter conversion lines very 
sources are abso ite r tial These two 


dictory requirements hoice of radioisotopes. 
Although a helica tromet 


mission, the theoreti 


is very high trans- 


tion of wf(/ becomes 
much more tedious, s ingular spread of the 
electron trajectories is la For 


determination of A area under the photo- 


i point source, the 
irom the 
a lens type spec- 


peak, is reported by CThomas® for 


trometer. For a finite source it 1s almost impossible to 
find wf(F e situation is more compli- 


cated in a | 


numerically. TI 
Siegbahn-Slatis type helical spectrometer 
(which has a high transmission, K = 8%) since there it 
is very difficult to get a correct knowledge of the actual 
electron traje ctories, because of the compli ated field 
shape near the source 

Neverthe less. we have used a Siegbal n-Slitis spec- 
1 


trometer for the direct determination of I.C.C., and in 


what follows, a simple experimental method is described 
which overcomes this formidable mathematical diff- 
culty in evaluating wf(E). Since the internal conversion 
583, 


*G. White, National f Standards Circular No 
J ig Office, Washing 


April 30, 1957 (1 ment Printir 
ton, D. C., 1957). 
*R. G. Thomas ar ’. Laur t hys. Rev 1952 


88, 969 
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DETERMINATION OF 


coefficients of the gamma rays in the decay of Co™ are 
unambiguously determined, their «x, can be used to 
calibrate the spectrometer [see Eq. (3)] in the energy 
range 1.17 to 1.33 Mev, and thus, knowing wf(£), ax 
for any other gamma ray can be determined. 


Il. EXPERIMENTS AND RESULTS 


The Siegbahn-Slatis spectrometer, purchased from 
the L.K.B. Sweden,’ is set at a transmission of about 5%. 
The detector is a G.M. counter with 0.5 mg/cm? Mylar 
film as window. The sources are prepared on a similar 
Mylar film, mounted on an aluminum ring, and 
grounded by a strip of aluminum foil, 1 mg/cm? thick. 
Sources are prepared by the evaporation of a drop of 
the active solution under an infrared lamp. Since the 
geometry is very important, particular care has been 
taken to place the drop exactly at the center of the 
mounted foil. It is also important to keep the diameter 
of the source fixed. In our case the source diameter 
is 2mm. 

The entrance and the central baffle of the spec 
trometer can'be accurately adjusted from outside, and 
once they are set, they are not disturbed during the 
experiments. The source can be placed in the chamber 
through an air lock, and a calibrated rod helps to fix the 
position of the source to within 0.25 mm. Scanning the 
1.17-Mev internal conversion line of Co™, the best 
source position is found, for which the counting rate is 
highest. Unfortunately, it is found that the trans 
mission, K, depends rather sensitively on the source 
position. 

Both the continuous beta and the internal conversion 
lines of Co are then scanned. For external conversion 
measurements a Pb foil (~11 mg/cm?*) of diameter 
3.5 mm is attached at the center of an aluminum plate 
0.5 mm thick. A Cu stop (~ 4 in. thick) is also placed 
in front of the source to cut off the beta particles. The 
distance between the source and the converter is 1.5 
mm. A resolution of 3% is obtained for external 
conversion lines. The resolution is slightly better 

~ 2.8%) for the internal conversion lines, since the 
diameter of the source is smaller than that of the 
converter. 

In order to get the Compton continuum, a similar 
experiment is made with an Al plate 0.5 mm thick. 
Figure 1(a) gives the external conversion lines of the 
gamma rays from Co™®, along with their Compton 
edges. Figure 1(b) presents the corresponding internal 
conversion lines, taken with the same source and with 
the same instrument geometry. The relative intensities 
of the conversion lines are carefully measured, and the 
term wf(E) is calculated for the two energies from 
Eq. (3). We have used the values of ag; as reported by 
Kamada et al.’ and used White’s table to evaluate 
tx(E). Table I presents the results. 

* LKB-Produkter, Fabriksaktiebolag. Stockholm 12. 

7K. Kamada, T. Teranishi, and Y. Yoshizawa, J. Phys. So 
Japan 13, 763 (1958). 
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Fic. 1. (a) External conversion spectrum of Co. Curve (a) is 
the Compton plus photoelectric spectrum using a Pb radiator; 
Curve (b) is the Compton spectrum produced by an Al radiator 

Curves (a) and (b) are normalized at 110 and 114 amp, respec 
tively.] Curve (c), which is the difference between curves (a) 
and (b), is the actual photoelectric spectrum in Pb. (b) Internal 
conversion spectrum of Co™. 


From the table it is found that (wfE), in our case, is 
not very sensitive to E in the energy region 1.17 to 
1.33 Mev. This fact is utilized to measure the ax, of 
the 1408-kev gamma ray in the decay of Eu"*, The 
decay of Eu'** is rather complicated,* and unless several 


*O. Nathan and M. A. Waggoner, Nuclear Phys. 2, 548 (1956). 
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(b) 
Fic. 2. (a) Internal [Curve (a)] and external [Curve (b)] 


conversion spectra of the 1408-kev gamma ray in Eu'™ decay 


b) Curve (a) is the total beta spectrum of Eu'™ showing the 
| 4 


weak 1408-kev conversion line riding on the tail of the continuous 
spectrum. Curve (b) is the Kurie plot to determine the dotted 
background in Curve (a 


assumptions are made about the decay mode, ax, 
cannot be found for the gamma rays. The most reliable 
work seems to be that of Nathan and Hultberg,® where 
they have measured the relative gamma-ray intensities 
by studying the external conversion lines. But they 
have assumed the theoretical value of ax for the 344-kev 
gamma ray (which is definitely E2) to get the ax of 
the 1408-kev gamma ray. Mukherjee and co-workers” 
have measured the ax of the 344-kev gamma ray from 
beta group analysis, and their value agrees well with 
the theoretical value of Rose." But the presence of the 
low-energy beta group, as reported by them, is rather 
embarrassing, and a direct determination of the I.C.C. 
of any of the gamma rays in the decay of Eu'®* seems 
to be instructive. 

The internal and external conversion lines of the 
1408-kev gamma rays, measured by following the same 
procedure as outlined for Co, are shown in Fig. 2(a). 
Since the internal conversion line is riding on the tail 

*O. Nathan and S. Hultberg, Nuclear Phys. 10, 118 (1959). 

” P, N. Mukherjee, I. Dutt, A. K. Sen Gupta, and R. L. 
Bhattacharyya, Physica (to be published). 

m"' M. E. Rose, Jnternal Conversion Coefficient (North Holland 
Publishing Company, Amsterdam, 1958), p. 80. 


I. The function w/(/ 


wf(E) 
<10°™ 


0.61 +0.03 
0.67 +0.03 


{ 1408-kev 


Authors axitX<10" 
Nathan and Hultberg* 
Mukherjee, Dutt, et 
Direct determinati 


49 +04 
49 +04 


4.99+0.25 


* See reference 8 
© See reference 9 


of the 1512-kev beta grou; 


Fig. 2(b) | a careful Kurie 
o determine the background. 
Che intensities of the 
conversion lines are measured, and using the wf(£) for 
the 1.33-Mev gamma ray (Table I), ax; 


Eq. (3). This is pres¢ nted in Table II. 


plot analysis is made 
Altogether four runs are made 


is found from 


Ill. DISCUSSIONS 


Thus the present determination checks the previous 
assumptions about thy mode of Eu’*. This 
method is relatively simple for measuring the I.C.C. of 
any gamma ray, provided the function wf(£) is care- 
fully measured, as indicated above, for a number of 
energies. Calibrating sources like Hg™, Cs’, ., can 
be used for this purpose. Such work has already been 
undertaken here. Apart from the usual statistical error 
in A and B (which can be easily brought down to 1%), 


de cay 


etc 


the main source of error comes from the deviation of 
the source from the trometer axis, which means 


that the transmission K is no longer fixed. Particular 


Spt 


care should be given to place the source exactly on the 


spectrometer axis. This can be easily tested by rotating 
the source holder and noting the peak counting rate. 
The source and baffle geometry can be checked from 
the energy-calibration constant, Hp/J, of the instru- 
ment, and during the present experiment it is found to 
be constant to within 1%. The error in the ax, of the 
be 5%.° It also 
of Rose \axkL.= 1.27 
tabulated value of 
an estimate of it is 


is claimed to 
agrees well with the theoretical value 
X10). Finally the error in the 
tx(E) is not well kr 


1.33-Mev gamma ray 


wn, but 
discussed in reference 1. 
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Slow Neutron Scattering by the Titanium Isotopes 
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Neutron diffraction studies are reported on isotopically enriched samples of TiO, from which are evaluated 
the coherent scattering amplitudes of the titanium isotopes. Scattering amplitudes of +6.48, +0.33, —0.58, 
+0.08, and +0.5510-" cm were established for the titanium isotopes of mass 46, 47, 48, 49, and 50, 
respectively. The major isotope Ti* is thus responsible for the anomalous scattering amplitude, —0.34X10™" 
cm, characteristic of the normal element. Pronounced nuclear scattering resonance effects on the observed 
neutron scattering are suggested to occur for most of the isotopes. 


INTRODUCTION 


HE element titanium is one of the few elements 

possessing an anomalous, negative scattering 
amplitude for slow neutrons as first observed by Sidhu, 
Winsberg, and Meneghetti' in transmission studies of 
TiC. This anomalous scattering amplitude is easily 
observed in neutron diffraction patterns of titanium- 
containing compounds since the intensity distribution 
is affected markedly by its presence. Elemental titanium 
contains five stable isotopes of mass value 46, 47, 48, 
49, and 50 with the mass 48 isotope comprising 73.45% 
of the element and with the other masses approximately 
equally distributed. It was of interest to determine the 
individual isotopic scattering amplitudes and thereby 
establish which of these was responsible for the anoma- 
lous elemental scattering. 

Samples of separated isotopes were obtained from 
the Stable Isotopes Division, Oak Ridge National 
Laboratory, in the oxide form, TiO, with the rutile 
crystal structure. These polycrystalline samples, vary- 
ing in quantity from 1.95 to 6.64 grams, were placed in 
small cylindrical specimen tubes of thin-walled vana- 
dium (which produces no extraneous coherent scatter- 
ing) and neutron diffraction patterns were obtained for 
the innermost seven reflections ranging from (110) to 
(220). Most of the patterns were taken using neutron 
radiation of wavelength 1.218 A. Examination in the 
oxide form is particularly convenient because the sign 
of the titanium scattering amplitude can be directly 
established through comparison with the oxygen scat- 
tering amplitude. The oxygen scattering amplitude is 
known to be of value +0.575X10~" cm. Moreover, 
since some of the reflections which were studied had 
crystal structure factors dependent only upon oxygen 
scattering, these could be used as convenient internal 
standards. 

Two of the diffraction patterns obtained for the 


* Present address: Massachusetts Institute of Technology, 
Cambridge, Massachusetts. 
1S. S. Sidhu, L. Winsberg, and D. Meneghetti, 


222 (1948). 


Phys. Rev. 74, 


nominal TiO, and Ti®O, samples are illustrated in 
Fig. 1 and these demonstrate the pronounced depend- 
ence of the intensity upon the titanium scattering 
amplitude. The individual patterns were analyzed in 
the conventional manner and effective values for the 
titanium scattering amplitude were calculated for each 
sample. All of the intensities were placed on an absolute 
scale through intercomparison with the scattering by a 
standard nickel sample for which the coherent scattering 
amplitude was taken as 1.0310~" cm. Additionally, 
this calibration was intercompared with the pure 
oxygen-contributing reflection as mentioned above. In 
treating the intensity data it is necessary to know the 
oxygen position parametér in the crystal structure. 
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16. 1. Neutron diffraction patterns for samples of TiO, 
enriched in the mass 48 and 50 isotopes. 
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rase I. Isotopic purity and effective neutron scattering amplitudes for isotopic titaniur 


Isotopic r omposit ion 


Ti* 
I ji? 
ri#* 
ri”® 


Ti® 


Mean scattering amplitude for Ti in sample 


Wykcoff? has given this parameter as w=0.31 and from 
the intensities in the neutron diffraction patterns, a 
value of w=0.305+0.003 was obtained. For two of the 
isotopically enriched samples the titanium scattering 
amplitude was very low and hence the observed 
intensity was strongly dependent upon the oxygen 
scattering and this in turn depends upon the oxygen 
positional parameter. This value for the oxygen 
positional parameter compares very favorably with the 
value «=0.305+0.001 obtained by Baur’ in an x-ray 
diffraction study. 


NEUTRON SCATTERING AMPLITUDES 


Table I summarizes the results obtained for the 
effective titanium scattering amplitude along with 
other pertinent information for the isotopically enriched 
samples. Wide variations in this scattering amplitude 
noticed. Since none 


are to be of the samples was 


isotopically pure, the titanium scattering amplitude 


represents a weighted average of the pure isotopic 
scattering amplitudes. By an iterative procedure, the 
observed amplitudes have been combined to yield the 
isotopically-pure scattering amplitudes and these values 
are listed in Table II. An assessment of the various 


can contribute to the accuracy of these 


factors that 


rasie II. Neutron scattering data for the titanium isotopes. 


Door Feoh 
(10-8 em) (barns) 


2.90 
1.37 
4.23 
0.08 
3.80 
1.45 


ri* +0.48 
ri” +-0.33 
Ti* 0.58 
ri® +-0.08 
ri’ +-0.55 
Ti(element) 0.34 


2R. W. G. Wyckoff, Crystal Siructures (Interscience Publishers, 
Inc., New York, 1948), Vol. 1. 
*W.H. Baur, Acta Cryst. 9, 515 (1956). 


Nominal isotopic sample 
TiO, Ti*O; 
ate percent 
0.192 
0.248 
99.23 
0.221 
0.105 


0.58 0.39 10-2 cm 


values leads to an uncertainty of +0.0210-" in the 
value of the isotopic scatte ring amplitudes. 

It is seen from the isotopi 
Table II that the ar 
is the result of the 
characteristic of the 


scattering results given in 
the element 
scattering amplitude 
isotope Ti**. All of the other 
isotopes exhibit conventional positive scattering ampli- 
tudes, but their 
magnitude. Among the isotopes, only Ti™® possesses a 
} 


omalous scattering by 


negative 


there is considerable variation in 
identifiable wit 
tential scattering should be 
nuclei of these masses. The all smaller 
than pure potentia! scattering or the scattering ampli- 
tude is anomalously negative, 


scattering cross section nuclear po- 


whicl about 3.5 barns for 


other values are 


d these data suggest 
the presence of resonance scattering at energies not too 
far removed from the neutron energy of about 0.07 ev 
used in Unfortunately, 
there are no data the energy dependence 
of the cross section 


obtaining the present data. 


available on 
In addition to the diffraction pattern analysis yielding 
the coherent scattering amplitudes, the transmission 


characteristic of the various isotopic 
values for the total 


scattering cross section. In first approximation the total 


cross-section 
samples was analyzed to furnish 
cross section should be the sum of the isotopic capture 
and scattering cross sections plus the oxygen scattering 
(taken to be 4.24 barns Isotopic capture 
cross sections have been given by Pomerance‘ and after 
correcting these to the present neutron energy assuming 
an inverse velocity dependence, the 
cross sections for the various isotopes have been deter- 
mined and these are listed in Table II. Because of the 
approximate validity of this subtractive method, the 


cross section 


total scattering 


values for the total scattering cross section are much 
less accurate than those characterizing the coherent 
scattering. Comparison of the two scattering cross 
sections for the even-odd isotopes Ti’ and 
that there is little spin-dependent s 
nuclei. 


*H. Pomerance, Phys. Rev. 88, 412 


Ti® suggests 
attering for these 
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Precision Measurement of the Total Neutron Cross Section of U™ 
between 0.000818 and 0.0818 ev* 


G. J. Sarvorp, W. W. Havens, Jr., anp B. M. Rostap 
Columbia University, New York, New York and Brookhaven National Laboratory, U pton, New York 
(Received November 20, 1959) 


The absolute value of the total neutron cross section of U™ was measured at neutron energies between 
0.000818 ev and 0.0818 ev for two types of samples, a metallic foil and D,O solutions of uranium nitrate. 
Balanced solutions of U**O.(NOs;): and U™*O,(NO,): were used to determine the difference between the 
total cross sections of U* and U™*. This value when combined with the relatively small known value of the 


total cross section for U™* gives or(U™) =58724-5 barns at 0.0253 ev 


The measurements on the metallic 


U™ foil agreed with the measured total cross section determined from the liquid solution data to better 


than 1%, yielding or(U™) = 586+2 barns at 0.0253 ev 


INTRODUCTION 


HE total neutron cross section of U™ is one of the 
basic parameters' whose absolute magnitude and 
shape must be precisely determined to completely 
characterize the fission process for this element. The 
total cross section after subtracting the relatively small 
neutron elastic scattering cross section yields a value of 
the absorption cross section. This parameter must be 
known to obtain a value of » (the number of neutrons 
emitted per neutron absorbed in the fissile material) 
from pile oscillator measurements, and to obtain a value 
of the fission cross section from a value of (1+ a), (the 
ratio of the absorption to fission cross section). 


A current problem in fission theory has been the’ 


apparent need of an extremely large and improbable 
negative energy resonance to account for the large 
background cross section in the 0-1.5-ev region for the 
fissile elements U™*, U™*, and Pu®.? However, recent 
multilevel fits to the available cross-section data have 
shown the size of this negative energy resonance can be 
reduced by attributing part of the large background 
cross section to interference between resonances of the 
same spin state.’* Accurate total cross-section data 
in the 0- to 1.5-ev region for U™ are of aid in resolving 
the relative contributions from a negative energy level 
and from interference effects between resonant levels 
on the cross section of this element. 

Precise cross-section data for U™ is also needed for 
reactor theory and design. Due to its relatively high 
fission to radiative capture probability, U™ is the 
most promising breeding fuel for thermal and epithermal 
reactors which use thorium as a feed material. 


* This work partially supported by the U. S. Atomic Energy 
Commission. 

! For a discussion of the parameters that must be measured to 
characterize the fission process see, for example, G. J. Safford and 
W. W. Havens, Jr., Nucleonics 17, No. 11, 134 (1959) 

2W. W. Havens, Jr., and E. Melkonian, Proceedings of the 
Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy, 1958 (United Nations, Geneva, 1958), 
Vol. 15, p. 99. 

* Erich Vogt, Phys. Rev. 112, 203 (1958). 

* Erich Vogt, Bull. Am. Phys. Soc. 4, 271 (1959). 


Recent published values, as summarized in two 
sources,®* show that the absorption cross sections 
obtained from the measurements of the total cross 
section vary from 577 to 590 barns and have rather 
large individual errors lying between 2 and 4%. The 
measured variation’ of E'e, for U™ in the energy 
region between 0 and 0.1 ev have sufficiently large 
scatter of data so as not to preclude a significant 
departure from a 1/» behavior in the shape. 

The principle difficulties encountered in measure- 
ments of the U™ total cross section in the thermal and 
subthermal regions are: 


(a) The preparation of a thin U™ sample of known 
thickness and uniformity. 

(b) The accurate determination of the isotopic and 
chemical impurities in the sample. 

(c) When a crysta! spectrometer is used to determine 
the cross section in this energy range, corrections must 
be made for the contamination of first-order reflection 
with neutrons reflected in higher order. These correc- 
tions are so uncertain that until recently, accurate 
neutron cross-section determinations could not be made 
with a crystal spectrometer at thermal energy (0.0253 
ev). 


In the present experiment, the total cross section of 
U™ was measured for neutron energies between 
0.000818 ev and 0.0818 ev. Two samples, a U™ metallic 
foil and a DO solution of uranyl nitrate, were used to 
show that the measured cross section was independent 
of the type of sample used. Improved techniques were 
used in the preparation of the samples. The higher order 
contamination of the neutron beam from the crystal 
spectrometer was reduced to a negligible amount by the 
use of quartz filters and a mechanical monochrometer. 


* Neutron Cross Sections, compiled by D. J. Hughes and R. B 
Schwartz, Brookhaven National Laboratory — BNL-325 


Superintendent of Documents, U. S. Government 
Washington, D. C., 1958), 2nd ed., p. 28. 

*T. S. Green, V. G. Small, and D. E. Glanville, J. Nuclear 
Energy 4, 409 (1957) 

7D. J. Hughes and R. B. Schwartz, see work cited in footnote 
5, p. 322. 


rinting Office, 
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SAFFORD, 


SAMPLE PREPARATIONS 
Metallic Foil 


A metallic foil, 0.002 in. thick, was rolled from a billet 
of highly enriched, pure U™, electropolished prior to 
use, and sealed in aluminum so as to ensure that no 
oxidation occurred during the measurement. 

Upon completion of the transmission measurements, 
the mean thickness (atoms/cm*) of the sample was 
determined from area and weight measurements. A 
rectangular 0.5000+0.0002 in. by 2.2550 
+0.0002 in. corresponding to the area upon which 
the neutron beam was incident, was cut from the foil 


strip, 


by a specially constructed precision die. The weight of 
this strip was determined to be 0.6659+0.00014 g. 
The mean thickness was corrected for the variations in 
sample thickness over the above area to obtain the 
effective sample thickness, used in the calculation of the 
cross section. The thickness of the foil was measured 
at 40 points uniformly distributed over the above area 
to an accuracy of +0,.00001 in. with a 
supermicrometer. Due to the small amplitude and high 
frequency of this variation, the correction was found 
to be small amounting to a 0.05% increase from the 

final value for the 


thickness. The 
thickness is 2.3659 10°+0.147 


absolute 


measured 
effective 
atoms/cm? 


mean 


foil 


The isotopic composition of the foil material is given 
in Table I. Chemical analysis of the foil material 
showed the high cross-section impurities including the 
rare earths to be very small. A correction of 0.08% 
was made on the cross section for the measured chemical 
impurities. The error in this correction is negligible. 


Liquid Samples 


Iwo liquid samples were prepared, one containing, 
U™* nitrate and the other, U™ nitrate. The uranium and 
of both were made 


As the U™* cross section is both known and 


nitrate concentrations solutions 


identical 
small compared to that of U™, the transmission of the 
sample containing the U™* was used to determine the 


rasxe I. Isotopic purity of samples 


Sample otope Percent by weight 


U™ (metal foil 99.76 +0.01% 
0.022+0.001% 
0.007 +0.007% 
1 part per million 
0.21 40.01% 

990 35° »* 

0.07% 
0.55% 
0.00017%* 
0.015% 

99.985% 


ZESEE 


U™ (nitrate solution 


gegee 


anne Ae ee 


U™* (nitrate solution) 


ge 


* Mass spectrometer 
(Numbers quoted have a 95 


neastrement 


at Oak Ridge Nati 
confidence limit.) 


nal Laboratory. 


HAVENS, 


AND RUSTAD 


effective transmission of the nonfissile elements in the 
U™ cell 

The U*O,(NO3;): solution was prepared by dissolving 
4.5396+0.0001 grams of oxide free U™ metal in DNO; 
in a carefully calibrated flask having a 
volume of 25.00+0.02 cc. The ition was repeatedly 
heated and then diluted D.O to drive off the 
unreacted DNO;. Finally, enough D,O was added to 
bring the solution to the standard volume. A precision 
quantitative analysis of the final solution gave 0.1817 
+0.0004 gram of U™ per cc of solution, which is in good 
agreement with 0.1816+0.0004 gram/cc obtained by 


standard 


with 


technique. A total nitrate 


lution to havea 1.80+0.75% 


the above weight and volume 
analysis showed the final si 
normal NO, ion concentration 

The U#*0.,(NO prepared in an 
identical manner to the solution except that 
5.46915+0.00045 grams of U;**Os were dissolved in the 
standard 25+0.02 cc. X-ray diffraction 
analysis and gravimetric showed the 
weighed material to be 99.77% U,Os with regard to 


solution was 


| 23 


volume of 
determination 
* This gives rise to a 
the sample thickness. The 
1.790 
+0.75% normal NO; concentration, which matches the 


possible UO. and UO; content 
small correction, 0.02% in 
48 solution 


total nitrate analysis of the | was 


total nitrate concentration in the U™ solution. 
the the 


the two matched, 


For neutron transmission measurements, 
nitrate solutions were placed in 
effective 


the 


cells whose measured 


10.00+0.01 


be yron-free 
thicknesses 


quart Z 


were mm, where error 
quoted is the maximum variation in thickness over the 
area of the cell. As a check, the cells were filled with 
D,O and their transmissions compared at five energies 


between 0 and 0.1 ev. These measurements confirmed 


the fact that the cells were matched to 0.1% in thick- 
ness. The uranium isotopic purity of the solutions are 
given in Table I. 

The effective thicknesses of the uranium contents of 
the two cells were, V (U™* cell) = 4.69395 x 10° +0.22% 
V(U™ 4.69579 x 10°+0.20% 
atoms/cm? and show the degree to which the cells were 


atoms/cm? and cell) 
matched in uranium content 
The solutions were chemically analyzed for im- 
purities. The largest uncertainty in the U™ total cross 
section resulted from a small HNO; contamination in 
the DNO, used in the preparation of the U™ sample. 
An isotopic analysis showed the maximum uncertainty 
in the final cross section from the source to be +0.8%. 
The final error on the cross section has been broadened 
The remaining chemical 


to include this uncertainty. 


impurities contribute a correction of only 0.1%. 

*C. J. Rodden, The Analytical 
Project (McGraw-Hill Book Company, Inc 
tional Nuclear Energy) Plutoniun 
Div. VII, pp. 18, 53-54 


Chemistry of the Manhattan 
New York, 1950), Na- 
Project Record, Vol. 1, 


eres 
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EXPERIMENTAL PROCEDURE AND APPARATUS 


The Columbia University neutron crystal spec- 
trometer at Brookhaven National Laboratory Reactor 
was used for these measurements. Similar types of high 
precision spectrometers have been described previously 
in the literature.’ In the energy range from 0.0253 ev 
to 0.0818 ev, a germanium single crystal oriented to the 
(111) plane, for which second-order reflection is 
forbidden, is used for the neutron monochromator 
together with a neutron filter composed of large quartz 
crystal.” The measured fractional higher order con- 
tamination was less than 0.02% in this energy range 
From 0 to 0.0253 ev, a mechanical neutron velocity 
selector was used to select only the neutrons from first- 
order reflections." At energies above 0.006 ev, a 
germanium crystal was used as a spectrometer mono- 
chromator. At lower energies, a mica crystal having 
a larger lattice spacing was used. The total higher-order 
contamination in the beam after the velocity selector 
has been shown to be less than 0.5%." 

The data for the transmission measurements were 
taken at each energy in the sequence, (beam open)- 
(sample in)-(sample in)-(beam open), to minimize the 
effect of intensity drifts in the neutron beam from the 
reactor. More than 300 such cycles were taken at each 
energy to obtain the desired statistical accuracy of about 
0.1%. The transmission data at each energy consisted 
of 4 or 5 individual measurements spaced as much as 2 
weeks apart. In all cases, the resulting cross sections 
were found to agree to within statistical accuracy, which 
was less than 0.5% for most of the individual measure- 
ments. This procedure showed that the data were 
reproducible. 

The area of the neutron beam incident upon the 
samples was determined by careful collimation of the 
beam with cadmium and lithium fluoride slits. The 
center of each sample was aligned relative to the neutron 
beam to an accuracy of 0.001 in. 

Other possible errors arising from spectrometer 
operation such as energy determination, resolution, 
background, and dead time have been investigated and 
were found negligible. 


RESULTS 


The cross section for U™ in the liquid cells was 
calculated from the measured transmissions of the sam- 
ples containing the U¥*O,(NO;), and U%O,(NOs)>, the 
measured thicknesses of the quartz cells, and the 
measured number of uranium atoms per cc of solution, 
which was the same for the two cells. The ratio of the 
measured transmissions of the two cells gives 7(U™) 


*V. L. Sailor, H. L. Foote, Jr., H. H. Landon, and R. E. Wood, 
Rev. Sci. Instr. 27, 26 (1956). 

” B. M. Rustad, J. T. Wajima, and E. Meikonian, Bull. Am 
Phys. Soc. 4, 245 (1959). 

1 N. Holt, Rev. Sci. Inst. 28, 11 (1957). 

2 J. A. Moore, J. Rush, and B. M. Rustad, Bull. Am. Phys. Soc. 
4, 245 (1959) 
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T(U™*) = exp{ —n[or(U™) —or(U™) ]}, where n is the 
number of atoms/cm? of uranium in each cell. A value of 
or(U™*) was added to the resulting [or(U™) —o7(U™*) ] 
to determine a7(U™). The values for the U™* total 
cross section were obtained by adding a 1/* capture 
term, which was normalized to a 2.74+0.02 barns at 
0.0253 ev, to an energy-independent, free-atom scatter- 
ing cross section of 9.50.5 barns.” This assumption is 
valid in view of the absence of nearby resonances in 
UU", 

The Remington Rand 409.2R computer at Brook- 
haven National Laboratory was used to calculate the 
sample transmissions for each data collection cycle and 
the statistical variation in the data based on the 
counting statistics. Those runs with a standard devia- 
tion greater than 2.5 times the mean were discarded 
in accordance with the Chauvenet criterion.“ The 
number of sets which had a deviation greater than 2.5 
times the average was less than one in 200, as is expected 
statistically. A new calculation of the mean and the 
standard deviation was then made. All the resulting 
sets of data were satisfactory on the basis of Pearson’s 
chi-squared test. All errors quoted unless otherwise 
stated are one standard deviation. 

The effects of liquid diffraction and of the interference 
terms in the coherent scattering cross section of the 
UO,;** ion were calculated for both samples. Due to the 
degree to which the U™ cross-section cells were 
matched, the combined correction on the cross section 
from these effects is less than 0.07%. 

The measured values of the total cross sections for 
the foils and liquid samples are given in Table II. The 
function, E'¢y vs E, for U™ are plotted in Fig. 1 for 
both the liquid and metallic samples. The errors, shown 
on this graph and listed in Table II, include both 
statistical errors and errors in the determination of the 
sample thickness. 

The lines shown in Fig. 1 are weighted least-squares 
fits to a straight line for the foil data between 0.005 ev 
and 0.06 ev and for the liquid sample data between 
0.000818 ev and 0.0818 ev. These fits show that 
E'o7(U™) is constant in this energy range within the 
statistics of the data. 

The values of the total cross section determined with 
the liquid samples and with the metallic foils agree 
within the accuracy of the experiment between 0.005 
ev and 0.0600 ev. Below 0.005 ev, the results for the 
metallic foils are systematically smaller than those for 
the liquid samples. The measured total scattering cross 
section of U™ is constant and has a value of 12.52-0.5 
barns in the thermal]'® region, and the coherent scatter- 
ing, while unknown, could be this large. The Bragg 


“4D. J. Hughes and R. B. Schwartz, see works cited in foot- 
notes 5 and 7 

“ Yardley Beers, /ntroduction to the Theory of Error (Addison- 
Wesley Publishing Company, Inc., Reading, Massachusetts, 1953), 
pp. 24-25. 

%S. Oleksa, Phys. Rev. 109, 1645 (1958). 
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TABLE II. The measured U™ total neutron cross sections. 


Liquid sample 

Neutron 
energy 

E (ev) 


0.0008 18 
0.00128 
0.00291 
0.00511 
0.00909 
0.0253 
0.0300 
0.0350 
0.0375 
0.0425 
0.0449 
0.0500 
0.0550 
0.0600 
0.0650 
0.0700 
9.0725 
0.0750 
0.0818 


OT U™) -o7(l 78) 
(barns) 


or (U™) 


(barns) 


24.74+0.51 
21.68+0.51 
17.58+0.50 
15.60+0.50 
14.07+0.5 
12.24+0.5 
12.02+0.5 
11.83+0.5 
11.75+0.5 
11.61+0.5 
11.56+0 
11.45+0.50 
11.364+0.50 
11.28+0.50 
11.21+0.50 
11.15+0.50 
11.12+0.50 
11.09+0.50 
11.02+0.50 


o7(U™) 
(barns) 


Ete { a T = 
barns — ev? barns 


I tor . U™) 
barns —ev*) 
3225.6428.8 


2612.1423.4 
1694.64 16.4 


3250.3428.8 
2633.8+23.4 
1712.1+16.4 
1292.9411.4 
966.4+ 
584.0+ 
538.84 
503.3+ 
488.9+ 
458.8+ 
450.34 
420.9+ 
398.34 
385.04 
357.24 
354.14 
339. 8+ 
345.64 
320.6+ 


92.96+0 
94.23+0 
92.36+0 
92.43+0 
92.1440 
92.90+0 
93.33+0 
94.17+0 
94.78+0 
94.60+0 
95.42+0 
94.12+0 
93.42+0 
94.32+0 379.2+1 
91.08+0 
93.70+0 
91.49+0 
94.70+0 
91.72+1.06 


3194.6 +8 
2552.4+6 
1694.9+3 
1297.0+2 


91.37+0.25 
91.42+0.22 
91.43+0.19 
92.72+0.20 
- 84 

4.9 

4.6 


= 


584.8+1 
537.3+1 
499.7+1 
479. 0+1 
$51.741.7 
140.0+1 
423.342 


93.03+0.26 
93.07 +0.27 
93,49+0.31 
92.86+-0.31 
93.14+0.37 
93.32+0.39 
94.66+0.49 
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Fic. 1. The variation 
of H¥e7(U™) with neu 
tron energy E 

Liquid cell data. () 
= Metal foil data. The 
dashed line represents 
the weighted _least- 
squares fit to a straight 
line for the liquid cell 
data, and the solid line 
weighted _ least 
squares fit toa straight 
for the metal foil 
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cutoff for U™ is expected to occur near 0.00291 ev, the 
observed cutoff of U™*. Thus below 0.00291 ev, the 
cross section measured with the foils might be expected 
to lie lower than that for the liquid samples by as much 
as 12 barns. However, below 0.00291 ev, the difference 
in cross section for the liquid and. metal samples are not 
larger than 2.5 times the standard deviation; and, no 
attempt was, therefore, made to correct the foil measure- 
ments for the U™ coherent scattering cross section. 

The least squares analysis of the liquid sample data 
yields a final value of 587+5 barns at 0.0253 ev for the 
U™ total cross section. The similar analysis of the metal 
foil data yields a value of 586+2 barns. 
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The polarization as a function of angle has been measured for protons elastically scattered from a 1-Mev 
thick magnesium target with a mean energy of 9.1 Mev. The resulting polarization distribution is compared 
to a differential cross-section measurement with the same target. 


INTRODUCTION 


HE complete analysis of the elastic scattering of 
protons from nuclei is in general a very compli: 

cated problem. There may be contributions to the 
scattering from the various direct interactions and from 
compound nucleus formation. For intermediate energy 
protons the most significant contribution to the elastic 
scattering comes from the action of the target nucleus 
as a whole upon the incident particle. This action occurs 
during the first or independent particle stage of the 
nuclear reaction in which the incident particle is 
influenced by the target nucleus, but is still con- 
sidered to be distinct from the nucleus. The scattering 
in the independent particle stage can be described 
fairly successfully in terms of the optical model in 
which a complex potential is used to account for the 
scattering and absorption of the incident beam. Many 
experimenters’ have shown that the angular distribution 
of the elastic scattering of protons from nuclei has 
variations characteristic of optical diffraction patterns. 
The elastic proton scattering cross-section data were 
fitted to a square well optical model potential by 
LeLevier and Saxon? but it was found that better fits 
to the experimental data could be obtained by using a 
rounded-off potential well.? Similar fits to elastic 
neutron scattering data have been made by Bjorklund, 
Fernbach, and Sherman.‘ Calculations of the elastic 
proton cross sections have also been made by Glassgold 
et al.® using the central optical model potential of 
Saxon. In some cases it was possible to choose a set 
of parameters which gave a very good fit to the cross- 
section data while in other cases this was not possible. 


'B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954); 
I. E. Dayton and G. Shrank, Phys. Rev. 101, 1358 (1956); B. B 
Kinsey and T. Stone, Phys. Rev. 103, 975 (1956); N. M. Hintz, 
Phys. Rev. 106, 1201 (1957); G. W. Greenlees, L. G. Kuo, and 
M. Petravi¢é, Proc. Roy. Soc. (London) A243, 206 (1957); see 
also other references included in the above papers 

?R. E. LeLevier and D. S. Saxon, Phys. Rev. 87, 40 (1952) 

*R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954), and 
M. A. Melkanoff, J. S. Nodvik, D. S. Saxon, and R. D. Woods, 
Phys. Rev. 106, 793 (1957). 

*F. E. Bjorklund, S. Fernbach, and N. Sherman, Phys. Rev. 
101, 1832 (1956). 

‘A. E. Glassgold, W. B. Cheston, M. L. Stein, S. B. Schuldt, 
and G. W. Erickson, Phys. Rev. 106, 1207 (1957). 


Even where good fits were obtained, an ambiguity 
existed in that the set of parameters needed for a fit 
was not unique. 

Suggestions for producing polarized nucleons were 
made by Schwinger.* The first successful proton polari- 
zation experiment was carried out by Heusinkveld and 
Freier.’ Since then polarization has been found in 
several high-energy proton-nucleus scattering experi- 
ments.* These experiments seemed to indicate that the 
polarization became very small at low energies. Fermi’ 
suggested that the polarization observed in high-energy 
proton-nucleus scattering could be related to the spin- 
orbit coupling assumed in the nuclear shell model. 
Subsequentiy Gammel and Thaler” showed that the 
preton-proton scattering and polarization data in the 
energy range 0-310 Mev require the inclusion of a 
spin-orbit term in the phenomenological potential. The 
effects of the spin-orbit potential on nucleon-nucleus 
scattering have been investigated by Erickson and 
Cheston" and Sternheimer,” and it was found that the 
inclusion of this potential made possible a better fit to 
the experimental data in some cases, for example, by 
filling in the valleys in the scattering angular distri- 
butions. Bjorklund and Fernbach” have also used a 
potential which includes a spin-orbit term to describe 
a series of elastic neutron scattering experiments. The 
importance of the spin-orbit term in describing low- 
energy scattering processes led to a search for polari- 
zation in elastically scattered protons and large polari- 
zations have been found by Brockman and Blanpied" 
at 17 Mev, by Rosen and Brolley"® at 10 Mev, and by 

* J. Schwinger, Phys. Rev. 69, 681 (1946), and Phys. Rev. 73, 
407 (1948). 

7M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 

*L. Wolfenstein, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1956), Vol. 6, p. 43. 

* E. Fermi, Nuovo cimento 11, 407 (1954), 

” J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957) 

4G. W. Erickson and W. B. Cheston, Phys. Rev. 111, 891 
(1958). 

1" R. M. Sternheimer, Phys. Rev. 112, 1785 (1958). 

4 F. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958) 

“K. W. Brockman, Jr., Phys. Rev. 110, 163 (1958), and W. A. 
=o Phys. Rev. 113, 1099 (1959). 

*L. Rosen and J. E. Brolley, Jr., Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1958), 
paper UN-668. 
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Fic. 1. Schematic view of polarization apparatus 


Warner and Alford'* at 6 and 7 Mev. The purpose of 
the present experiment was to measure the polarization 
of protons elastically scattered from magnesium at 9 
Mev in order to specify the parameters of the optical 
model potential for this process and for comparison 
with the 10-Mev data.'® Such a comparison for the 
elastic scattering showed marked variations with energy 
and is referred to later in this paper. 


EXPERIMENTAL PROCEDURE 


The polarization measurements were made by means 
of a double scattering experiment, in which 9.6-Mev 
protons were elastically scattered first from magnesium 
and then from helium. Helium was chosen for the second 
scattering because the magnitude of the polarization is 
large over a wide range of angles and the polarization 
as a function of energy and angle has been accurately 
calculated.“ The asymmetry after double scattering is 
given by 


€ P,P, cose, (1) 


where @ is the angle between the two scattering planes, 
P, and P, are the average polarizations produced in an 
unpolarized beam at the first and second scatterings, 
respectively, and 


€ ©(N iy V tr) 


VirtN xr) 


(Ner—Nrz)/(NertNretz), (2) 


depending on whether the first scattering is to the left 
or right. Nz» is a beam scattered to the left in the first 
scattering and to the right in the second scattering, etc. 
According to the sign convention used here, the normal 
to the scattering plane is in the direction kine k,. where 
Kine and k,, are the wave vectors for the incident and 
scattered beams, respectively. Thus the polarization is 
positive if it is in the direction of the normal to the 
scattering plane (i.e., for a process with a positive 
polarization, spin up protons will be scattered prefer- 
entially to the left). 

A diagram of the apparatus used in this experiment 
is shown in Fig. 1. The proton beam was accelerated as 
H+ ions in the University of Birmingham 60-in. 
cyclotron. The beam was magnetically analyzed and 


“RR. E. Warner and W. P. Alford, Phys. Rev. 114, 1338 (1959). 
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focused into a 4-inch diameter circle on the magnesium 
target at the center of the first scattering chamber. The 
direction of the incident beam at the first target was 
defined to +1.5° by a lead collimators. In 
order to achieve optimum energy resolution for the 
elastically the first target was 
adjusted for each angle of scattering so that the target 
normal bisected the angle of scattering. The first target 
was made of 99.5% natural magnesium foils, 
adjusted so as always to present an effective target 
thickness of 1.00+0.08 Mev to the incident beam. The 
energy of the incident proton beam was determined to 
be 9.62+0.06 Mev by measuring the range of elastically 
scattered protons in emulsions. 


st ries of 


scattered protons, 


pure 


The beam of protons scattered from the magnesium 
target passed through ports placed at 10° intervals in 
the wall of the first scattering chamber into the second 
scattering chamber helium at 1i 
atmospheres pressure. The protons entered this chamber 


which contained 
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Fic. 2. Diagram of second scattering chamber, the polarimeter, 
showing positions of the photographic emulsions. 


through a series of collimators which defined the 
direction of the scattered beam to +2.7°. The doubly 
scattered protons were detected in 100-micron thick 
Ilford C2 emulsions placed in the second scattering 
chamber as shown in Fig. 2. The angular resolution for 
the polarization data is determined by the collimators 
for the first and second scatterings so that the over-all 
resolution is about +3°. This resolution has been kept 
small so that a consistent treatment of both the polari- 
zation and differential cross-section data could be made. 
By having the helium scattering follow the magnesium 
scattering the rather large solid angle for the second 
scattering does not affect the resolution quoied for the 
polarization results. 

Three independent checks were made for any possible 
instrumental asymmetry. First, the polarimeter and 
plate holder were machined with high precision so that 
the photographic emulsions were held symmetrical to 
the axis of the polarimeter to within +0.005 in, Then 





POLARIZATION OF 
the sets of collimators were aligned optically at each 
scattering angle so that the axes of the two scattering 
chambers intersected at the center of the target. A 
second check for instrumental asymmetry was made in 
the first scattering chamber by burning a beam spot 
on a paper target at intervals throughout the experi- 
ment. The alignment of the beam in the second scat- 
tering chamber was determined by means of an emulsion 
at the end of the chamber. The position of the beam on 
this emulsion was measured with a microphotometer 
and found to be centered in the chamber to within 
+0.015 in. A third check for instrumental asymmetry 
was made by analyzing the two sets of plates in the 
polarimeter. The forward set of plates detected protons 
scattered from helium in the region of 75° and the 
backward set of plates detected protons scattered from 
helium in the region of 125°. The helium polarization 
has opposite sign for these two scattering angles, so that 
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Fic. 3. Helium polarization distribution, P, (02), for protons 
elastically scattered from magnesium at @,=—80° and scattered 
from the helium with 7.00 Mev. 


the backward set of plates could be used to verify the 
validity of the polarization results obtained from the 
forward plates. 

The polarization results were calculated from Eq. 
(1) where the value of P, had to be determined for each 
scattering angle @;. The value of P, was obtained by a 
numerical integration of the equation 


P= f Px(0.box(sa / f o1(0,)40 


where P; (62) was taken from the helium polarization 
calculations of Brockman.“ The polarization distri- 
bution, P: (62), used for the 6,;=80° scattering is shown 
in Fig. 3. In Eq. (3) o2(62) is the cross section and dQ, 
the solid angle for the second scattering. In a given 
area of the plates a range of scattering angles 6, was 
recorded with differing efficiencies which depended upon 
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Fic. 4. Angular distribution N,(@,) recorded in the emulsion 
for the second scattering by He of protons initially scattered 
elastically from Mg. N2(62) is proportional to o2(@s)d0s. 








the geometry. The angles @) could be obtained from the 
track orientation and hence the number of protons 
N2(62), corresponding to different 6,’s, obtained for the 
area of plate used. The distributions for one set of 
forward and one set of backward plates are shown in 
Fig. 4. It is seen that these peaks correspond well with 
the maxima in the He polarization curve of Fig. 3. 

The projected lengths of tracks in the emulsions were 
measured with a Cooke, Troughton, & Simms micro- 
scope. A typical spectrum is shown in Fig. 5. For the 
optical measurements a special jig was constructed so 
that the plates would be held exactly as they were held 
during the experiment. Corresponding areas of each 
pair of plates were scanned in order to determine the 
scattering asymmetry. 

The background tracks consisted mostly of proton 
recoils in the emulsion produced by neutrons. This 


. background was measured by duplicate sets of plates 


which recorded only the neutron flux. It was found that 
with the criteria used in counting tracks there was no 
background centribution to the elastic group in the 
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Fic. 5. Range spectrum of protons elastically scattered from 
magnesium at 6,—60°. 
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Taste I. Polarization of 9.1-Mev protons elastically 
scattered from magnesium (forward plates) 


Oem P(@) 


20.8 —0.071+0.057 
31.2 0.073+0.050 
41.5 +-0.024+0.051 
51.8 +0.265+0.061 
62.0 +-0).385+0.060 
72.2 +-0.353+40.060 
82.4 0.105+0.057 
92.4 -0.057 +0.063 
102.4 ~—0.327+0.069 
112.3 —0).094+4-0.072 
122.1 +-0,384+0.072 
131.8 +-0.190+-0.071 
141.5 —0,012+0.087 


forward plates, but there was a background of short 
tracks present in the backward plates. This background 
became serious at large scattering angles. 

The energy resolution of the doubly scattered protons 
was about 500 kev (full peak width at one-half maxi- 
mum). With this resolution it was possible to separate 
the group of elastically scattered protons from the group 
of protons scattered from the first excited state in Mg™ 
at 1.37 Mev. In most cases there was negligible inelastic 
contamination of the elastic group. As a natural mag- 
nesium target was used in this experiment there was a 
small amount of inelastic scattering from the 0.58-Mev 
level in Mg?®, but at these proton energies the intensity 
is extremely small and hence the results are for pure 
elastic scattering. 

RESULTS 

The polarization results are given in Table I. The 
geometry of the helium scattering chamber is such that 
the track density on the plates depends critically on 
the centering of the beam within this chamber. It was 
calculated that the uncertainty in the beam position 
would produce a maximum error of +0.056 in the 
asymmetry. This error has been added in quadrature 
to the statistical error. The uncertainty in the beam 
position was obtained from the optical alignment and 
microphotometer measurements. The measurements 
with the backward plates confirmed that this was a 
maximum error. The polarization data presented in 
Table I has been obtained from the forward set of 
plates in the helium scattering chamber. Data was 
obtained from the backward set of plates for 6,= 20°, 
30°, and 40° and the polarization results at these angles 
are given in Table II. These polarization values are in 
good agreement with those calculated from the forward 


TABLE II. Polarization of 9.1-Mev protons ciastically 
scattered from magnesium (backward plates) 


6. m P(@) 


20.8 0.000-4.0.047 
31.2 ~0.166-+0.047 
41.5 +0.010-40.052 


AND 


G. W. GREENLEES 
plates. Since the sign of P2 is opposite for the forward 
and backward scatterings, this agreement rules out any 
large and consistent instrumental asymmetry and 
confirms the beam alignment which was measured 
directly in the plate at the end of the chamber. It was 
not possible to obtain reliable measurements from the 
backward plates for 6,;>40° because of a high back- 
ground of short tracks produced by neutron-proton 
recoils in the emulsions. 

In order to relation between the 
polarization and differential cross-section distributions, 


determine the 
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Fic. 6. Polarization and cross-section distributions for 9.1+0.5 
Mev protons elastically scattered from magnesium. 


a cross-section measurement was made with the same 
1-Mev thick magnesium target 
measurements. 


used for the polarization 
The cross-section measurements were 
made with a 12-in. diameter scattering chamber, using 
a 2-mm thick CsI(T1) crystal and Dumont 6292 photo- 
multiplier for detection. The estimated error in each 
differential cross section is +4% and the angular un- 
certainty is +4$°. The details of this apparatus are de- 
scribed in an earlier paper.'’ The polarization distribu- 
tion and cross-section curves are shown'in Fig. 6. 


17 G. W. Greenlees, B. C. Haywood, L. G. Kuo, and M. Petravié, 


Proc. Phys. Soc. (London) A70, 331 (1957 





POLARIZATION OF 9-ME\ 


DISCUSSION 


Results for the polarization of elastically scattered 
protons from magnesium have been obtained at 10 Mev 
by Rosen and Brolley.'® The general shape of the present 
9.1-Mev data (Fig. 6) and the 10-Mev data is similar; 
in the present results, however, the maxima occur at 
somewhat larger angles (60° rather than 50°) and in 
general larger positive polarizations are observed. 
Better angular definition was used in the present work 
but this is insufficient to explain the differences in the 
two sets of results. An estimate has been made of the 
polarization of the inelastic scattering to the first level 
of Mg™ (1.37 Mev) ; this is found in general to be smaller 
than, and sometimes of opposite sign to, the elastic 
polarization. This inelastic group was resolved from the 
elastic in the present experiments ; contamination of the 
observed elastic scattering by inelastically scattered 
protons in the 10-Mev data could explain the differences 
in the two sets of results. 

The angular distribution for elastic scattering given 
in Fig. 6 represents an average over the energy range 
8.6-9.6 Mev. Earlier measurements" of this angular 
distribution using a thinner target (150 kev) showed 
marked variations with energy around 9 Mev, but an 
integration of these measurements is in agreement with 
the present results. The fact that marked energy 
variations occur in the elastic scattering of protons 
from magnesium makes it unlikely that good fits will 
be obtained using an optical model type of analysis. It 
is probable’* that significant compound nucleus con- 
tributions are being observed which are not included in 
an optical model description. Effects due to compound 
elastic scattering are most marked at backward angles 
where the shape elastic and compound elastic contri- 
butions are of comparabie magnitude. At forward 
angles, the compound elastic scattering will be negligible 
corapared with the shape elastic contribution and thus 


8 G. Greenlees and P. Rolph, Proc. Phys. Soc. (London) 75, 201 
(1960). 
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FROM Mg 807 
it may be reasonable to discuss the present results, at 
forward angles, in terms of the optical model. Since the 
compound elastic scattering may be polarized, this is 
true of both the angular distribution and the polari- 
zation curves of Fig. 6. 

Optical model calculations by Fernbach and 
Bjorkland® at 10 Mev and by Easlee” at 9.1 Mev have 
given a reasonable representation of the two sets of 
polarization data. Assuming the variation with energy 
between 9.1 and 10 Mev is real and not instrumental, 
it is too great to be explained with reasonable changes 
in either set of parameters. It is perhaps significant that 
both sets of experimenta! points show a small negative 
peak in the polarization at forward angles (<40°) 
whereas the optical mode! calculations show a mono- 
tonic increase of positive sign. More accurate experi- 
mental data and extended optical model computations 
are needed before any decisive conclusions can be drawn 
from this apparent discrepancy. A similar discrepancy 
has been observed in the polarization of elastic scat- 
tering from copper at 10 Mev where more extensive 
calculations" have shown that it is not possible to 
obtain a fit to the data at both forward and backward 
angles. 
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Energetic neutrons produced from the D(d,n)He? reaction have been scattered from a cylindrical carbon 
sample to study the angular distribution of elastically-scattered, 5.6-Mev neutrons. The differential elastic 


scattering cross sections for carbon have been obtained for angles in the range of 30 to 150 degrees 


A thin 


plastic neutron-proton recoil detector was used in the measurements to permit discrimination against 4.4- 
Mev gamma rays from the carbon sample, and other gamma-ray backgrounds 


INTRODUCTION 


M EASUREMENTS of angular distributions for the 
scattering of fast neutrons from elements have 
considerably advanced the understanding of neutron 
interactions with nuclei by providing experimental data 
to check the potential shapes and parameters of various 
nuclear models. The angular distribution data are not 
only of theoretical interest, but are also of considerable 
practical importance in reactor design and neutron 
shielding calculations. 

Angular distribution measurements for elastically- 
scattered neutrons from carbon have been reported for 
a number of neutron energies in the million electron 
volt region.'~* However, since the distribution for light 
elements can not be predicted with the same degree of 
accuracy possible for heavier elements,’ further 
measurements are desirable in energy regions where 
rapid changes in the angular distributions with energy 
have been seen to The measurement of the 
angular distribution of elastically-scattered, 5.6-Mev 
neutrons from carbon will be discussed. 


occur. 


EQUIPMENT AND EXPERIMENTAL PROCEDURE 


The experimental arrangement is shown schematically 
in Fig. 1. A deuteron beam from a 3-Mev Van de 
Graaff accelerator® bombarded a deuterium gas target 
to produce 5.6-Mev neutrons at an angle of 5 degrees 
with the forward direction. These neutrons were 
scattered by a 3.73-cm diam and 4.76-cm long cylindri- 
cal carbon’ The angular distribution of 
elastically-scattered neutrons was measured with a 


sample 


biased scintillation counter. Multiple scattering of 


* Now at the University of California, Berkeley, California 

* Neutron Cross Sections, Angular Distributions, compiled by 
D. J. Hughes and R. S. Carter, Brookhaven National Laboratory 
Report BNL-400 (Office of Technical Services, U. S. Department 
of Commerce, Washington, D. C., 1956) 

* J. R. Beyster, M. Walt, and E. W. Salmi, Phys. Rev. 104, 1319 
(1956); M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955) 

+ J. E. Wills, J. K. Bair, H. O. Cohn, and H. B. Willard, Phys. 
Rev. 109, 891 (1958) 

*R. W. Hill, Phys. Rev. 109, 2105 (1958 

‘J. R. Beyster (private communication); F. 
(private communication). 
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'GSXP grade graphite obtained from Graphite Specialties 
Corporation, Niagra Falls, New York 
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neutrons in the sample was kept small by choosing the 
diameter of the carbon to be approximately one-third 
of a neutron mean free path. This choice of diameter 
introduced a neutron energy spread of approximately 
25 kev caused by the finite angular extension of the 
sample as viewed from the neutron source. The choice 
of diameter results in about 18% of the initially 
scattered neutrons than one collision 
before leaving the sample, i.e., about 18% of the 
neutrons reaching the detector had been scattered at 
least twice. 

The 
scatterer was 29.6 
20.3 cm from the scatterer for all scattering measure- 
ments. An iron shield was placed between the neutron 
source and the detector to reduce the background 
emanating directly from the source. The shield consisted 
of removable measurements 
possible at 15-degree 30 and 150 
degrees with respect to the incident neutrons. Neutron 
scattering from the shield accounted for 8% of the 
total flux at the sample position when the full shield 
was employed; considerably less neutron scattering 
was present in measurements taken for scattering angles 
which required only segments of the shield. For the 
30-degree measurements, the background counting rate 
with the sample removed was about 70% of the counting 
rate with the sample in place. The background counting 
rate increased slightly with the scattering angle, except 
at the 153-degree position, where the background was 
unusually high. 

The gas target chamber was 3.35 cm long and was 
separated from the accelerating tube vacuum system 
by a 3.26 mg/cm* nickel foil. The target pressure was 
maintained at 22 in. of mercury which caused a spread 
in the neutron energy of approximately +60 kev. 
Deuteron straggling in the nickel foil caused about a 
16-kev spread in neutron energy. A deuterium beam 
current of less than 1 wa was used throughout 


having more 


neutron and 
cm, and the detector was placed 


distance between the source 


sections which made 


intervals between 


about 
the experiment to prolong the life of the nickel foil. 

The neutron detector consisted of a single 2.7-cm 
diam, }-in. thick Plastic B scint 
RCA-6342 photomultiplier tube 


illator® mounted on an 
\ mu-metal cylinder 
Waltham, 


from the P 


* Obtained 
Massachusetts 


mpany, 
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Fic. 1. Schematic (top view) of experimental arrangement. 

















was placed around the photomultiplier tube for 
magnetic shielding. The detector was thin enough so 


that pulses resulting from the 4.4-Mev gamma rays, 


from C® could be electronically biased out. 

Scattering measurements were taken using two 
different bias settings simultaneously. A difference in 
the cross section resulting frorn the use of the different 
settings would indicate that the lower setting was not 
high enough to bias out pulses from the gamma-ray 
background or from inelastically-scattered neutrons. 

One bias setting was not changed while the scattering 
measurements were taken; the other setting was varied 
because the momentum transfer to the target nucleus 
varies with the scattering angle. The relative efficiency 
of the counting system as a function of neutron energy 
for several bias settings is shown in Fig. 2. The different 
neutron energies used in obtaining Fig. 2 were obtained 
by placing the detector in the sample position and by 
changing the energy of the incident deuteron beam. 

The differentia] scattering cross section, subject to 
several corrections, is given by the formula: 


o(6)=((S—B)/D](R*/N), (1) 


where S is the number of counts with the detector at 
angle @ and distance R from the scatterer for a given 
integrated charge of deuteron beam current incident 
on the target, B is the corresponding number of counts 
with the scatterer removed, D is the number of counts 
with the detector at the position normally occupied by 
the scatterer, and N is the number of nuclei in the 
scattering sample. At each angle. S and B were measured 
alternately, the sample being removed and replaced 
mechanically. The direct beam count was measured 
either before or after each series of runs with the 
appropriate shield configuration in place. All runs 
consisted of collecting the same integrated deuteron 
charge at the target and usually lasted about 65 sec. 
The S and B for each angle were corrected for differences 
in background counts caused by variations in the time 
required to collect the charge at the target. This 
correction to D was negligible. Cross-section measure- 
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Fic. 2. Neutron energy vs relative efficiency. 


ments were made at angles of 34.1, 48.6, 64.0, 78.5, 
93.8, 108.5, 123.4, and 152.8 degrees. The angles were 
corrected for the finite length of the scatterer and are 
accurate to +2 degrees; the angular resolution of the 
system was +7 degrees. 


ANALYSIS OF THE DATA 


The cross sections computed from Eq. (1) were 
corrected for the difference in counter efficiency for 
the detection of primary and scattered neutrons, 
attenuation of the incident flux in the scatterer, and 
multiple scattering of neutrons in the scatterer. The 
counter efficiency for detection of primary and scattered 
neutrons differs since momentum transfer to the target 
nucleus reduces the energy of the scattered neutrons. 
The correction for this effect was made by calculating 
the loss in neutron energy at each scattering angle and 
by obtaining the ratio of the detector efficiency for 
neutrons of the primary and scattered energy from the 
data shown in Fig. 2. 

The correction for multiple scattering was made by 
the Monte Carlo method. In this method the multiple 
scattering is calculated on an assumed angular distri- 
bution for elastic scattering. The process is repeated 
for different assumed distributions until the calculated 
cross section agrees with the experimental data. The 
calculation traced 80 000 neutrons through the scatter- 
ing sample and recorded the number of scattered 
neutrons passing through a cylindrical counting band 
20.3 cm in radius and 2.7 cm high in 5-degree intervals 
of the scattering angle @. The counting band was 
coaxial with the scattering cylinder and simulated the 
actual geometry. The Monte Carlo calculation thus 
approximated the angular resolution of the experi- 
mental arrangement as well as the multiple scattering. 
The attenuation of the incident flux caused by elastic 
scattering within the scatterer is inherent in the Monte 
Carlo calculation and the value obtained in this manner 
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Fic. 3. Differential scattering cross section for 5.6-Mev neutrons 


was found to agree within 0.25% with that obtained 
analytically.? The Monte Carlo problem was coded for 
the IBM-704 digital computer. 


RESULTS 


Figure 3 shows the experimental points corrected for 
counter efficiency and for the attenuation of incident 
neutrons in the sample. All quantities are given in the 
laboratory system of coordinates. The cross sections 
obtained from the data taken at the two bias settings 
were always in good agreement and thus indicate that 
significant amounts of inelastic neutron scattering or 
gamma rays were not present in the data obtained at 
the low bias settings. The experimental points shown 
aré the averages of the cross-section values computed 
for the two bias settings. The solid line represents the 
input to the Monte Carlo calculation and thus is the 
fully corrected differential cross section for elastic 
scattering. The dots represent the Monte Carlo output 
and display the agreement with the experimental data. 
The experimental points carry the probable errors 
resulting from counting statistics only; the absolute 
values of the points are estimated to be accurate to 
about 20% with the exception of the point at 153 
degrees, where counting statistics were very poor 
because of the extremely high background. 

The cross section obtained by 
integrating the measured differential cross section for 
elastic scattering over 49 steradians and subtracting 


inelastic collision 


the result from the total cross section is in agreement 
with previous measurements*” of the inelastic cross 
section at other energies within the errors of the 
measurements. 


*M. Walt, Ph.D. thesis, University of Wisconsin, 1953 (un- 
published). The cross section was obtained by integrating the 
elastic scattering data presented here 

” M. H. MacGregor, W. P. Ball, and R. Booth, Phys. Rev. 108, 
726 (1957) 
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DISCUSSION 


The general features of fast-neutron interactions with 
nuclei have described"—"* with considerable 
success in terms of an optical model of the nucleus. 
In this model, the nucleus is represented by a complex 
potential well. Explicit calculations made with this 
model yield o;, the total cross section; o,, the cross 
section for the formation of a compound nucleus; and 
o.-(0), the differential shape-elastic 
section, i.e., that part of the elastic 


bee n 


scattering cross 
scattering cross 
section which is not associated with compound nucleus 
formation (hard sphere scattering). On the other hand, 
experimental measurements yield (1) a4; (2) one, the 
non-elastic cross section ; (3) ¢,;(@), the differential cross 
section for elastic scattering; and (4) ¢;,(0) the cross 
section for inelastic scattering that 
leaves the scattering nucleus in an excited state. The 
nonelastic cross section, one, is given by a, minus ac, 
where o,. is the cross section for compound elastic 
scattering (the scattering produced by the 
decay of the compound nucleus through the en- 
trance channel). The elastic scattering cross section, 
o(8), is given by the sum of a,,(@) and o..(6). Thus 
experimental and theoretical cross sections are not 
always directly comparable. However, if a compound 
nucleus has many levels available for its decay in the 
residual nucleus, competing modes of decay reduce the 
probability of compound-elastic scattering. In this case 
Oce(9) approaches zero and o@,;(8@) may be compared with 
o.e(9). On the other hand, if the level spacings are 
quite large so that the influence of individual resonances 
may be great, this model, which assumes an average 
over many resonances in the continuum region, may 
not be applicable. 


scattering, 1.€ 


elastic 


Several complex potential models are in use. 


Bjorklund and Fernbach 
ing (a) 


employ a potential contain- 
a diffuse-boundary real central well (Vcr), 
(b) a Gaussian centered on the nuclear edge for the 


imaginary “central” well (Vc;), and (c) a spin-orbit 


term (V sr): 
21 dp(r 
(r)4 V sul ) 
jac r dr 


p(r) = {1+exp[ (r— Ro) 
q\r) exp{—[ r— Ro) b} 
Ro=rA}, 


V = Verp(r)+1V. 


where 


"H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev 


96, 448 (1954) 

12 R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 

’W. B. Riesenfeld and K. M. Watson, Phys 
(1956) 

“J. R. Beyster, Los Alamos 
LA-2099, 1957 (unpublished 

‘8 F_ Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958); 
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1 W. S. Emmerich and H 
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Fic. 4. Differential elastic scattering cross section for 
5.6-Mev neutrons on carbon. 


and Vcr, Ver, V sr, ro, 2, and b are adjustable param- 
eters determined from previous fits to scattering data 
at 4.1, 7, and 14 Mev. The values Vcr, Ver, and V se 
are taken to be 47.4, 8.5, and 8.9 Mev, respectively. 
The values of ro, a, and 6 are 1.25, 0.65, and 0.98 fermi, 
respectively. 

The shape-elastic scattering for carbon calculated" 
using the Bjorklund-Fernbach model is shown in Fig. 4. 
All quantities are expressed in the center-of-mass 
system of coordinates. The calculations also yield 
values of 1.42 barns for o, and 0.91 barn for oa, for 
carbon. 

The compound-elastic scattering cannot be calculated 
from the theory since in the model it is assumed that 


e 


5 


6-MEV NEUTRONS FROM C 811 
many compound nucleus states are excited at once. 
However, since the value of the calculated shape-elastic 
scattering is very small at approximately 75 degrees, 
a good estimate of the compound-elastic scattering 
may be obtained'’ by taking the value of the experi- 
mental data at that angle. In this manner ¢,,(@) is 
found to be approximately 0.05 barns/steradian. Assum- 
ing the same value for all scattering angles, as suggested 
by angular distribution data on heavy elements, the 
compound-elastic scattering is added to the shape- 
elastic scattering and the results are compared with 
the fully corrected experimental data in Fig. 4. The 
value of ¢..(@) is adjusted slightly to give the best 
over-all fit to the data. 

The optical-model assumption, that the density of 
nuclear states in the compound nucleus is very large, 
is not valid for the present case. In fact, the compound 
levels in C™ around 10 Mev can be identified in- 
dividually ; the model does not apply to this case even 
in principle. The best one can hope for'’ is that the 
model gives the average cross section for an energy 
range large enough to include a statistically significant 
number of levels in C¥. Any lack of agreement between 
experimental data and the theoretical calculation is 
therefore not too surprising. 
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An experiment is described in which high-energy nuclear interactions in the range of energies 10"-10" ev 
were analyzed by means of a cloud chamber in a magnetic field. Measurements of ionization and momentum 


made possible the identification of electrons and x mesons to about 20 Bev/< 


Protons, K mesons, and 


hyperons could not be identified unambiguously among themselves, except in very limited regions of mo 
mentum. The primary particles were cosmic-ray nucleons and a possible fraction of pions, the target nuclei 
were carbon and the velocities of the primaries were determined from balance of momentum in the center- 
of-mass system. A total of 41 events were analyzed, and the results compared to previous experimental work 
and the predictions of the theories of Heisenberg and Landau. The measurements made included the trans- 
verse momenta of the secondaries and their average energy in the center-of-mass system, the energy and 
angular distributions of the pions and heavy particles (protons, K mesons, hyperons) in the center-of-mass 
system, the inelasticity of the collision, the multiplicity of the showers, the percentage of strange particles, 


and the positive excess of the secondaries. 


INTRODUCTION 


HE nuclear interactions of cosmic rays provide 

information on the nature of nucleon-nucleon 
and pion-nucleon interactions at energies beyond those 
available in accelerators. Much experimental work has 
been done on these interactions, with nuclear emulsions 
and cloud chambers as detectors of the particles pro- 
duced, and several theories of the interaction process 
have been proposed which can be compared with 
experiment. 

Although most of the experimental data have been 
obtained from nuclear emulsions, there are three 
principal difficulties with the nuclear emulsion tech- 
nique when it is applied to the analysis of these inter- 
actions. First, the emulsion is a mixture of elements, 
and the nature of the struck nucleus cannot readily be 
determined. Thus many of the observed interactions 
are between the incident particle and a nucleus, which 
may be heavy or light, rather than a single nucleon. 
The second difficulty is the scanning bias, which favors 
the detection of highly multiple events. The third 
problem is the difficulty of identification of the particles 
emerging from the interaction. Only in a limited range 
of energies can such identification be made. 

Cloud-chamber experiments can be designed to 
ameliorate, if not to eliminate these difficulties, but 
inevitably, other problems arise. Light materials such 
as hydrogen,' lithium,?* or carbon,*> have been used 
to eliminate the uncertainty as to the target nucleus 
and to reduce the probability of successive interactions 
within the same nucleus. Events of low multiplicity 
can be detected by a cloud chamber although the 


y the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission 

1A. B. Weaver, Phys. Rev. 90, 86 (1953). 

*W. B. Fretter, Phys. Rev. 80, 921 (1950) 

+ J. G. Askowith and K. Sitte, Phys. Rev. 97, 159 (1955). 

‘J. R. Green, Phys. Rev. 80, 832 (1950). 

*N. M. Duller and W. D. Walker, Phys. Rev. 93, 215 (1954). 
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triggering efficiency usually depends on the multi- 
plicity. Until recently the identification of particles of 
high energy in cloud chambers was also limited to a 
narrow energy range, but the experiments of Kepler 
et al.,° on the relativistic increase of ionization have 
opened a new possibility for the identification of the 
particles produced in high-energy nuclear interactions. 

The present experiment was done with a cloud 
chamber in a magnetic field, and was designed to make 
use of the most accurate measurements possible in a 
cloud chamber. The target material was carbon where 
the probability of interaction with more than one 
nucleon is fairly low. Measurement of ionization and 
momentum of the secondary particles in the cloud 
chamber made possible identification of these particles 
up to energies of about 20 Bev. The energy of inter- 
actions observed was set by the natural energy spectrum 
of cosmic radiation, and is in a range of energies in which 
little systematic experimentation on the fundamental 
interactions has been possible. 


EXPERIMENTAL METHOD 
Apparatus 


The apparatus used in this experiment is shown in 
Fig. 1, and has been described previously.*’ The 
experiment was done at sea level. The cloud chamber 
was in a magnetic field of about 8000 gauss and was 
filled with a mixture of 16 cm Hg of argon and 16 cm 
Hg of helium, together with a mixture of ethyl alcohol 
and water in proportion 3:2 by volume, which produced 
a vapor pressure of about 4.5 cm Hg 

The nuclear interactions were produced by cosmic 
rays in the block of carbon above the cloud chamber. 
The triggering coincidence required one or more Geiger 


*R. G. Kepler, C. A. d’Andlau, W. B. Fretter, and L. F. 
Hansen, Nuovo cimento 7, 71 (1958 

7™W. B. Fretter and E. W 
(1955) 


Friesen, Rev. Sci. Instr. 26, 703 
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counters above the chamber to discharge simultaneously 
with three or more counters in the first tray under the 
chamber. The second tray under the chamber was used 
only to record no-field tracks of single particles tra- 
versing the chamber. The requirement of three particles 
below the chamber imposed a bias on the multiplicity 
of events observed ; in spite of this, many two-particle 
events were observed, probably triggered by inter- 
actions in the lead above the lower tray. Most of the 
showers recorded were electron showers. 

The minimum delay time between events was 23 
minutes; 5 minutes for the cycling time of the chamber 
and 18 additional minutes of dead time to obtain 
uniform conditions for each expansion. One photograph 
per hour was obtained on the average, and a fully 
analyzable event was obtained at the rate of one in 
three days. 

The stereoscopic camera was set at {/16, and Kodak 
Linagraph Ortho film was used. 


Selection of the Events 


1. Events which were clearly electron showers were 
rejected by visual scanning of the film. 

2. Events which appeared to be nuclear in character 
were rejected if their origin was not within the block 
of carbon or if they did not fall within the fiducial lines 
on the back plate of the chamber. 

3. Additional events were rejected if, on measure- 
ment of ionization and momentum and identification 
of the particles, they did not contain at least two 
penetrating particles. Most events containing only one 
penetrating particle probably originated from the 
knoci.-~on or bremsstrahlung processes of » mesons, and 
our technique was not accurate enough to distinguish 
« mesons from # mesons. This selection process left 
68 showers to be analyzed. Most of the results of this 
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Fic. 1. The experimental apparatus. 
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paper are based on the analysis of 41 of these events, 


which contained three or more penetrating particles. 


Momentum Measurements 


The curvatures of particles with energies greater 
than 1 Bev were measured in an optical comparator, 
and the method of least squares was used to reduce the 
data. The usual corrections for magnification and for 
variation of magnetic field were made. The error in the 
determination of the curvature was found by making 
systematic measurements on no-field tracks. The 
maximum detectable mementum was about 30 Bev/c. 

The radii of curvature of tracks of momentum less 
than 1 Bev/c were found by projecting the tracks to 
full scale and comparing them with arcs of circles of 
known radius. 


Ionization Measurement 


The argon-helium gas mixture was used because 
previous measurements® had shown that the relativistic 
rise of ionization in this mixture was nearly as rapid 
as it is in a xenon-helium mixture, and the experimenta! 
procedure with argon is much simpler than with xenon, 
which we had to recover on pumping out the chamber. 
We used the experimentally determined® ionization 
curve for this mixture in the measurements here 
described. 

The ionization of the particles in the cloud chamber 
was measured by counting the number of droplet 
images along the track as viewed in a stereoscopic 
microscope with a magnification of 40X. In most cases 
the tracks were counted between the top and bottom 
fiducial lines, with the average length of track 46 cm. 
Clusters of drops (blobs) which had more than 40 
drops were rejected as in previous experiments. The 
length of the track was measured in projection, and 
corrections were made for the magnification, curvature, 
and the number of blobs rejected. The ionization was 
then expressed as the number of drops per centimeter 
of track. : 

The error in the ionization measurement of an 
individual track was determined from a study of fifty 
electron showers. In such showers the identity of the 
particles is not in question, and the momentum of each 
track could be measured quite accurately, The pro- 
cedure was then to calculate for each shower a hypo- 
thetical value of Jo, the ionization of a track at the 
minimum of the ionization curve, from the measured 
ionization of each electron in the shower. This gave a 
number of values of 7» which could be analyzed sta- 
tistically to determine the standard deviation of a given 
ionization measurement. This error was about 5% for 
an individual full-length track containing about 1000 
droplets. 

The value of J» for a penetrating shower picture is 
more difficult to determine. Ordinarily I» does not 
change appreciably from one expansion to the next, so 
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Taste I. Event 73309. Example of the procedure used in identification of particles. The hypothetical value 
minimum is calculated for different particles, and a consistent set of values is sought. In this case the value 


the italicized assignments are made 


Track 

No. P(Mev/c) I (drops cm) 

94.6 
2341 
3040 
2888 27.6 
3185 23.3 
2644 35.3 
7358 28.6 


31.5 
25.3 
23.5 


NOUS SNe 


determination of J from adjacent electron showers was 
often useful, as well as intercomparison of tracks in a 
given penetrating shower. We have taken 5% as the 
standard error in ionization measurements of all full- 
length tracks. 


Identification of the Particles 


The procedure on identification of particles in a 
penetrating shower is illustrated in Table I (Event 
73309). The momentum and ionization for each particle 
are given in the table. With the aid of the experimentally 
determined curve of ionization versus By [8=»/c and 
y= (1—*)"'], the hypothetical value of Jo is deter- 
mined for various possible particles. For example, Jo. 
is the value of J) that would have had to exist in the 
chamber if the particle had been an electron, Jo, for 
a ® meson, etc. It is seen that the most consistent values 
of I, obtained are italicized, giving an average J of 
22.4 drops/cm. That this is the correct value is sub- 
stantiated by measurements on the electron shower 
event 73303, which gave a value of 22.8 drops/cm. The 
separation between electron and pion is good, and 
likewise between pion and proton, but the K meson 
and proton cannot be distinguished in individual cases. 
For purposes of analysis, however, the particle which 
yields the closest value of J» is chosen, either proton or 
K meson. 

The degree of uncertainty in the identification of the 
particles depends not only on the ionization error but 
also on the error made in the determination of the 
momentum. Figure 2 shows the ionization versus mo- 
mentum curves for various particles, together with the 
momentum error at several values of the momentum. 
The ionization error is shown as 5% and is practically 
independent of the momentum. Separation of pions 
from protons at 10 Bev/c is evident. 

The degree of certainty of separation of particles at 
three different momenta is shown in Fig. 3. These 
curves show the value of the ratio J/J» for a given 
particle at a given momentum, calculated for the 
predicted value at that momentum, and for vaiues 
differing from the predicted value by 0.5, 1, 1.5, etc., 
standard deviations. Thus, for example, at 5 Bev the 
proton and pion curves intersect at about 20, giving 
an excellent separation of these two types of particles. 


AND W. B. 


of the ionization at the 
Mf Jo is 22.4 drops/cm and 


Particie 


At 20 Bev they overlap at about 1c, because of increased 
errors in the momentum determination. Protons and 
distinguished in individual 
Electrons 
20 Bev. 
13 particles had 
ind even for some of 
im greater than 30 Bev/c, 


K mesons are not clearly 


cases at any of these momenta can be 


distinguished from pions up to about 
In the 


momenta greater than 


showers observed, on y 
20 Bev 
these, which were of moment 
it was possible to make a tentative assignment of 
identity on the basis of ionization measurements. The 
general procedure was to identify particles according 
to their most probable identity, since we did not feel 
it was necessary to verify the fact that K particles and 


negative protons exist 


Angle Determinations 


The angle of emission of each secondary particle 
tion of the primary particle 
producing the nuclear interactions is a basic datum for 
all calculations on a 


with respect to the dire 


penetrating shower. The experi- 
mental arrangement used did not give the direction of 
ided the best approximation 
the primary would be the direction 


the primary. We de 
to the dire« tion of 
of the total 


systematic error is to be expected in this approximation, 


momentum of all the secondaries. No 


but fluctuations na sin an be 


appreciable, 
especially if a neutral part large amount 
of momentum. For t} no results referring to 


an individual event will b ven, and the final results 
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will refer to average values over groups of showers. 
There is considerable theoretical justification for this 
procedure, since the impact parameter in a given 
collision cannot be known in any case, and the theories 
also predict average behavior over various impact 
parameters. 

The space angles of the particles were measured on 
a stereoscopic projector and space table. The system 
of coordinates was defined such that the xy plane 
corresponded to the back plate of the chamber, and 
the z axis was normal to the back plate at the center. 
With respect to this sytem, the angle 9’ that the pro- 
jection of the track formed with the y axis, and the 
angle ¢ that the track formed with the z axis, were 
measured. All angles were measured twice and the 
estimated errors were 


+0.5° forn’ and +1.5° for ¢. 


The angle n’ was corrected to take into account the 
deflection in the magnetic field before the particle 
entered the chamber, giving a corrected value 9 for 
this angle. 

The values of 7 and ¢, together with the value of the 
momentum p for each track, were then combined to 
give the direction of the total momentum and the angle 
6 between each track and the direction of the total 
momentum. This was the first step in the program 
developed for the analysis of the events. 
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Fic. 3. Degree of identification of particles by ionization for a 


given momentum, taking into account the errors in ionization and 
momentum. ocr is the standard error in track curvature 
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DETERMINATION OF THE VELOCITY OF 
THE CENTER OF MASS 


The second step in the program was to calculate the 
velocity of the center of mass 8, of the particle causing 
the event. Various procedures’ ** have been developed 
to determine the velocity of the center of mass in such 
collisions, using angle measurements and Lorentz 
transformations. A disadvantage of the present experi- 
ment is the possibility that one or more particles can 
escape being seen in the cloud chamber, if they are 
emitted at large angles. In a nuclear emulsion, all 
charged particles are seen. An important advantage of 
the present experiment is that both the momentum 
and energy of the particles can be determined, since 
the identities are known. 

For each particle the value of ~,, and its component 
pu=p; cosd;, and E,= (p?+mc*)' are known in the 
laboratory system. According to the Lorentz trans- 
formation, ~;,' in the center-of-mass system is given 
by pu’ =Ye(Pu—BE,/c). 

In the center-of-mass (c.m.) system the sum of the 
longitudinal components of the momentum is zero. 
Hence 


i pi =0= > Ye( Pu-BE/c). 


> £.. 


B= DL cpw (1) 


This equation is strictly true for collisions of any kind, 
and is not restricted to nucleon-nucleon collisions, The 


‘summation must be made over all particles, charged 


and neutral. It is reasonable to assume from symmetry 
arguments, however, that on the average over a number 
of showers, Eq. (1) should hold independently for 
charged particles and neutral particles. The procedure 
was therefore to calculate 8. (and hence y,) using the 
data available on charged secondaries. 

A possible source of systematic error in the deter- 
mination of y. by this method is due to the geometry 
of the chamber and the target material, which was 
above the chamber. If a particle were emitted at such 
an angle that it would not traverse the chamber, it 
would not be seen, and hence would not be included 
in the calculation. The systematic omission of such 
particles from the calculation will have a systematic 
effect on the values of y,. obtained. The importance of 
this effect depends on the height above the chamber 
where the event occurs, and the energy of the event. 
Table II gives the distribution of events in the carbon 
and the maximum detectable angles in breadth and 
depth for the given height, assuming that the event 
occurred in the center line of the apparatus. It is seen 


* C. Castagnolli, G. Cortini, C. Franzenetti, A. Manfredini, and 
D. Moreno, Nuovo cimento 10, 1539 (1953). 

*F. H. Tchang, C. C. Dilworth, S. 1. Goldsack, T. F. Hoang, 
and L. Scarsi, Nuove cimento 10, 1261 (1953); 11, 424 (1954). 
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Taste II. Distribution of events in the producing layer 
of carbon. 


Max. angle 
in depth 


Max. angle 


A (cm) in breadth Number of events 


12 under 5 cm 

11 between 5-10 cm 
3 between 10-15 cm 
6 between 15-20 cm 
3 between 20-25 cm 
2 between 25-30 cm 
2 between 30-35 cm 
2 between 35-40 cm 


5 30° ao” 
10 50° 
15 43 
20 37 
25 32° 
30 29° 
35 26 
40 a 


that over half of the events occur in the 15 cm of carbon 
nearest the chamber, which is understandable because 
of the counter bias. 

The effect of the energy on the opening angle of the 
shower is shown in Fig. 4, which was calculated as- 
suming an isotropic angular distribution of the second- 
aries in the c.m. system. Comparison of Fig. 4 with the 
angles of Table II indicates that at low energies at 
least, there is quite an appreciable probability of missing 
particles. We therefore also calculated values of +. for 
the following hypotheses: 


v1: obtained from the balance of momentum of the 
visible particles. 
: obtained as above, but adding one particle of 
energy 1 Bev at 15° in the laboratory system. 
2: obtained as above, but adding one 1-Bev 
particle at 15° and one 1-Bev particle at 20° 
in the laboratory system. 


The effect of missing particles is thus estimated. 

The values of y,. were also calculated by methods 
previously used where symmetry in the c.m. system 
is assumed. 

Castagnoli et al.,° used 

1 
logy 


n 
> log|tand,|, 
% im! 


and Hoang et al.,® used 


1/y?=tand, tand,_,, (3) 


where 6, is the angle that includes a fraction f of the 
particles in the laboratory system, and @;_, includes 
the remainder of the particles. 

These results are all collected in Table III. Ex- 
amination of this table reveals the following general 
observations. 

1. The geometric bias is much more important for 
low energies than high energies. 

2. In most cases the values of yr and yr are larger 
than 7. A similar observation was made by Gramonizky 
et al., indicating that these purely geometrical 
procedures give systematically high values of +. 

”T. M. Gramonizky, G. B. Zdanov, E. A. Zamcalova, M. I. 


Tretjakova, M. N. Scerbakova, Suppl. Nuovo cimento 8, 714, 
727 (1958). 


HANSEN AND 


W. B. FRETTER 

3. The value of 7; is expected to be systematically 
smaller than the true value for the highest energy 
events. The reason for this, and also the reason for the 
fact that the visible secondary energy in the highest 
energy events is much less than the assigned primary 
energy, is that the maximum detectable momentum in 
the cloud chamber is about 30 Bev/c. Thus in a high- 
energy interaction, where one of the particles retains 
much of the initial energy, that particle will not, on 
the average, yield a measured momentum of much more 
than 30 Bev/c. In the calculation of 8, from Eq. (1), 
neglect of large, essentially equal terms in numerator 
and denominator can only reduce the apparent value 
of 8. and hence y,. If the bulk of the energy is carried 








° ! 20 25 30 


Fic. 4. Effect of energy on the oe angle of the shower, 
assuming an isotropic angular distribution of the secondaries in 
the c.m. system. 


off by a neutral particle, the same effects will be 
produced. 

The value of y. taken for the present analysis was 
71 except for those cases where the origin of the shower 
was higher than 20 cm above the top of the chamber, 
We estimate the 


+ 30% under this 


in which case y:_; OF Y1—2 was taken 
average 


procedure. 


error in y. to be about 


Once the value of y, was determined the energies, 
momenta, and angles in the c.m. system were deter- 
mined for the secondary particles by means of the 
Lorentz transformations. The 
formed on an IBM 701. 


calculations were per- 
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Taste ITI. Information on individual events. The value of y adopted for the analysis is italicized. 
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Height 
above 
top of 
chamber 
(cm) 


Total energy of 
visible particles 





77147b 
77548 


In chamber 
22 
20 


— ww 


20 


w 


2.4 
3.2 
3.8 
4.6 
3.2 
1.8 
1.3 
2.3 
78 
0.4 
0.3 
5.2 
3.0 
74 
2.0 
7.1 
4.9 


-—-wore 





TRANSVERSE MOMENTUM DISTRIBUTION 
Experimental Results 


The theories of high-energy nuclear collisions each 
predict the distribution of pr, the transverse momentum 
of the secondary particles. The pr distribution obtained 
in this experiment is shown in Fig. 5. The most probable 
value of pr lies between m,c and 2m,c, and the average 
value for all secondaries is 


fr= (308423) Mev/c or (2.240.2)m,c. 


If the secondary particles are divided into light and 
heavy particles before the average is taken, the results 
are: 


pr= (310444) Mev/c for the heavy particles 
(protons and K mesons), 
pr= (3074 26) Mev/c for the pions. 





Grouping of the particles from high- and low-energy 
showers shows that fr is independent of primary and 
secondary energies. These results are similar to those 
obtained previously in photographic emulsions." 


Comparison with Theory 


The low values found for jr and the independence 
of pr of the energy of the primary are inconsistent with 
the Fermi theory,” which predicts a very high value 
for pr (several Bev/‘c) for high-energy interactions. 

In the original Landau theory,” the initial state of 
the high-energy collision is the same as the Fermi 
model. Following this is a second state, corresponding 
to a one-dimensional expansion of the system, when the 


'\ International Congress in Cosmic Rays (Suppl. Nuovo cimento, 
8, 710 ff (1958) }. 

2 FE. Fermi, Phys. Rev. 81, 683 (1951) 

4S. Z. Belenky and L. D. Landau, Suppl. Nuovo cimento 1,"15 
(1956). 





71885 
71991 
72695 
73303 
73309 
73615 
73672 
73682a 
73682b 
73857 
74004 
74064 
74080 
74337 
74453 
74571 
74609 
74796 
74950 


75139 


Height 


above 


top of Total energy of 
chamber visible particles 


(cm) (Bev) 


17 15.77 


23 gt 


41.07 ° 


14.17 


16 37 


7.0 


3.1 
16.0 
6.8 
0.8 
0.6 
12.9 
6.2 
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Tasie ITI.—Continued 


Kr 


0.105 


0.597 
0.456 
0.109 
0.560 
0.204 
0.077 
1.307 
0.394 
0.611 
0.618 
0.347 
0.244 
0.661 
0.076 
0.269 


0.711 


K, 
0.120 
0.190 
0.389 
0.317 
0.710 
0.556 
0.114 
0.650 
0.232 
0.088 
1.570 
0.447 
0.684 
0.894 
0.401 
0.278 
0.750 
0.082 
0.322 


0.868 


temperature drops from the initial JT») to a lower 7}. 
The system then expands conically and the temperature 
drops to Ty, the breakup temperature, which is of the 
order of m,c?/k. The transverse momentum of the 
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Fic. 5. Distribution of transverse momentum of the secondary 
particles. The distribution for the heavy particles alone is given 
by the dotted line 


particles is determined in the original Landau theory 
by the value of 7, and gives pr of the order of Mc, 
where M is the nucleon mass, well above the experi- 
mental results. 

A modification of the Landau three-state treatment 
has been suggested by Meletin and Rozental."* They 
state that for energies below 10 ev a good treatment 
of the high-energy collision can be made without 
introducing the three-dimensional stage, which is 
important only for energies > 10"* ev. The curves given 
by Meletin and Rozental for the resultant pr dis- 
tribution are drawn on Fig. 6, normalized to fit the 
present data on the fr distribution for the pions. It is 
seen that the best fit corresponds to the distribution 
curve for T;=m,c?/k. The same result was found by 
these authors for the distribution of transverse mo- 
mentum given by Debenedetti et al,'® and Zdanov 

“4G. A. Meleéin and I. L. Rozental, Suppl. Nuovo cimento 8, 
770 (1958 


AD. Dvicnedetti, C. M. Garelli, L. Tallone, and M. Vigone, 
Nuovo cimento 4, 1142 (1956 
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et ai.” Thus the one-dimensional approximation method 
appears to work well at these energies. 

In the Heisenberg theory"* the predicted value of 
Pr is m,c, which is smaller than the experimental value. 


ENERGIES OF THE SECONDARIES IN 
THE C.M. SYSTEM 


The total energies of the particles in the c.m. system 
were obtained from the relation E,’= y.(E;—8-p.¢ cos8,), 
and are plotted in Fig. 7. The heavy particles and light 
particles have quite different energy spectra. Since 
most theories predict that the average energy in the 
c.m. system will increase with primary energy, the 
distribution of the pion energies has been plotted tor 
two different energy groups in Fig. 8. The curves drawn 
are calculated according to Heisenberg’s theory. The 
average energies for pions in the present experiment 
are compared with the theoretical predictions in Table 
IV. No significance is attached to the decrease in the 
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Fic. 6, Distribution of transverse momentum of the pions, 
compared to curves given by Meleéin and Rozental 


experimental value between y.=7 and y.=25 because 
of the experimental errors. 

The original Fermi predictions are not compatible 
with the present experimental results, or the results 
from emulsions, although the predicted value for E, 
can be brought down if the radius of the Fermi volume 
of interaction is increased and the production of K 
mesons is taken into account as has been shown by 
Kretzschmar."” 

Landau’s value for EF, is a function of the break-down 
temperature of the system. If the value of 7, is taken 
from the distribution of transverse momenta (according 
to the modified model of Meletin and Rozental) as 
T ;=m,c?/k, the value of EB, for pions produced by 
primaries of energies in the interval 10" to 10” ev is 
E,=460 Mev, consistent with the experimental value 
Numerous emulsion studies have also given average 


16 W. Heisenberg, Nature 65, (1949); Z. Physik 126, 569 (1949); 
Z. Physik 133, 65 (1952). 
17M. Kretzschmar, Z. Physik 150, 247 (1958). 
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ENERGY OF HEAVY PARTICLES IN THE CMS 
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Fic. 7. Total energies of particles in the c.m. system 


pion energies of this order of magnitude. The Heisenberg 
theory seems to give a better prediction of the energy 
spectrum, which goes as 1/£* in the Heisenberg theory, 
and 1/E in the Landau theory. 

The average energy of the heavy particles in this 
experiment was (1260+ 200) Mev for 28 events with 
7-<10. Heisenberg’s theory gives 1030 Mev for the 
average energy of K mesons produced in collisions of 
this energy. However, since the K mesons were not 
separated from the protons, no conclusions are made 
except that the energies of heavy particles are of the 
right order of magnitude to agree with Heisenberg’s 
theory. 
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Tasie [V. Comparison of the experimental values of average 
pion energy with the theoretical predictions. 


E,= 100 Bev E, = 1000 Bev 


470+ 50(Mev) 370+80 
400 550 
2550 4850 
460 460 


Present experiment 
Heisenberg* 

Fermi 

Landau (7 ;=m,c*/k) 


* See reference 15 


ANGULAR DISTRIBUTION OF THE SECONDARIES 


The emission angle of the secondaries in the center- 
of-mass system was calculated according to the trans- 
formation equation 


tané, 
tand,’ 


v{1—(8./8,) secd;) 


Figure 9 shows the angular distribution of the x 
mesons in the center-of-mass system. The only events 
considered for the plot of angular distribution were 
those with four or more secondaries. There were 29 
such events. The full curve represents the distribution 
of the x mesons produced by primaries with y,<15. 
The dotted curve corresponds to five events with 
y->15. Both distributions are anisotropic and seem 
to increase in the degree of anisotropy with the energy 
of the primary. However, this increase is not certain 
because of the small number of tracks involved in the 
second distribution. 

The angular distributions predicted by the theories 
of Landau and Heisenberg are anisotropic, the degree 
of anisotropy increasing with the primary energy. In 
Heisenberg’s theory the anisotropy in the angular 
distribution appears at energies higher than 10" ev, 
while at lower energies the angular distribution can"be 
approximated by an isotropic distribution. 

The two angular distributions do seem to show a 
certain anisotropy which, if it is a real effect, does not 
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Fic, 9. Angular distribution of pions in the c.m. system. 
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agree with the isotropic distributions predicted by 
Heisenberg for the range of primary energies observed, 
but does agree with the Landau predictions. Results 
on the degree of anisotropy of the angular distribution 
with much better statistics than the present work, but 
not yet conclusive enough to be able to make a sharp 
differentiation between Heisenberg and Landau’s pre- 
dictions, have been reported by Lindern,'* Ciok et al.,” 
and Bozoki et al.” 

The angular distribution of the heavy particles in 
the center-of-mass system can be seen in Fig. 10. The 
degree of anisotropy of this distribution is larger than 
the anisotropy shown by the x-meson angular distri- 
bution of Fig. 9 by a factor of 3 or 4. A tentative 
identification of some K mesons among the heavy 
particles was attempted, giving the dotted line in Fig. 
10 corresponding to the angular distribution of possible 
K mesons. The spectrum of energy of the heavy particles 
(Fig. 7) shows that the K mesons have a higher energy 
than the # mesons in the c.m. system. The larger 
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10. Angular distribution of heavy particles in 
the c.m. system 


anisotropy observed in their angular distribution is 
associated with their higher energy in the c.m. system, 
as has been stated by Heisenberg. 


ENERGIES OF THE PRIMARIES AND THE 
INELASTICITY OF THE COLLISIONS 


The inelasticity K of the collision is one of the most 
significant parameters in the study of high-energy 
interactions. K is defined as the ratio of the total energy 
of all particles created in the collision to the total 
available kinetic energy of the colliding particles. It is 
thus necessary to determine the energy of the primary 
particle, which is obtained from a knowledge of y. and 
an assumption on the nature of the particles involved 


LL. V. Lindern, Nuov 
’%P. Ciok, T. Coghen, J 
Miesowicz, T. Saniewska 


» cimento 5, 491 (1957) 
Gierula, R. Holynski, A. Jurak, M. 
and O. Stanisz, Nuovo cimento 10, 741 


Bozoki, E. Fenyves, E. Gombosi, Nuclear Phys. 8, 199 





NUCLEAR INTERACTIONS 
in the collision. For a nucleon-nucleon collision, in the 
c.m. system, 


K.=> E//2Me(y.—1), 
and for a pion-nucleon collision, 
K.=> E//(2Mcey.— 


Another determination of K can be made by measure- 
ment of the energics in the laboratory system. For 
either nucleon-nucleon collisions, or pion-nucleon 
collisions at these energies 


Ki=> E/Me(2y2- 


In all these expressions the numerators indicate 
summations over the created particles. It is seen that 
for large values of ., including most of those observed 
in this experiment, the assumption of either a nucleon 
or a pion as the incident particle will not appreciably 
affect the values of K obtained. 

We have assumed nucleon-nucleon collisions and 
have taken into account the created particles in the 
following way. 

1. The total energy in the pions was taken as 1.5 
times the total energy in the observed charged pions, 
to account for the neutral pions. 

2. As is discussed later, strange particles are pro- 
duced in relatively small numbers. We therefore as- 
sumed that: (a) all negative heavy particles are K 
mesons (there were 13 such particles); (b) positive 
heavy particles in the forward cone with energies in 
the laboratory system more than 3 times the highest 
energy pion produced in the collision were considered 
as primary protons and not included among the 
secondaries (there were 10 such particles); (c) where 
two positive heavy particles were in the backward cone, 
one was taken as the target nucleon, and the other as 
a K* meson; and (d) if only one positive heavy particle 
was in the backward cone, it was assumed to be the 
target nucleon. Alternate calculations were also made 
assuming it was a K* meson, and no significant differ- 
ence was found in the value of K. 

The energy in the K mesons was then taken as 2 
times the energy in the charged K particles to take 
into account the two neutral states of the K meson. 

These results are shown in Table III and in Fig. 11. 
The theoretical curve predicted by Heisenberg is shown 
in Fig. 11. The values of K, and Ky, differ by a factor 
which decreases as y. increases. The decrease of K with 
energy is evident, and at the higher values of y., the 
experimental results of K. agree well with the Heisen- 
berg theory. 

If more than one target nucleon were involved in the 
collision, the inelasticities would be correspondingly 
reduced. The low values obtained argue against the 
involvement of many nucleons in the collision. 

The energy distribution of the events should be 
compared with a predicted distribution based on the 
detection characteristics of the cloud chamber ap- 
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Fic. 11. Inelasticity vs +e. 


paratus, and the energy spectrum of the primary 
particles. Unfortunately, both of these are quite un- 
certain. The cloud-chamber triggering device becomes 
more sensitive with increasing primary energy, which 
produces greater concentration of the secondaries on 
the Geiger counters, and increasing multiplicities of the 
secondaries, but this effect cannot be calculated ac- 
curately. The spectrum of nuclear-active particles is 
known only by extrapolation from experiments by 
Mylroi and Wilson™ and by Bridge and Rediker® in 
the energy range up to 10 or 20 Bev. With all these 
uncertainties we have attempted to calculate the 
predicted number of events in various energy ranges, 
and compare this with the actual number observed, 
assuming that the struck particle was in each case a 
nucleon. With the possible exception of the energy 
range above 1000 Bev, the predicted and observed rates 
agreed to a factor of two. The likely increase in the 
number of primary pions at very high energies even 
makes the 1000-Bev figure possible. 


MULTIPLICITY 


The number of charged particles observed as a 
function +, is shown in Table V. The most striking fact 
about these observations is the small number of particles 
observed compared with the multiplicities of jets in 
emulsions at comparable energies. Thus the recent work 
of Ivanovskaya and Chernavsky™ and of Gozani and 
Sitte,™ which emphasize the nucleon-nucleus character 


Tasxe V. Multiplicity of particles as a function of energy 
of the vi cummed 





Ye 2.7 7 23 


N , (experimental ) ‘ 4041.1 74405 9.9414 
N,(Landau-Belenky C=1.5) 3. 6.5 11.6 

N,, (total) exper. 2.3408 50404 7841.2 
3.640.7 5.2408 





N,(total) Heisenberg 4.2408 








%M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 
AGA, 404 (1951). 

=H. S. Bridge and R. H. Rediker, Phys. Rev. 88, 206 (1952). 

™1. A. Ivanovskaya and D. S. Chernavsky, Nuclear Phys. 4, 
29 (1957). 

* T. Gozani and K. Sitte, Nuovo cimento 11, 26 (1959). 
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of most collisions in emulsions, is confirmed. The 
largest number of penetrating particles observed in an 
event in this experiment was 10, whereas multiplicites 
in photographic emulsion at 1000 Bev are usually at 
least 20. 

At low energies the results are not certain because 
of the experimental bias. On the one hand, no showers 
with fewer than three charged penetrating particles are 
included in this analysis, although many were observed. 
On the other hand, particles may readily miss the cloud 
chamber if they are emitted at large angles, which is 
more likely at low energies. Thus the two effects tend 
to compensate, but the result at low y, remains un- 
certain. In addition to this, only three events are 
included in the low y. group. 

The results can be compared to the predictions of 
the Landau and Heisenberg theories. We take 


N.=1.5n,*+2my »., 


where mp, is the number of charged heavy particles 
observed. 
In the Landau theory N,=A®° 


mass number of the element in 


No, where A is the 
which the collision 
occurred and N» is the number of secondaries emitted 
in a nucleon-nucleon collision. The dependence of the 
multiplicity on the nuclear mass has been calculated 
by Belenky et al.” For carbon the result is N;=1.6C 
x (E,/2Mc*)' where C is an adjustable constant of the 
order of 2. The experimental results and the results of 
the Landau-Belenky calculation with C 
in Table V. 

The multiplicities in the Heisenberg theory were 
obtained from the expression 


1.5 are shown 


E(gi/mc*) (4/9) [1+ 2a2—2a;(1+a,7)*] 
ny ; 
7 g({—1+ (14 a?)} In{{1 +(1 +a?)* |/a}) 
where ; is the number of particles of type 7 


> nx=1, (g-=4, | 2). a= (m2 /m,cy.)K, 


E=2M2(y.—1)K. The values used for K were the 
theoretical values of the inelasticity predicted by the 
Heisenberg theory for each energy range. Thus there 
are no adjustable constants in the Heisenberg pre- 
dictions of multiplicity. It is seen that both the Heisen- 
berg predictions and the Landau-Belenky predictions 
are in agreement with the experimental results. 

We have also compared our results with the calcu- 
lations of Ivanovskaya and Chernavsky™ to determine 
the number of nucleons usually involved in a collision 
in carbon. Figure 12 shows the curves calculated by 
Ivanovskaya and Chernavsky using the statistical 
theory predictions of multiplicities of production in 
nucleon-nucleus curves give the 
number of nucleons involved in the collision for a given 


collisions. These 


%S. Z. Belenky and G. A. Milehin, Zhur. Exsp. i leoret. Fiz. 
29, 20 (1955) [translation: Soviet Phys.-JETP 2, 14 (1956) ]. 
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value of y. when NV, charged particles are produced in 
this figure the positions of the 41 
Most of them 
corresponds to one 


the collision. In 


events included in this work are shown 
fall near the curve N=2, which 
nucleon of the target incident nucleon. 

An experimental argument against the participation 
of many of the target 
from the 
observed to emerge 


interactions, 


pl Is tne 


; , 
nucieons in the 


collision comes 
heavy particles 
In the 41 
ive heavy particles were 
seen in the next section, it is 


small number of positive 


‘om the interactions. 


posit 


I 
only 32 


observed, and as will bx 
reasonable to assume that some of these are positive 
K mesons. Thus the total number of protons observed 
is of the order of one-half the number of interactions, 
and one can conclude that not many multiple-nucleon 
processes <¢ ould have occurred 


STRANGE PARTICLES 


The forty-one included 144 x+ 
mesons and 48 heavy particles of which three were 
neutral (two were K 


charged (32 positive 


events analyzed 


ind one was a A°) and 45 were 
and 13 negative). Thus (24+5)% 
of the charged partic les were he avy partic les. This is in 
agreement with the results of the Bristol group** who 
found 25+8%7 Lohrmann 


found 16+6%. 
particles can only be 


and and Teucher,”’ who 
he fraction of particles that are strange 
letermined by statistical argu- 
ments, since the mass measurements are not sufficiently 
accurate to distinguish clearly K particles from protons. 
The most straightforward statistical argument is to 
take the negative heavy particles as strange particles 
(including negative protons) and assume that on the 
average in these collisions an equal number of positive 
particles were created. This would give 26 heavy 
he collisions, or (14+4)% 


leaves 19 positive heavy 


charged particles created in 

of all charged particles, and 

particles, presumably protons, as participating nucleons. 

If the total number of heavy particles, taking into 
y | 

account the neutrals, is twice the number of charged 

heavy particles, and if the total number of pions is 1.5 


times the number of charged pions, the fraction of 


i 


compare d to the 


would then be I 


number of 
132 2/144 1.5 


strange particles created 


pions created 


» ¥ 
Fic. 12 icleons involved in the 
collisions. C1 novskaya and Chernavsky 

reference 23) with experimental results from this experiment 


irves 


* B. Edwards, J. Losty, D. H 
Reynolds, Phil. Mag. 3, 237 (1958 
7 E Lohrmann and M. W. Teuc 


Perkins, K. Pinkau, and J. 


her, Phys. Rev. 112, 589 (1958) 





NUCLEAR INTERACTIONS IN C 
= (244+7)%. This number should not be taken too 
seriously because of the assumptions made in the 
calculation, but it is of the same order of magnitude 
as the Heisenberg and Landau predictions. Heisenberg 
predicts 18% strange particles at 100 Bev and 27% at 
1000 Bev. Landau’s prediction depends sensitively on 
the break-down temperature, but for m,c/kT=1, this 
fraction is 31% and for m,c?/kT=1.5, the fraction is 
14%. 


POSITIVE EXCESS AND THE NATURE OF 
THE PRIMARY PARTICLE 


One of the uncertainties of the present experiment 
is the lack of knowledge of the nature of the incident 
particle. We have attempted to make inferences on this 
by consideration of the positive excess of the secondary 
particles. If all the incident particles were nucleons, the 
positive excess is expected to be larger than if the 
incident particles were primarily pions. 

Since it was not possible to make accurate identifi- 
cation of the K mesons, positive and negative, we have 
calculated the positive excess for ali particles observed 
to emerge from the interaction. Then, taking 


N+ = Ny tn,tt+nk*+ny* 
and 
N-=n,-+1nx-+n5+ny-, 


we define P.E.=N*+—N~-. Then in a proton-proton 
collision, for example, N*—N-=2 and in a x-—p 
collision, N*—N~=0. 

In the of nucleon-nucleon collisions where 
cosmic rays at sea level are the source of particles, we 
take the flux of protons and neutrons to be equal. The 
expected positive excess if all primaries were nucleons 
would than be 


(P.E.)= (2+14+1+0)/4=1. 


If all the collisions were due to primary pions, the 
number of interactions produced by positive pions is 
about 1.3 times® the number produced by negative 
pions, and the positive excess becomes 


(P.E.)=[2(1.3)+1(1.3)+0+ (—1)]/4.6 


case 


0.63 


The observed value is found from N*+=79,++32,., 
and N-=65,-+13,,., in 41 interactions, 
(P.E.)=0.8+0.2. 

The value falls between the two predicted values 
and because of its statistical error, could be compatible 
with either. It is unlikely, however, that all primaries 
could be pions, because in 10 cases very energetic 
protons were found in the forward cone, and these 
probably correspond to primary nucleons. The observed 
asymmetry between the forward and backward cone 
for heavy particles would have been produced if 30% 


giving 


*G. obs 97 and N. Dallaporta, Progress in Cosmic-Ray Physics, 


edited by J. G. Wilson (Interscience Publishers, New York, 1949), 
Vol. 1, p. 343. 
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of the incident particles were pions, and the spectra 
of nucleons and pions at sea level indicate also that 
about one-third of the interactions would have been 


produced by pions 


COMPARISON WITH THE FIRE-BALL THEORIES 


Models of nucleon-nucleon collisions in which the 
individual nucleons are excited and radiate separately 
have been proposed by Kraushaar and Marks,” 
Cocconi,™ Ciok et al.,” Niu,™ and others. Certain 
results from photographic emulsions lend support to 
these theories. We have not made detailed comparison 
with these theories because of the lack of certainty in 
angular distributions of individual events where the 
multiplicity is low. Also, in the energy region studied 
the separation of the secondaries into two cones is not 
clearly distinguished. The low multiplicities observed 
in this experiment cast some doubt on the validity of 
interpretation of highly multiple events, even at higher 
energies than we have studied, as nucleon-nucleon 
collisions in which details of the angular distribution 
are meaningful 


SUMMARY ANI DISCUSSION 


The principal results of the present experiment are 
as follows: 


1. The experimental method used provides more 
detailed information than has heretofore been available 
on nuclear reactions in the energy range 10-10" ey. 
Further refinements are needed to determine the nature 
of the primary particle and to improve the statistics. 

2. The transverse momentum distribution of the 
secondary partic les gives an average value of pr of 
308+ 23 Mev/c. 

3. The pions and heavy particles have quite different 
energy distributions in the c.m. system. The average 
total energy of the pions is 420+40 Mev and for the 
heavy particles BE; «,)= 12624194 Mev. 

4. The angular distributions of the pions and heavy 
particles are different in the c.m. system, with the 
heavy particles peaking more in the forward and 
backward direction 

5. The inelasticities found are considerably less than 
unity, and decrease with increase of energy. 

6. The multiplicities observed are quite low in 
contrast to the multiplicities usually observed in 
photographic emulsions. 

7. About 25% of the particles in these showers may 
be strange particles (including antinucleons). 


We have concluded that in only a small fraction of 
the events is more than one nucleon of the target 
involved in a collision, and have made the assumption 


*W.L. Kraushaar and L Marks, Phys. Rev. 93, 326 (1954). 
» G. Cocconi, Phys. Rev. 111, 1699 (1958). 
“= K. Niu, Nuovo cimento 10, 994 (1958). 
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that the events are nucleon-nucleon collisions for the 
purposes of the analysis. In the method used for the 
determination of y,, the mass of the primary particle 
is not an important factor; hence even though some of 
the collisions may actually be pion-nucleon collisions, 
the experimental results on angular, energy, and 
momentum distributions are not dependent on this 
assumption. The calculations of inelasticity are also 
practically independent of it. 


PHYSICAL REVIEW VOLUME 
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We have searched without success for a group of 
interactions with special characteristics which might 
distinguish them as pion-nucleon collisions instead of 
nucleon-nucleon collisions. This negative result could 
mean either that there is no difference between nucleon- 
nucleon and pion-nucleon collisions at a given energy, 
that there are very few pions in the cosmic ray beam at 
these energies, or that the differences were too slight 
to be obvious in the data we have. 
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The real part of the forward elastic scattering amplitude for x*-proton scattering has been evaluated from 
experimental cross sections by means of dispersion relations. Recent measurements indicate two peaks in the 
x -proton total cross section at 590 and 870 Mev incident pion kinetic energy. Tables of the real part of the 
forward scattering amplitude for x*-proton scattering are presented as a function of incident pion kinetic 
energy in the laboratory. The forward scattering amplitudes obtained from some recent r* scattering experi- 
ments are compared with the calculations. Measurement of the forward charge-exchange cross section ap- 
pears to be the most suitable way of investigating the predictions of the dispersion relation at high energies. 
The possibility of detecting Coulomb interference at small angles is also discussed 


I. INTRODUCTION 


ISPERSION relations'* have been developed 

which relate the real part of the forward scat- 
tering amplitudes of r*-proton scattering with integrals 
over the imaginary part of the forward scattering 
amplitudes. Since the optical theorem relates the 
imaginary forward amplitude to the total cross section, 
the real part of the forward amplitude may be calcu- 
lated from experimentally measured total cross sections. 
The dispersion relations were used by Sternheimer* to 
calculate the real part of the forward scattering ampli- 
tude for r*-proton scattering up to 2 Bev using pion- 
proton total cross sections measured by Cool et al.® 
More recent calculations by Sternheimer appear in 
reference 5. 

Since the work of Cool et al., extensive measurements 
have been made of the r*-proton total cross sections. 
This work was stimulated by the discovery of a reso- 
nance in the photoproduction of #~ mesons at a total 
center-of-mass energy (less proton mass) of 570 Mev.® 

* This work was supported by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

1M. L. Goldberger, Phys. Rev. 99, 979 (1955); R. Karplus and 
M. A. Ruderman, Phys. Rev. 98, 771 (1955). 

2M. L. Goldberger, H. Miyazawa, and R. Oehme, Phys. Rev. 
99, 986 (1955). 

*H. L. Anderson, W. C 
100, 339 (1955). 

*R. M. Sternheimer, Phys. Rev. 101, 384 (1956) 

*R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1083 
(1956). 

*R. R. Wilson, Phys. Rev. 110, 1212 (1958). 


Davidon, and U. E. Kruse, Phys. Rev. 


Burrowes et al.’ have measured x*-proton total cross 
sections between 0.5 and 1.2 Bev. Brisson et al. have 
measured x*-proton cross sections from 0.4 to 1.1 Bev 
with sharp energy resolution. Devlin et al.” have 
measured *-proton cross sections from 0.4 to 1.5 Bev. 
Longo et al."' have measured the x*-proton cross sec- 
tions from 1.2 to 4.0 Bev. These measurements have 
revealed two peaks in the r~-proton cross sections at 
590 Mev and 870 Mev instead of a single broad peak 
found by Cool et al. Figure 1 shows the x*-proton total 


cross sections based on measurements referred to 


above.” The improved data and new structure warrant 
a new calculation of the forward scattering amplitudes 
based on the dispersion relations. Particular attention 
is given in this paper to applications of the dispersion 
relations above 300 Mev. Much discussion has been 


7H. C. Burrowes, D. O. Caldwell, D. H 
D. M. Ritson, R. A. Schluter, and M 
Letters 2, 119 (1959 

* All energies unless otherwise specified refer to kinetic energy 
of the incident pion in the laboratory system 

*jJ. C. Brisson, J. Detoef, P. Falk-Vairant, L. van Rossum, 
G. Valladas, and L. C. L. Yuan, Phys. Rev. Letters 3, 561 (1959). 

“T. J. Devlin, B. C. Barish, W. N. Hess, V. Perez-Mendez, 
and J. Solomon, Phys. Rev. Letters 4, 242 (1960). 

1M. J. Longo, J. A. Helland, W. N. Hess, B. J. Moyer, and 
V. Perez-Mendez, Phys. Rev. Letters 3, 569 (1959) 

2 References to the total tions below 300 Mev can be 
found in S. J. Lindenbaum, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 317; also in 
reference 13. 
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PION-NUCLEON FORWARD 
given to the dispersion relations at low energies by 
Schnitzer and Salzman.” 


Il. CALCULATIONS 


The real parts of the forward amplitude were calcu- 
lated in the laboratory system as a function of pior 
kinetic energy in the laboratory. The dispersion rela- 
tions are given by® 


Dy(k) =4(1+w/p)D,(0)+4(1Fw/y)D_(0) 


| ” du’ o4(w’) 
+— pf —- - 
4? J, Ok’ w'—w 


RP p* dw’ az(w’) 2f Re 


ies —, (1) 
4d, kh! oto) ow? wFy?/2M 


where D,(k) is the real part of the x*-proton forward 
scattering amplitude at the pion laboratory wave 


a 
a PEAK * 200mb at 0.175 Bev 


o(r~+p) 








i, ae o(w*+p) 





os 10 is 
KINETIC ENERGY (Bev) 


Fic. 1. Total ~-proton and *-proton cross sections as a function 
of incident pion kinetic energy in the laboratory. 


number k, w is the total energy of the pion in the 
laboratory, uw is the pion mass, a4(w’) is the total 
x*-proton cross section at energy w’, M is the nucleon 
mass. The units of k, w, wu, and M are cm™. P means 
take the principal value of the integral. The coupling 
constant has the value f/?=0.08; the starting values for 
the amplitudes are D,(0)=—0.148K10~" cm and 
D_(O) = +0.106 X 10-" cm.¥ 

The total cross-section curve for the purpose of 
calculation was divided iato straight line segments 
connecting points 10 Mev apart between 0 Mev and 
1800 Mev. Beyond 1800 Mev the cross sections are 
assumed to be constant and equal to 29 mb" for both 
positive and negative pions. Within the framework of 
the straight line approximations the calculations were 
carried out exactly using an IBM 650 computer. Figure 
2 shows the results of the calculation and Table I 

“8 H. J. Schnitzer and G. Salzman, Phys. Kev. 112, 1802 (1958); 


113, 1153 (1959). This work gives reference to other authors who 
have discussed the dispersion relations at low energies. 
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Fic. 2. Real part of forward x~-proton and #*-proton elastic 
scattering amplitudes as a function of incident pion kinetic energy 


in the laboratory. The values for D, are expressed in the labora- 
tory system. 


tabulates D, as a function of pion laboratory kinetic 
energy. The values of D, are expressed in the laboratory 
system. 

The largest source of error in D, at high energies 


. arises from the uncertainty in the coupling constant /*. 


Taare I. Calculated values of D, and D_. 


Pion kinetic energy in lab D, L 
(Mev) (10-" cm) (10-4 cm) 
+0.10 
+0.12 
+0.15 
+0.19 
+-0.24 
+0.33 
+0.33 
+0.12 
— 0.08 
—0.24 
—0.22 
—0.12 
—0.03 
+-0.06 
+0.17 
+0.26 
—0.01 
—0.17 
—0.14 
+0.08 
+0.36 
+0.17 
—0.63 
—0,80 
—0.83 
—0.72 
—0.09 


0 —0.15 
25 +-0.00 
50 +0.20 
75 +0.48 

100 +0.75 
125 +0.94 
150 +0.92 
175 +0.37 

200 —0.47 

250 —1.10 
300 — 1.37 

350 —1.28 

400 1.19 

450 —1.11 

500 —0.99 
550 —0.85 
600 -0.73 
650 0.58 
700 0.42 
750 0.27 

800 —0.15 

&50 —0.06 

900 ~—0.03 

950 —0.00 

1000 +0.03 

1100 +0.15 

1200 +-0.20 

1300 —~ 0.08 

1400 —0.47 

~0.70 
0.65 
0.52 
~—0.45 
0.40 
—0.36 
— 0.32 
~—0.29 
0.27 
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Taste IT. Comparison of calculated and measured forward elastic scattering cross sections 


Kinetic energy 
in lab (Mev) 


[D, FP in c.m 
(mb/sr) 


460 0.04 
600 0.00 
770 0.14 
810 0.53 
960 2.00 


Reaction 


500 4.30 
990 0.00 
1100 0.06 


Crittenden, J. H 
aggett, Un 
. Erwin and J. Kopp, Phys. Rev. 109, 1364 (1958) 
J]. Willis, Phys. Rev. 116, 753 (1959) 
. R. Erwin (private communication) 
Roellig and D. A. Glaser, Phys. Rev 


Scandrett, W. D. Shephard AY 


116, 1001 (1959) 


The inaccuracy in f? is about 10%." At energies 
where w>y the term of Eq. (1) which contains the 
coupling constant goes as (w/u)(2/*/w). At high energies 
the uncertainty in Dy is +0.023(w/u)xX10~-" cm. At 
1 Bev this is an error of +0.18X10-" cm. Errors due 
to uncertainty in the values of D,(0) are considerably 
smaller. Errors due to uncertainties in the total cross 
sections are difficult to evaluate in a systematic way. 
\ Gaussian-like bump was deliberately added to the 
x*-proton cross-section curve between 300 and 450 Mev. 
Chis bump had a peak of 6-mb and joined the total 
cross-section curve smoothly at the end points. The 
bump produced deviations in D, of about +0.110-" 
cm in the perturbed region. The effect of the bump was 
negligible elsewhere. A similar bump with a 5-mb peak 
was added between 700 and 1200 Mev. This produced 
deviations in D, of +0.210~" cm only in the per- 
turbed region Based on the above results, we conclude 
that errors in D, introduced by uncertainties in the 
40.1% 10-8 


total cross sections are less than cm below 


2 Bev. 
Ill. DISCUSSION 


The general agreement between our result and 
Sternheimer’s‘ is good for D,. Our results for D_ reflect 
the structure of the r -proton total cross-section curve. 
This is expected since the general appearance of the 
D_ curve is sim 


section curve 


lar to the derivative of the total cross- 
The locus of the forward amplitude in 
the complex plane has the behavior of going through a 
counterclockwise rotation for each peak in the total 
Adair'® points out that this is quali- 
tatively the behavior of the scattering amplitude in 


cross section 


the region of a resonance. Thus each peak in the cross 
section is equivalent to a resonance or an isobaric state 
in the pion-nucleon system 


4 1058 Annual International Conference on High-Energy Physics 
at CERN, edited by B. Ferretti (CERN Scientific Information 


Service, Geneva, 1958), p. 45 
113, 338 


‘R. K. Adair, Phys. Rev 1959). 


D. Walker, and J 
ersity of California Radiation Labofatory Report UCRL-8302 (unpublished 


da* 
dQ 


Reference 


Ballam, Phys. Re 


The r2 -proton forwa 
is given by 


recent 
lable II 


300-Mev agreement 


This prediction is com] | wit! results on 
For r 


with 


x*-proton forward scattering in proton 
Eq. (2) 


is not sensitive 


scattering above 


igreement 
value of D_. The same conclusion holds 
700 Mev. The experiment of Willis 
with D* at 500 Mev. Experi- 
accuracy in extrapolating to 


shows only that D_ is small 
to the exact 
true for D 


does quantitatively agree 


above 


ments of a 
the re required to 
detect the presence of D, at energies in the Bev region. 


lew percent 
forward scattering cross section are 
The amount of i rence between the Coulomb 
nuclear amplitude is 
Above 500 Mev the 
Coulomb amplitude is essentially real 
small forward 
is the 
potential gives a positive 


scattering amplitude and 
sensitive to the value of 
and given at 
137(Ak . where Ak 
ittractive Coulomb 
3 shows the labo- 
cTOSS near 
proton scattering at 970 


0.83 10-" cm. 


angles by |} 2k 
momentum trans An 
igure 
ratory angular dependen the section 
the forward directio1 

Mev. At this energy D 
for D 0.00 is also shown for « 
of the presence ol D* is signifi 


2to 3 degree s. To 


A curve 
The effect 
the region from 


omparison. 


in experiment requires 


perform sucl 
angular resolution of the order of a few tenths of a 
degree. 

The values of Dy and oy, determine explicitly the 


optical model potenti for gh-energ\ pion-nucleus 
interactions.* The re proportional to the 
factor D=[ZD,4 At high energies the 
sum (D,+D f?, so that the 


uncertainty in the prediction the 


depend or rT yon 


is small. 


pote ntial 


The absorption and diffraction cross sections (o, and 


oa, respectively) for elements between Be and Ca have 
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D_=-0.83 xi0""'cm 
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Fic. 3. x~-proton differential elastic scattering cross section near 
the forward direction showing the region of Coulomb interference 
The curves are plotted in the laboratory system 


been measured for x~ at 970 Mev."*® Here the value of 
D is 0.41X10-" cm, which predicts the ratio of o4/o. 
to be about 10% larger than if D were zero. The ex- 
perimental data are consistent with a value of 
D=(1.0+0.4)x10-" cm. A careful experiment will 
have to measure o4/¢, with an accuracy of a few percent 
to check the dispersion relation prediction. 

Cool et al.* point out that measurement of the elastic 
charge-exchange cross sections in the forward direction 
is sensitive to the results of the dispersion relations. 
Assuming charge independence this cross section is 
given by 


do k \? 
- -(0)=4(D,-—D m44( ) {o,—a_)*. (3) 
Bed ex. 4r 


In regions where ¢,—o_ the cross section is dominated 
by the real parts of the amplitudes. Figure 4 shows the 
predicted forward charge-exchange cross section. The 


6 J. W. Cronin, R. Cool, and A. Abashian, Phys. Rev. 107, 
1121 (1957). 
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KINETIC ENERGY (Sev) 


Fic. 4. Differential cross section for elastic charge-exchange 
scattering in the forward direction as a function of incident pion 
kinetic energy in the laboratory. The cross section is expressed 
in the laboratory system 


cross section depends sensitively on the value of 
(D,—D_) in the energy ranges from 300 to 500 Mev, 
900 to 1300 Mev, and beyond 1600 Mev. Unfortunately, 
the uncertainty in the difference (D, — D_) is just twice 
the uncertainty in D, or D_ alone since the f* terms 
add when D_ is subtracted from D,. Nevertheless, 
since the total cross sections are well known, there are 
energy regions where the forward charge-exchange 
cross section depends only on (D,—D_). Measurement 
of these cross sections appears to be the most suitable 
method to detect the presence of real parts of the 
forward elastic scattering amplitudes at high energies. 
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he flux of primary cosmic-ray heavy nuclei has been measured with a sandwich of C-2 and G-5 emulsions 


near the island of Guam, magnetic latitude 4°N. The emulsions were exposed at about 101 000 ft for 7.3 
hours and the calculated fluxes at the top of the atmoshpere in particles/m?-sec-sr were found to be 
Li, Be, B (L nuclei) 0.26+0.05, 
C, N, O, F (M nuclei) 0.66+0.10, 
Z210 (7 nuclei) 0.37+0.09. 
This flight took place on February 12, 1957, about a year prior to the sun spot r 
is no evidence within statistical error for any changes in the composition of the 


INTRODUCTION the well-known diffusion equations were made to obtain 


— :' ralues at the t} sphere 
HE primary cosmic-ray charge spectrum has been the flux values at the top of the atmosphere. 


measured extensively by various investigators at 
geomagnetic latitudes between 30°N and the polar EXPERIMENTAL PROCEDURE 


regions'* and at depths ranging from 3 to 25 g/cm? A. Emulsion Stack for the Detection 
below the top of the atmosphere.’ ° Flux values extra- of Heavy Nuclei 
polated to the top of the atmosphere differ primarily 
in the values quoted for the abundance of Z nuclei The heavy nuclei utilized in this experiment were 
(Z=3,4,5) and are influenced probably by the variation detected in an emulsion stack consisting of 18 type G-5 
of the general solar activity.’ Ilford stripped emulsions, 4X4 inches, 400 microns 
Flux determinations near the magnetic equator have thick. In addition 6 type C-2 emulsions, 200 microns 
been given for M(Z=6,7,8,9) and H(Z210) nuclei>*® thick were placed in the second, fourth and sixth posi- 
but there is little information on the L(Z=3,4,5) tions from each end of the stack. The plane of the 
nuclei.’ emulsions was maintained vertical in a pressurized 
In the present work the charge distribution and flux aluminum container with wall thickness 0.35 g/cm’. 
The G-5 emulsions were processed in the usual 
manner; however, the C-2 plates were underdeveloped 
so that it would be possible to count grains for tracks 
as heavy as those due to iron nuclei. The C-2 emulsions 
were developed in a standard Amidol developer diluted 
to 2.5% of normal strength. The development was 
obtained with the C-2 emulsions. Corrections based on carried out at 7°C for 40 minutes. 


values were obtained near the geomagnetic equator 
(4°N). Resolution of particles with Z>3 was based on 
grain density measurements in underdeveloped C-2 
emulsions. Delta-ray measurements in G-5 emulsions 
were carried out but did not give nearly the accuracy 


* This work was supported in part by the National Science 
Foundation, the Office of Naval Research, and the U. S. IGY B. Exposure 
Project. 
1S. F. Singer, Progress in Cosmic-Ray Physics, edited by J. G. The emulsion stack was exposed by free balloon from 
Wilson (Interscience Publishers, Inc., New York, 1958), Vol. 3. roe " ‘ ees ome 
1M. V. K. Appa Rao, S. Biswas, R. R. Daniel, K. A. the vicinity of the island of Guam on Flight No. 739, 
Neelakanton, and B. Peters, Phys. Rev. 110, 751 (1958). (A Project EQUEX, on February 12, 1957. The rise time 
summary of previous work is given in this paper.) ¢ os . ¢ ) . ) 
:P.S Freier, EP Ney, andC. J Waddington, Phys. Rev. 113, of the balloon from sea level to 102 000 feet was 2.1 
921 (1959). ; hours and the flight time was about 7.1 hours at an 
*H. Aizu, Y. Fujimoto, S. Hasegawa, M. Koshiba, I. Mito, J. ayerage of 101 000 feet, where the mean average atmos- 
Nishimura, K. Yokoi, and M. Schein (private communication). ; ; 7 : a : 
*R. E. Danielson, P. S. Freier, J. E. Naugle, and E. P. Ney, pheric depth is 10.3 g/cm*. The time of descent was 
Phys. Rev. 103, 1075 (1956) 0.6 hour. 
*H. J. Taylor, M. Sitaramaswami, and P. N. Krishnamoorthy, ad : ; : 
Proc. Indian Acad. Sci. 36 (1952 The entire flight at altitude was at a geographic 
7D. Lal, Proc. Indian Acad. Sci. A38, 93 (1953 lati »of 12 4+0 eorees north o decrees magnetic 
*C. J. Waddington, Suppl. Nuovo cimemto 8, 518 (1958). aattta of 13.43 | degrees nor r4 legree Magner 
*W. R. Webber, Suppl. Nuovo cimento 8, (1958 north. 
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COSMIC-RAY HEAVY NUCLEI 


C. Scanning Techniques 


The entire surfaces of both outside emulsions of the 
stack were scanned by two observers using microscopes 
with a magnification of 250 diameters. All tracks were 


recorded which appeared to have an ionization greater ° 


than four times the minimum. Protons and alpha par- 
ticles producing high-energy jets were used to determine 
grain density limits and as a check on the plate orienta- 
tions during the flight. 

As a check on scanning efficiency one of the outside 
emulsions of the stack was entirely scanned by another 
observer. On the basis of this rescanning, the scanning 
efficiency was calculated to be 93%. 

As a result of the scanning, 800 tracks were found 
which had a dip angle in the emulsion less than 33.7° 
and appeared to have negligible multiple scattering in 
the first emulsion. Tracks were considered to be due to 
relativistic primaries if they could be followed through 
at least 12 emulsions with negligible change in track 
density and had angular deviation less than 2°. A total 
of 112 tracks met the above criteria. 


D. Charge Determination 


Determination of the charge of the heavy nuclei was 
made by grain density measurements in the C-2 and 
G-5 emulsions. Grain density saturation prevented 
reliable charge calibrations beyond Z=3 in the G-5 
emulsions, but grain density measurements in the C-2 
emulsions could be carried out up to at least Z= 26 as 
can be seen in Fig. 1. Fragmentation of one heavy 
nucleus made it possible to get good cross calibration 
of tracks in the C-2 and G-5 emulsions for a charge as 
low as Z=2. 

The charge calibration for tracks due to particles 
with 3<Z<8 was obtained from the tracks of slow 
protons stopping in the C-2 emulsions. This calibration 
was carried out in the manner described by Appa Rao 
et al.? The calibration for Z>8 was obtained from the 
fragmentation of heavy nuclei. The resulting charge 
calibration relations can be seen by the inspection of 
Fig. 1. As a check on the calibration, delta ray and gap 
counts were made on many of the tracks. While these 
determinations were in agreement with the grain density 
measurements, in this experiment the grain density 
method was much more accurate and was used for all 
charge assignments. In some cases it was difficult to 
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Fic. 1. Grain density distribution of heavy nuclei. 


AT GEOMAGNETIC EQUATOR 


Tas. I. Time-altitude relation for the balloon flight. 








Average elevation 
of balloon 

in g/cm? 

Time spent 

at the average 
elevation (hours) 


395 261 170 12.0 104 10.2 


0.17 O17 O17 O17 50 0.33 





find the Z=3 tracks in the C-2 emulsion and charge 
assignments were made from the G-5 emulsions. 


CHARGE DISTRIBUTION AND FLUX 
DETERMINATION 


In Fig. 1 the histogram gives the grain density distri- 
bution of all tracks found and ascertained to be high- 
energy multiply charged particles with atomic numbers 
greater than two. The atomic number assignments are 
given at the top of the figure. This distribution repre- 
sents the flux of particles at an average elevation 
corresponding to 10.3 g/cm? of residual atmosphere. 

The flux of primary cosmic-ray heavy nuclei at the 
top of the atmosphere of the earth was determined from 
certain tracks selected from the distribution in Fig. 1. 
The tracks utilized in this determination had zenith 
angles less than 60° and dip angles less than 33.7°. 

The conventional notation of L nuclei (Li, Be, and B), 
M nuclei (C, N, O, and F), and A nuclei (Z> 10) will 
be used to designate the convenient grouping of heavy 
nuclei. 

The flux calculation was carried out by the method 
described by Bradt and Peters. The fragmentation 
probabilities Py:=P#_=0.25 were used in agreement 
with the observations of Freier, Ney, and Waddington.’ 
The collision mean free paths in air for L, M, and H 
nuclei were taken to be 33, 30, and 22 g/cm’, respec- 
tively. To avoid errors arising from the finite rise time 
of the balloon to its ceiling elevation, a numerical 
integration of the flux was carried out over the time 
intervals listed in Table I. 

Using the procedures outlined above, the calculated 
fluxes at the top of the atmosphere are given in the 
first row of Table II. The flux values obtained by other 
workers in experiments near the equator are included 
in Table II. 

The abundance of the various elements in the heavy 
nuclei component is shown in Fig. 2. This distribution 
represents the abundance at an average elevation of 
10.3 g/cm*; however, the Li, Be, and B due to frag- 
mentation have not been included. Thus, the distribu- 
tion in Fig. 2 is very close to that at the top of the 
atmosphere. 

, CONCLUSIONS 


It has been noted by Waddington” and Peters* that 
there are more than likely serious errors in a great deal 
of the data on the charge calibration of the heavy nuclei, 


” C. J. Waddington, Phil. Mag. 2, 1059 (1957). 





KERLEE, KRIENKE, 


LORD, AND NELS 


TABLE II. Fiux of heavy nuclei near the equator 


Magnetic cut- 
off in Bev 
per nucleon 


Experiment Date 


~ 


Present work 
Waddington* 
Webber?” 
Lal® 

Taylor* 
Danielson‘ 


February, 1957 
February, 1957 
February, 1957 


— = 


Fall 1950 
September, 1953 


Ans ss 


~~ 


¢ See reference 7 
4 See reference 6 


* See reterence 8 
+ See reference 9 


particularly in the region around C, N, and O. In this 
experiment a charge calibration error of one half unit 
of atomic number would change the flux values in 
Table II by amounts less than the statistical errors. 
However, as can be seen through inspection of Fig. 1, a 
half unit error in charge calibration would produce 
serious changes in the charge distribution given in 
Fig. 2. j 

It was of interest in this experiment to determine if 
the ratio of the flux of Z to M nuclei was a function of 
the energy of the heavy nuclei. As shown in Table II, 
L/M in this experiment is 0.39+0.10 at the top of the 


J 





Fic. 2. Charge 
distribution of heavy 
nuclei. 








L H 
(Li, Be, B) ’ Z>10) 


0.26+0.05 0.66+0.10 
0.95+0.11 


02+0.26 


0.37+0.09 
0.35-+0.08 
0.52+0.17 
0.25-40.06 
0.33+0.08 
0.214+0.05 


0.44-+0.19 

. 3 +025 
45+0.30 
+ 0.06 


] 
1 
1 


0.68 


atmosphere. The measured value of L/M at an atmos- 
pheric depth of 10.4 g/cm? was 0.59 which is in agree- 
ment with Webber’ at the same 
latitude. Comparison of the results of this experiment 
and that of Webber® can be made with observations 
corresponding to lower energy through inspection of the 
results shown in Fig. 3 of the paper of Appa Rao et al.” 
Although the statistical uncertainties in the measured 
values of L/M are large, it appears that the values at 
\=4° are about 40% higher than those at 41°. A 
value of L/M of 0.35 implies a traversal of about 4.5 
g/cm? of interstellar hydrogen." The above 40% in- 
crease would imply a traversal of about 0.8 g/cm? of 
hydrogen while the energy of the heavy nuclei increases 
from 1.5 to 7.6 Bev per nucleon 


the observation of 
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The inelastic electron-deuteron scattering cross section has been measured for incident electron energies 
between 300 Mev and 650 Mev and for final electron energies primarily at the maxima of the inelastic 
continua. The data were interpreted in terms of neutron form factors by employing the impulse approxi 
mation calculations of Goldberg. The results indicate that F;,? is nearly equal to the proton form factor 


Ff for 2.65<¢<15.1 (fermi) 


* but may be 20% or 30% higher than F,? for the lowest of these g values. 


Uncertainties, primarily in the theory, make it impossible to determine whether the difference is real. 


The results also indicate that —2.5<F\./Fo.< 


I. INTRODUCTION 


bl is possible to learn about the electromagnetic 
properties of the neutron by scattering high-energy 
electrons from deuterium and by detecting those elec- 
trons which have scattered after breaking up the 
deuteron into free nucleons. In this experiment, atten- 
tion was directed to the peak of inelastic continuua 
measured as a function of final electron energy, for 
incident energies between 300 and 650 Mev. In addition, 
a few measurements were made of the cross section for 
essentially all final electron energies corresponding to 
deuteron breakup, in order to compare the shape of the 
cross-section curve with the theory of Jankus' for low 
values of the four-momentum transfer gq. 

Yearian and Hofstadter? have previously measured 
the cross section for deuteron breakup for incident 
electron energies of 500 and 600 Mev. The cross 
sections, integrated over final electron energies, wer¢ 
interpreted in terms of the theories of Jankus' (with 
modifications described in reference 2) and of Blanken- 
becler.? The cross sections for final electron energies at 
the maximum were interpreted in terms of the modified 
Jankus theory.? In the analysis, the above authors 
assumed F,,?=0 and determined F;2,?. They found that 
F,,2 was about the same as F,?, the proton form factor‘ 
squared, and that an exponential density distribution 
with a rms radius of 0.76+0.1 fermi led to a form 
factor which agreed with their data. 

In the present work the data are considerably im- 
proved and the analysis was done with the aid of the 
impulse approximation 
Initially, F;, was assumed to equal zero in order to 
find F;,?. Upper limits were also placed on Fi,/F 2, by 


calculations of Goldberg.® 


* Supported by the joint program of the Office of Naval Re 
search, the Atomic Energy Commission, and the Air Force Office 
of Scientific Research 

t Now at Boeing Scientific Research Laboratories, Boeing 
Aircraft Company, Seattle, Washington. 

'V. Z. Jankus, Phys. Rev. 102, 1586 (1956) 

2M. R. Yearian and R. Hofstadter, Phys. Rev. 110, 552 (1958); 
111, 934 (1958). 

* R. Blankenbecler, Phys. Rev. 111, 1684 (1958) 

*See R. Hofstadter, F. Bumiller, and M. R. Yearian, Revs 
Modern Phys. 30, 482 (1958), for a review of the experiments on 
the proton. 

* A. Goldberg, Phys. Rev. 112, 618 (1958). 


0.5 for $.1<¢<12.8 f* 


making measurements at both large and small angles 
with the incident energy adjusted to give the same 
value of g. 


Il. THEORY 


Goldberg® used the impulse approximation to calcu- 
late the cross section, thus assuming it to be the sum 
of the cross sections for two free nucleons with a 
momentum distribution derived from a *S deuteron 
ground-state wave function. The nucleons were also 
assumed to be unbound in the final state. Since then, 
Goldberg has extended the calculation to include the *D 
state as well.* The values of do/dQdE’, where E’ is the 
final electron energy, for E’ taken at the maximum of 
the inelastic continuua were within 6% of those pre- 
dicted by the modified Jankus theory. Goldberg’s 
expression for the cross section included the integrals 


Z 


I f éF Z( pide, 
t 


, 


and 


I f FA (pide, 


h 


where p is the relative momentum of the nucleons in 
the deuteron, ¢ is the relativistic energy corresponding 


to p, 
wo | 4M*?\ > 
saa fe MYT, 
2 2 h'¢ 


go is the time-like part of g, q is the vector spatial part, 
M is the nucleon mass, 


u(r) jo( prirdr, 


u(r) is the radial S-state deuteron wave function with 


* A. Goldberg (private communication). 
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832 s. 


normalization such that 
* 


xf u*(r)dr=1, 
0 


and jo is the zeroth order spherical Bessel function. 
When the deuteron D state is included, the sole changes 
are to replace the integrals above with 


hh= f eLF.2(p)4 


b 


1/\/8)F u(p)F o(p) 
+ (9/32)F .?(p) \de, 
I,= f LP + (1/8) PF uF wt (9/32) F 7 \de, 
b 


I; f (FF? + (1/+/8) FF e + (9/32)F,,? |de, 
b 


where 


2\! 7” 
F ,(p) ( ) fr intorrar, 


and where w is the radial D-state deuteron 


function and the normalization is now such that 


wave 


0 


ix f [ u?(r)-+-w*(r) jdr=1. 


Goldberg has also shown that the peak cross section is 
proportional, within about 3%, to the sum of the 
Rosenbluth’ cross sections for electron scattering from 
a free neutron and a free proton. He also showed that 
the deuteron dependence in the peak cross section was 
primarily multiplicative and independent of incident 
electron energy and other such parameters. 

Goldberg’s complete expression for the cross section 
was used by the present author to calculate the peak 
cross sections on an IBM 650 computer for three 
different wave functions: 


(a) The Hulthén® S-state wave function, 

(b) The Rustgi® S-state wave function, 

(c) Analytic approximations to the Gartenhaus® S- 
and D-state wave functions. The S-state approximation 
of case (c) was one constructed by Moravesik," while 
the D-state approximation was constructed by the 
present author and designed to simplify the calculation 
of F,. The ratios of the peak heights with these three 
wave functions were 1,00:1.02:0.98, respectively. The 


™M.N. Rosenbluth, Phys. Rev. 79, 615 (1950) 

*The Hulthén wave function was that used by Jankus. See 
reference 1 

*M. L. Rustgi, Rev fis. 6, 135 (1957) 

”S. Gartenhaus, Phys. Rev. 100, 900 (1955) 

"M. J. Moravesik unpublished). However, see M. J 
Moravesik, Nuclear Phys. 7, 113 (1958), for similar approxi- 
mations. 
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terms in J;, J», J; involving w produced negligible 
contributions to the peak height in case (c). 


A calculation was also made of the complete spectrum 
at 500 Mev, 60°, for the Gartenhaus wave functions 
and compared to that for the Hulthén wave function. 
The result is shown in Fig. 1. Also shown is the result 
of a calculation including all but the first term in each 
of J;, Js, Js, using the Gartenhaus wave functions in 
order to show the D-state contributions. 

The uncertainty in the peak cross sections is thus 
about 2% due to the uncertainty in the deuteron wave 
function. In the present 
function was used. 

Other uncertainties in the theoretical peak cross 
section result from the neglected final-state interaction, 


analysis, the Hulthén wave 


neutron-proton interference terms, and meson-exchange 
contributions. Durand” has estimated that at 500 Mev, 
75°, there may be a 5 or 10% contribution from the 
first and 1 or 2% from the third. For no final-state 
interaction, the interference terms are less than 1% as 
calculated from a semirelativistic expression for the 
cross section given by Durand, although these terms 
will probably be larger with a final state interaction. 

The conclusion is that if Durand’s calculations are 
taken seriously the theoretical peak cross section (at 
500 Mev, 75°) is in doubt by 5 or 10%, and since the 
peak section is proportional to the sum of the elastic 
neutron and proton cross sections, it will be seen that 
the error in the experimental neutron cross sections of 
this work may be from 3 to 6 times as large. 


Ill. EXPERIMENTAL APPARATUS AND PROCEDURE 


The apparatus was largely that used in previous 
electron-scattering experiments." The peak-height data 
were taken a liquid target a radiation 
length only about 4 of that previously used,’ so the 
radiation 
resolution 


with having 


Over-all 
were 


smaller. 
figures for these data 
necessitating resolution 
data but the elastic hydrogen normalizing 
data reasonably insensitive to instrumental fluctuations. 
Absolute 


measuring the elastic 


corrections are energy 


about 24% 


corrections to the deuteron 


rendering 
cross sections were made possible by 
each 
incident electron energy and scattering angle and 
normalizing with the calculated proton cross section 
using the exponential model of radius 0.8 f shown to be 
valid by Chambers and Hofstadter and by Hofstadter, 
Bumiller, and Yearian.4 Instrumental errors were 
minimized by measuring both the deuteron and proton 
data during the same The statistical accuracy of 
the deuteron data 2 and 3% 


although a low counting rate and large x~ backgrounds 


proton cross section at 


runs 


was usually between 


at a couple of the points produced larger uncertainties. 
The relative accuracy of the proton data was judged to 
2. Durand, ITI, Phys. Rev. 115 
4 R. Hofstadter, Revs. Modern Pt 


1020 (1959). 


ys. 28, 214 (1956). 
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Fic. 1. Impulse approximation 
calculations of the cross section at 
500 Mev, 60°, using Hulthén and 
Gartenhaus wave functions (left- 
hand ordinate axis). The D-state 
contribution for the Gartenhaus 
wave function is also plotted 
(right-hand ordinate axis). 
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be about 3% although the standard deviations calcu- 
lated from the number of counts were between 1 and 
2%. The proton data were useful only for normalizing 
purposes since no attempt was made to maintain 
counting efficiencies independent of incident energy and 
scattering angle. 


IV. CORRECTIONS TO THE DATA 


The radiation corrections were calculated using the 
following energy spectrum for electrons which radiated 
before and after scattering from a nucleon: 


(149s) sEoy 
»(Eo,Es,E’)dE’ = ( —) EE 
P(y+y +1) \ Bo! 


1 1 EB; 2 
(Ea Ee | ( *) Joces 
2 2 | OP 
1 17£,* 
+y| +-(—) fies fax 1 
Ey 


where Eo is the initial electron energy and Fy’ is the 
corresponding fina! energy for elastic scattering, F; is 
the initial energy corresponding to an elastic peak 
at Eo'—(E,—E’), E’ is the final electron energy, 
$= (2a/x)[In(hg/mc)— 4] where m is the electron mass, 
y=bx+s where 6=1/0.739T and T is one radiation 
thickness of the target medium, + is the target thickness 
in cm before scattering, y’ = bx’+s where x’ is the target 
thickness after scattering. The origin of Eq. (1) is 
given in the Appendix. It combines the probabilities 
for radiation in the target medium before and after 
scattering with the probability for radiating at the 
time of scattering. The latter results from the Schwinger 
correction" and wide-angle bremsstrahlung formula.'® 


“J. Schwinger, Phys. Rev. 75, 899 (1949). See also, D. R 
Yennie and H. Suura, Phys. Rev. 105, 1378 (1957). 
‘*W. K. H. Panofsky and E. A. Allton, Phys. Rev. 110, 1155 
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Equation (1) is precise in the limit of small energy 
losses and is accurate to about 10% for energy losses 
of half of the incident energy. The elastic proton peaks 
were measured only for energies down to 0.952,’ and 
the remaining cross section was calculated by letting 
E4= Eg in Eq. (1) and integrating for E’ between Eo’ 
and 0.95’. The radiation corrections to the deuteron 
peak-height data were calculated by a method equiva- 
lent to evaluating the integral 


Eo da 
vin( Eo, E’ dE’ att f ( Jeo Bak dE (2) 
RE’ didi, 


where £’ is equal to the energy at the cross-section 
maximum and »;,(£»,é’) is the observed cross section 
(neglecting other than radiative corrections). Equation 
(1) was also used to calculate the magnitude of the 
radiative tail of the elastic deuteron peak at the 
inelastic maximum ; this tail was found to be negligible. 
The radiation corrections to the complete deuteron 
spectra were calculated by using a numerical procedure 
which yielded d’¢/dQdE, of Eq. (2) for any £, in the 
spectrum. The correction applied to the peak-height 
data was the ratio of the correction for the deuteron 
peak to that of the proton peak. This ratio varied 
between 1.035 at 350 Mev, 60°, and 0.980 at 300 Mev, 
135°. Individually, the proton peak- and deuteron peak- 
height corrections were between 15 and 20%, 

A negative meson background was observed and 
was calculated by multiplying the measured #* counting 
rate by the x~/x* cross-section ratio,'*"” and then was 
subtracted from the data. Energy resolution corrections 


varied between 1.3% at 500 Mev, 135°, and 5.9% at 


(1958). These authors used integrals evaluated in L. I. Schiff, 
Phys. Rev. 87, 750 (1952). 

6M. Sands, J. G. Teasdale, and R. L. Walker, Phys. Rev. 95, 
592 (1984). See also K. M. Watson, J. C. Keck, A. V. Tollestrup, 
and R. L. Walker, Phys. Rev. 101, 1159 (1956). 

17 G. Neugebauer, W. D. Wales, and R. L. Walker, Phys. Rev. 
Letters 2, 429 (1959 
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Fic. 2. Experimental cross 
section at 350 Mev, 60°, compared 
to the modified Jankus theoretical 
curve “Unfolded Experi- 
npr ote mental’’ is the radiation-corrected 

T . experimental curve. The Jankus 

NFOLDED EXPERIMENTAL -< 5 . theoretical curve is normalized to 

the latter at the maximum. These 

EXPERIMENTAL two curves do not include the 
elastic peak at the right on the 


experimentai curve 


——-—— JANKUS THEORETICAL NORMAL 
TO UNFOLDED EXPERIMENTAL 
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FINAL ELECTRON ENERGY (MEV) 


500 Mev, 60°, and were applied to the peak-height data. hydrogen was taken into account in normalizing the 
Angular resolution corrections were unnecessary be- data. The proton contaraination of the deuterium was 
cause calculations showed that they cancelled with found to be between 0.4 and 0.5% by mass spectro- 
negligible error in the ratio of deuteron to proton Cross graphic analysis and becat this a 1% correction 
section, Counting rate corrections to account for the was made to the peak-heig ita. A correction of up 
fact that the counting apparatus could record no more’ to 5% was applied the complete spectrum at 600 
than one count per incident beam pulse were applied Mev, 55° to correct for the variation in effective solid 
and were always less than 6%. The larger corrections angle of the spectrometer at the large values of magnetic 
occurred at smaller angles. The usual correction was field where a certain amount of saturation occurs. 


applied accounting for the fact that the spectrometer The total uncertainty in the peak cross section 


dispersion is a function of the energy. The difference resulting from the ainty of the corrections is 
between the atomic densities of the deuterium and the probably no more 


JANKUS THEORETICAL NORMALIZED 
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Fic. 3. Experimental cross section at 500 Mev, 45°, compared to the 
“Unfolded Experimental” is the radiation-corrected experimental curve. The Jankus the 
to the latter at the maximum. These two curves do not include the elastic peal 
curve 
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Fic. 4. Experimental cross 
section at 600 Mev, 55°, compared 
to the modified Jankus theoretical 
curve. The “Unfolded Experi- 
mental” is the radiation-corrected 
experimental curve. The Jankus 
theoretical curve is normalized to 
the latter at the maximum. These 
two curves do not include the 
elastic peak at the right on the 
experimental curve 
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The radiative corrections produced larger errors in 
the complete spectra than in the peak-height results 
because of errors in the numerical method and errors 
in Eq. (i) for large radiative energy losses. The cor- 
rections are accurate to about 2 or 3% for points near 
the maxima and on the high-energy sides of the maxima. 
For points at lower energies, the accuracy becomes 
increasingly poor. Points with counting rates higher 
than 20% of the maxima have errors less than about 
10% but the errors may be as large as 50% in the 
low-energy tails. No absolute were 
deduced from such data. The complete curves are used 
only to compare their spectral shapes with those 
predicted by the Jankus theory. 


cross sections 


V. EXPERIMENTAL DATA AND ANALYSIS 


Figures 2, 3, and 4 show three inelastic spectra, two 
of which are at lower g values than those reached by 
Yearian and Hofstadter. The 350 Mev, 60°, curve was 
measured with the new target, while the other two were 
measured with the old target. These data have somie- 
what larger statistical errors than the peak-height data. 
The curve at 600 Mev, 55°, has about the same half- 
width as all those measured by Yearian and Hofstadter. 
The experimental curves were drawn by eye through 
the data points, which had received all corrections 
except the radiative correction. A rough subtraction of 
the elastic data was then made and the radiative 
corrections applied to the remainder, resulting in the 
unfolded experimental curves. These curves are rather 
inaccurate in the region of the elastic peak because of 
the low resolution and the crudeness of the subtraction. 
The theoretical curves were calculated on an IBM 707 
computer by R. Herman from the modified Jankus 
theory.2 The theoretical and unfolded experimental 
curves are normalized together at the peak in order to 
facilitate comparison of the spectrum shapes. It is seen 
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that, for the low ¢g values, the agreement is reasonably 
good. As g increases, however, the experimental curves 
become wider than the theoretical ones so that the 
unfolded curve at 600 Mev, 55°, is about 5 Mev wider 
than the theoretical. Some of the discrepancy in width 
would be removed if comparison had been made with 
the impulse approximation calculations.® Also, inclusion 
of the final-state interaction would widen the curves 
somewhat although the effect is expected to diminish 
as q increases. 

The experimental! full widths at half maximum are 
seen to vary from about 28 Mev at 350 Mev, 60°, to 
about 44 Mev at 600 Mev, 55°, while the unfolded 
experimental widths vary from about 25 Mev to 39 
Mev. 


Tas.e I. Experimental values of the deuteron cross section at 
the maxima of the inelastic continua. The uncertainties given 
are statistical 


Pa /dQ4E) max X10" Uncertainty 
(%) 


Energy 
(Mev) 


Angle 

deyrees ) (cm*/sr Mev) 
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500 
500 
550 
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600 
0 
(0 
0 
600 
0 
650 
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$ 135° POINTS 
§ SMALL ANGLE POINTS 
—— "BEST FIT” FOR 
. 135° POINTS 
~~-= EXPONENTIAL MODEL 
WITH RADIUS 
| *0.6x10 CM 











ee / is cm® 


Fic. 5. F,? assuming F,,=0. The triangles refer to the small 
angle points, and the circles refer to the 135° points. The dotted 
line represents / ,? and the solid line is a line drawn by eye through 
the 135° points for interpolation purposes. 


The results of the peak-height measurements are 
given in Table I. The uncertainties quoted are sta- 
tistical. An additional uncertainty is introduced by the 
10% possible error in the calculated proton cross sec- 
tion‘ used to normalize the data. It is believed that all 
other uncertainties associated with this experiment do 
not total more than about 3%. 

The data were first analyzed assuming F,,=0 and 
the results are shown in Fig. 5 and Table II. We see 
that F;,” is about equal to F,? for the large g values 
but appears to be 25 or 35% larger than F,? at the 
low q values. It is impossible at this time to tell whether 
this difference is real for several reasons. An increase 
of about 6 or 8% in the theoretical cross section at low 
q values would remove the difference. The calculations 
done to date by Durand” and by Jankus' indicated 
that the corrections due to final state interaction would 
decrease the cross section, and if this is actually the 
case, the difference between F2,? and F,? would become 
even greater. However, the calculations probably are 
too rough to prec lude an increase in the cross section 
due to final state interaction. 


(¥2+ (A%g?/4M22)[2(¥+Ka)? 


R 
{¥2+ (#2g?/4M22)[2(¥ +K,)? 


where M is the nucleon mass and A, is the neutron 
magnetic moment in nuclear magnetons. F2,? for 0; was 
interpolated via the solid line connecting the 135° 
points in Fig. 5. Figure 6 shows the values of Y resulting 
from solving Eq. (3) for Y. The values of Y at the 
theoretical minimum of R were chosen when the 
experimental values of R led to an imaginary Y. 


tan*(6, 


Tasre II. Experimenta! values of the 
factor squared. The 


neutron magnetic form 
certainties are statistical. 


Energy 


Angle Uncertainty 
(Mev) Y 


degrees ) m™? F 3, (%) 


300 0.580 15 
300 0.479 13 
350 782 
350 5 348 
425 2 250 
450 7 0.198 
500 5 0.498 
500 5 Os 516 
500 5 134 
550 295 
550 153 
550 5 117 
600 351 
600 7 329 
600 0.199 
600 75 0.199 
600 0.196 
600 35 0.111 
650 0.147 


Another uncertainty results from the unknown 
magnitude of F;,. However, the limits placed on Fi, 
by the elastic scattering experiments of McIntyre et al."* 
and by the neutron-electron interaction experiments” 
show that this error is only about 2% in F;,7 at P=3 fF, 
4% at P=5 f* and 9% at ¢@=8 f. 

Also, the uncertainty in the calculated value of the 
proton cross section produces an equal uncertainty in 
the measured values of F2,”. Thus there are several 
possible sources of error in F,,?, the primary one 
corresponding to a theoretical uncertainty. The aggre- 
gate error could be large enough to remove the difference 
between F;,? and F,.. 

As Fig. 5 indicates, data were taken at both small 
angles (60°, 75°, and 90°) and at a large angle (135°). 
From the values of F2,? deduced from a small angle 
point and a large angle point at the same value of gq, 
it is possible to determine F;,/F:, for that value of q. 
Since Goldberg has shown that the peak cross section 
is nearly proportional to the sum of the free neutron 
and proton cross sections, this value of Fi,/F2, can be 
found simply by using the Rosenbluth formula and 
the values of F:,” in Fig. 5. If Y=F,/F2, and R is the 
ratio of F:,7 for the small angle 8, to that for the large 
angle @,, then 


2)+K,7])[2 tan?(@,/2)+1 


tan?(0,/2)+K,,* |}[.2 tan*(@,/2)+1 


The sensitivity of this experiment to Fi./F 2. is low 
and any limits to be set on F;,/F2, are rather large. 

18 J. A. McIntyre and R. Hofstadter, Phys. Rev. 98, 158 (1956); 
J. A. McIntyre, Phys. Rev. 103, 1464 (1956); J. A. McIntyre 
and S. Dhar, Phys. Rev. 106, 1074 (1957); and J. A. McIntyre 
and G. R. Burleson, Phys. Rev. 112, 1155 (1958). 

1% For a summary of the theoretical aspects and experimental 
re sults, see L. I. Foldy, Revs. Modern Phys. 30, 471 (1958). 
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However, the values of g at which it is possible to make 
measurements are larger than those of the more sensi- 
tive elastic scattering experiments of McIntyre et al."* 
The points of Fig. 6 would not be shifted significantly 
by a change in the theoretical cross section which was 
of the order of 5% or less and which was independent 
of energy and angle or was primarily a function of q 
alone. Also, the validity of the assumption that the 
contributions from F;, and F2, to the deuteron peak 
height have the Rosenbluth angular dependence with 
negligible error was checked by substituting the meas- 
ured values of F;,/F 2, back into the complete expres- 
sion given by Goldberg for the peak cross section and 
the original data was reproduced. 


VI. CONCLUSIONS 


The conclusions to be drawn from the peak-height 
data are the following: 


(a) There is an apparent small difference between 
F,,* and F,? although the difference could be removed 
if various errors, primarily theoretical, were near their 
presumed limits. 

If the difference is real, the implication is that the 
apparent nucleon size is not a manifestation of the 
breakdown of quantum electrodynamics at these 
distances. 

(b) The measured values of F;,/F 2, indicate that for 
@<12.8 f*, Fin/Fon lies between limits of +0.5 and 
—2.5. 
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APPENDIX 


The Bethe-Heitler formula” for the bremsstrahlung 
cross section leads to the probability that a high-energy 
electron will lose a fractional energy \ due to emission 
of a photon while passing through a low-Z medium of 
thickness dx cm: 


w,(d)dA=bdA" (1 —A+-4*)drdz, 


where 6 is a constant depending only on the medium. 
For a small but finite thickness x, this expression must 
be moditied to give 


w,(d)dd=[d*/P (bx +1) (bx) (1—A+92)AA. (Al) 


Terms of order (bxA) and (bx)? have been neglected 
in this expression, which is deduced by an argument 
similar to one given by Heitler.” 

The probability that an electron will lose a fractional 
energy \ due to photon emission at the time of scattering 
is calculated, for the case of small \, from the Schwinger 
correction to be (in a form analogous to (A;)) 


w()dd& (14 $5)/T(s+1)sredd. (A2) 


This expression must be applied twice, for photon 
emission corresponding to electron energies both before 
and after scattering. For large A, an expression for the 
probability of wide angle bremsstrahlung must be 
used,’ i.e., 


w,(d)dd= sh*(1—A+ 4rd. (A3) 


Equations (A2) and (A3) can be incorporated into one 
as follows: 


w,(A)dd=[ (1+ }s)/T(s+1) ar ts(1—A+4a*)dr. (A4) 


For small A, this reduces to Eq. (A2) and is equal to 
Eq. (A3) within a few percent for large X. 

The net probability for a fractional energy loss \ due 
to radiation both in the target medium and at the 
time of scattering is then 


. A—Ay dy, 
w,(A)dA af Que, — )— ~ 
6 1—A,71—vA, 


[ (14+ 3s)/P(bx+-s+1) rer 
x (bx+s)(1—-A+4M ) A, 


where, for simplicity, we have let the coefficient of »” 
in the parentheses of Eq. (Al) be equal to that in 
Eq. (A4), with negligible error for the conditions of 


”™W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, New York, 1954), 3rd ed., p. 249. The contri- 
bution from the atomic electrons has approximately the same 
functional form so this is included in the constant 6. See H. A. 
Bethe and J. Ashkin, Experimental Nuclear Physics, edited by 
2. Segre (John Wiley & Sons, Inc., New York, 1953), Vol. I, 
p. 263 


mW, Heitler, reference 20, p. 378. 
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this experiment. Terms similar to those neglected in 
Eq. (A1) have also been neglected here. 

If we let w,,(A)d\=w(E;,E2)dZ>, corresponding to 
an electron energy / before radiation and EZ, after 
radiation, then the probability that an electron of 


initial energy /» will have an energy £’ after radiating; 
g) g) 


scattering, and again radiating will be 


Eo pBo 
v( Eo, EF’ )dE’ ar’ f ( w(Eo,E; 
Jp! By 


Xo(E,,Es)u ri E.,E’ \dEydE», (A5) 
where o(£,£2) is the theoretical scattering cross section 
for electrons of initial energy /, and final energy F2 
and w and w’ are the probabilities for radiation before 
and after scattering, respectively. 
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For an elastic section, o(F),E2) is a delta 
function and the integrals of Eq. (A5) can be evaluated 
approximately to yield Eq. (1) of the text if Z, in that 
equation is replaced by /’. Again, terms of the same 
order as those neglected in E 
Eq. (1), in addition to terms depending on (£o— E;) 
but which were considerably smaller than those that 
were retained. 


If o( £;,E2), as a the tical ine 


is considered to be a 


cross 


q. (A1) were neglected in 


lastic cross section, 
f many delta functions 
(elastic cross sections), Eq 2 f the text results, 
where the summation has been replaced by the integral 
[r cing Eq. (2), it 


assumed that the shape of 


sign of that expression was 


a function of FE, 
with fixed £; does not rhis assumption 


rives adequate accuracy 
| 
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An attack is made on the problem of determining the asymptotic behavior at high energi 


gics 


of the Green's functions of quantum field theory, using new mathematical methods from th 
variables. We define a class A, of functions of m real variables, whose asymptotic behavior 1 
in a certain manner by means of certain ‘asymptotic coefficients.”” The Feynman integrands 


theory 


with energies taken imaginary) belong to such classes. We then prove that 


asymptotic coefficients are satisfied then an integral over & of the variables converg 


class A n 


» with new asymptotic coefficients simply related to the old ones. Wher 
theory this theorem validates the renormalization procedure of Dyson and Salan 


p 


ized integrals actually do always converge, and provides a simple rule for cak 
havior of any Green’s function to any order of perturbation theory 


I, INTRODUCTION 


N many respects, the central formal problem of the 
modern quantum theory of fields is the determina- 
tion of the asymptotic behavior at high energies and 
momenta of the Green’s functions of the theory, the 
vacuum expectation values of time-ordered products. 
Complete knowledge of the asymptotic properties of 
these functions would allow us to test the renormal- 
izability of a given Lagrangian, to count the number of 
subtractions that must be performed in dispersion 
theory, etc. We shall attack this problem from a rather 
new direction, which allows a solution in perturbation 
theory, and which provides an analytic tool that may 
prove useful in solving the problem in the exact theory. 
One might hope to find a solution either kinematically, 


using only assumptions of covariance, causality, etc., or 


* Supported in part by the United States Atomic Energy 
Commission. 

t Present address: Lawrence Radiation Laboratory, University 
of California, Berkeley, California. 


dynamically, by using the field equations that actually 
determine the Green’s functions. The first method has 
been successfully applied to the 2-field functions, the 
particle propagators, and yields the result that the true 
propagators are asymptotically “larger” than the bare 
propagators.' Howeve a because the theory of several 
complex variables is so difficult and incomplete, this 
approach seems unpromising for expectation values of 
three or more fields 

we would eventually 


For this reason, and also because 
like to obtain renormalizability 
conditions on the Lagrangian, we propose to attack the 
problem on the dynamical level 

Now, what are the equations that, in principle, would 
determine the Green’s functions. In perturbation theory 
we know that the Green’s functions appear as multiple 
integrals, the integrand be 
the Feynman rules. In 
Green’s functions are 
but with integrands 


1g constructed according to 
a nonperturbative approach the 
again given by multiple integrals, 
that themselves depend on the 


1H. Lehmann, Nuovo cimento 11, 342 (1954 
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Fic. 1. Diagram of the asymptotic behavior of the function 
{(p’,p") used as an example in Sec. II. The coefficient a is —3 
for the entire plane, and —3 for every line in the plane except the 
two dashed lines. The “‘self-energy” =(p’) is calculated by inte 
grating /(p’,p’") along the vertical dotted line. It is the interse« 
tions of this line with all other lines in the plane, and with the 
plane itself, that determines the asymptotic behavior of =(p’) ac 
cording to (IIT-12) 


Green’s functions. In either case, it is clear that we need 
a theorem that would give general rules for the asymp- 
totic behavior of functions defined as multiple integrals. 
Furthermore, for application to the nonperturbative 
integral equations, we would like these rules to be given 
solely in terms of the asymptotic behavior of the 
integrand, and no other properties. 

Such a theorem is presented in Sec. III, and proven 
rigorously in Sec. IV. The theorem states that if the 
asymptotic behavior of a function of nm real variables 
may be described in a certain manner by a set of 
“asymptotic coefficients,” then the integral over any 
subspace of these variables may be similarly described, 
with new asymptotic coefficients that may be deter- 
mined as functions of the old ones. 

The theorem proven turns out to be extremely useful 
in perturbation theory. It gives a simple rule that allows 
one to read off the asymptotic properties of any dia- 
gram, by noting the “connectivity” properties of the 
graph, providing that we can rotate energy contours in 
the usual way. The asymptotic behavior so obtained is 
just right to guarantee the basic assumption of the 
Dyson-Salam renormalization method, that a multiple 
integral converges if it is “superficially” convergent, and 
if all sub-integrations converge. This theorem, therefore, 
completes the proof of renormalizability in perturbation 
theory, for it tells us that the subtractions made ac- 
cording to the Salam prescription?-* which can be shown 
equivalent to a renormalization of masses and coupling 
constants,‘ actually do give finite remainders in all 
orders. Of course, it remains an open question whether 
the perturbation series converges, and whether the 
asymptotic behavior determined in perturbation theory 
bears any relation to the actual asymptotic behavior of 
the complete Green’s function. 

The application of this theorem to the nonperturbative 
case and to dispersion theory will be reserved for a 
future publication. 


2 F. J. Dyson, Phys. Rev. 75, 1736 (1949). 

7A. Salam, Phys. Rev. 82, 217 (1951); Phys. Rev. 84, 426 
1951). 

‘Pp. T. Matthews and A. Salam, Phys. Rev. 94, 185 (1954). 
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QUANTUM FIELD THEORY 


Il. A SIMPLE EXAMPLE 


Our task will be to define precisely what we mean by 
the asymptotic behavior of functions of several real 
variables, and to show how the convergence and asymp- 
totic properties of multiple integrals may be determined 
directly from the asymptotic behavior of their inte- 
grands. Before proceeding to the general case, we shall 
discuss a simple example that will illustrate the prob- 
lems to be faced and our approach in solving them. 

Consider the integral 2(p’), defined by 


x(p’) f dp” f(p'.p"), (1) 
f(p’,p”” | : (2) 
PP (p’*4 m)[(p"— p’)*+p*) 


” 


Except for the fact that p’, p” are one-dimensional real 
variables, instead of four-vectors, 2(p’) is just the 
lowest order “fermion” self-energy insertion, in a theory 
with “fermions” of mass m, “bosons” of mass yw, and 
interaction ¥'¥@; p’ is the fermion momentum, and p” 
and p”’—p’ the momenta of the virtual fermion and 
boson lines. 

Now, of course, the function /(p’,p’’) is so simple that 
one sees immediately that 2(p’) converges, and can 
compute, 
wp'L p+ (u—m)*) 


ul p’* + 2p’? (yu? + m?)+ (u2—m?)*] 


)= (3) 
so that 
O{p’} as 


Usually we are not able to proceed so directly; we may 
have to deal with complicated functions of many real 
variables which may not even be entirely known. There- 
fore, we wish to find some way of characterizing the 
asymptotic behavior of f(p’,p’’) so that, with no further 
information, we may obtain the asymptotic behavior (4) 
of its integral. 

It is very convenient to introduce a vector notation, 
writing 


=(p’) p'’— @, (4) 


P-V 
f P) 9 (5) 


C(P-V)2-4+-m?][(P-V')?-+y"] 


where 


P=(p',p"}, V=(0,1), V’'=(—1, +1). (6) 


Suppose we consider the behavior of {(P) as P tends to 
infinity along some fixed line. It is apparent that this 
behavior depends strongly on the direction of the line. 
If we let P=Ly+C, where Land C are fixed vectors, and 
n— #, then 

fn t+ C)=Ofn2), 
where 

(—3 if 

a(L)=4-2 if 
\—1 if 


L-V+0, L-V’0 
L-V=0, L-V’#06 
L-V#0, L-V’=\. 


This behavior is indicated in Fig. 1. To be a ‘ittle more 





840 


precise, if we confine C to a finite region W in the (p’p”’) 
plane, then for any L there exist positive numbers 
6(L,W) and M(L,W), such that 

| f(Im+©)| <M (LW), (9) 
for C in W and 7>d(L,W). 

Now it is unfortunately the case that simply stating 
(8) and (9) would not allow us to tell anything about the 
asymptotic behavior of 2(p’). It is necessary also to give 
some information about the behavior of 6(L,W). This 
may be most easily accomplished, if we introduce two 
positive variables, »; and 92, which will be allowed to go 
to infinity independently. Let us set 


P= Linina + Lene + C, (10) 


where L, and L, are fixed and independent, and C is 
again confined to a finite region W in the (p’,p’’) plane. 
It is easy to see that then 


f(Lanine t+ Lanet C) = Of 1 n}, (11) 


or, in other words, there exist positive numbers 
6,(L,,L,,W), 6,(L,,L:,W), M (L,,L.,W) such that 


| f (Linn + Lama C) | < M (Ly, Le C) 9g, 
whenever C is in W, and 

m>b,(Li,L2,W) m>b2(L,,L2,W). (13) 

Proof: A simple calculation shows that if L,-V+0, 

|P-V} 4 

immanent < l = : 

uel 2 

(P-V)2+m?: |L,-V| 

for m>2[|L.-V/+/C-V|]/|L,-V}, 


(12) 


(14) 
m2 1; 
while if L,-V=0 (and hence L,-V+0), 
|P-Vj 4 - 

vse nv '- xT for m2>2\C-V|/|L.-V}. | 
Furthermore, if L,-V’+0, 

ret 
PV)” LW? 


for m>2[|Le-V'|+/C-V'| //|L,-Vi, 


ma 1; 
while if L,-V’=0 (and hence L,-V’+0), 
1 4 
- Snr? 
(P-V’)?+y? L.-V’|? 


for 2>2/C-V’|/|L,-V’|. (17) 


Multiplying (14) or (15) by (16) or (17), and referring 
back to (8), shows that (11) is correct. 
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It is the special circumstance summarized in (11) that 
establishes {(P) as a member of the class (later called 
A, in the case of n variables) of functions with which we 
shall deal, and that allows us to obtain (4). We shall say 
in this particular case that a(L;) is the “asymptotic 
coefficient” associated with the line {L,}, and that 
a({L,,L.})==—3 is the coefficient associated with the 
whole (p’,p”) plane {L,,L.}. (We use {L,,L:,---} to 
denote the subspace spanned by the vectors L,, L., ---). 

It is worth emphasizing how much stronger (11) is 
than the statement (7). According to (7) alone we can 
easily see that as m.—> « 


’ 


f(Linvne + Lom + C) Of ne 


¥ Lint La)) | (18) 
or more fully, that 


| f(Linimat+Lom + C)|< M(Lim t 


for C restricted to W and 


L., W)qg2(timt la), (19) 


Ne >b Lin T L., WW (20) 


Furthermore, it is obvious that for any L;, L,, the vector 
Lini+L, will not be orthogonal to V or V’ for sufficiently 
large m:, so that for m, large enough, 


a(Lyn +-L.) — 3. (21) 


What is not obvious, and indeed is not contained in (7), 
is that we can find numbers },(L;,L.,W), 52(L,,L:,W), 
and M(L,,L,,W), such that (12) holds, or alternatively, 


by comparison with (19) that 
M (Lyntl., W)< M(L,,1L2,W)92™, 
b(Lim +L, W) < b2(L,,1.,W), (22) 
a(Lym1+L,) = —3. 


for all 9;>,(L,,L.,W). The statement (7) alone would 
of course allow us to determine the convergence of 
2(p’); however we need (11) [or alternatively (22) ] to 
determine its asymptotic behavior. 

The proof that the asymptotic behavior (4) of 2(p’) 
can be directly obtained from (8) and (11) alone, with- 
out knowing any other properties of the function 
t(p’,p”"), will be reserved until the next section. We 
shall show there that (4) immediately in a 
simple application of the general asymptotic theorem 


[See (III-15). ] 


folle ws 


Ill. THE ASYMPTOTIC THEOREM: DEFINITIONS 
AND STATEMENT 


We shall now consider the general case of functions 
t(p'.p”" --) of m real variables p’, Fr, -++, which for 
convenience we unite inté tor P in the n-dimen- 
sional linear vector space R,. We will define a class A, 
of such functions, whose asymptotic behavior for high p 
may be specified in a certain manner, by means of cer- 
tain “asymptotic coefficients.” (The integrands of 
covariant perturbation theory, constructed according to 
the Feynman rules, with 


>a Ver 


the m real variables taken as all 
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components of all internal and external momenta, are 
shown in Sec. V to belong to A,, providing that all 
energy integration contours may be rotated up to the 
imaginary axis.) The exact definition of the classes A, 
and of the “asymptotic coefficients” is chosen in just 
such a way that we will be able to prove the asymptotic 
theorem, which says that if a function belongs to Aq, 
any sufficiently convergent integral over & of its argu- 
ments belongs to A,-x, and which provides a rule for 
calculating the convergence properties and asymptotic 
coefficients of the integral in terms of the asymptotic 
coefficients of the integrand. 


Definition 
The function f(P) is said to belong to the class A, if 
to every subspace SCR, there corresponds a pair of 
coefficients, a “power” a(S) and a “logarithmic power” 
A(S), and for any choice of m<m independent vectors 
L,---L,, and finite region W in R, we have 


f (Linn: . Nat Lin: = ‘Nm t+ a +l t+ C) 
= Of, (Lng, (Egg La. La} (Jrngpg) 81 La. La}) 
x-- ah li,La ** Lem }) (Irn) PC Li, Le sy Lam))) (1) 


if m+n» tend independently to infinity with C confined 
to W. [Here a({L,---L,}) and @({L,---L,}) are the 
asymptotic coefficients associated with the subspace 
{L,---L,} spanned by the vectors L,- --L,..] More pre- 
cisely, there exists a set of numbers },---b,,>1 and 
M>0 (depending on L,---L,, and W but not of course 
on the 91°-*mm), such that 


| f (Lamune: + tm t+ Lane: + net + + +L tC) | 
< M,% 9 (Ing)? gait LL) 
X (Ing) 8! Lils}).. Nm | Li-++Lem}) (Ln) A! 11-+-Lm}) (2) 


provided that CeW, and that 


m= bi, m= be, Te Im Om. (3) 


It may readily be observed that a(S), 8(S) are the 
values of a(L), 6(L) for L a “typical” vector in the 
subspace S. Suppose we let only 9, go to infinity in (1), 
keeping 1° + -m—: fixed and satisfying 


m > bi, +++, Im—1> Om--1- (4 


It then follows from (1) that for S={L,L,---L,.) 


f(CLan- **Nm tL: **Nm-i 
+--+ +L 9m itLn lint C) 
= O(n? (Innn)“©}, (5) 
so that we can take 


a(Lin: * "lm i+La:- ‘ Amt coop L,.) =a(S), (6) 


and likewise for 8. The conditions (4) just ensure that 
the vector L= Ly - - -mn—1 4+ Lame: + -Me—-1 + «+> +L, does 
not take on some special direction for which a(L)>a(S). 
We shall refer to a(S), 8(S) therefore as the asymptotic 
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coefficients of {(P) for P-—+ « along typical directions 
in S. 

In the special example given in Sec. II, we saw that 
a(R:)=—3, where R, was the whole p’, p” plane. 
Furthermore, this was also the value of a(L) for almost 
all vectors L in R», the only exceptions being L~ (1,0) 
(with a= —2) and L~ (1,1) (with a= —1), as shown in 
Fig. 1. By taking L=,L,+L,, where L, and L, are any 
fixed vectors and »; is sufficiently large, we could always 
avoid these two special directions. 

We now consider an integral of f(P), given as 


2 


fy’ E w(P)= f dyy-*: 


—2 


xf dyn fPHLa'yrt--+Ly'y). 


In the example of Sec. II, for instance, we had 


L’= (0,1), L=(1,0). (8) 


” 


=(p’)= fr(Lp’), 


We shall say that the integral (7) “exists” if every 
subsequent integration converges in the iterated integral 


f dy f 


dyx| f(P+Li'yit++ ++ +Le'ye)|. (9) 


—w fp 


In this case, by a simple application of Fubini’s theorem,’ 
(7) cannot depend on the particular vectors L,’---L,’ 
but only on the subspace 7CR, that they span. We 
therefore write in this case 


fr(P)= fty’---t4’(P) for T={L,’---L,’) 


(10) 


‘a f d*P’ /(P+P"). 
Pel 


Furthermore {;(P) does not change if we add to P any 
vector in J; in other words, {(P) depends only on the 
projection of P along the subspace /. It is convenient to 
choose some particular subspace E such that R,=/+E, 
with J and E independent, and restrict P to EZ. In 
applications to perturbation theory, a vector in J or E 
will have as its components the momentum components 
of the internal or external particle lines. [In Sec. II, 
I={L’'}, E={L}. See (III-8).] We may now state the 


general asymptotic theorem. 


Theorem 


If a function f(P) belongs to A,, with asymptotic 
coefficients a(S), 8(S) for S any non-null subspace of 
R,, and if f(P) is integrable over any finite region of 
R,, then if D; <0, where 


D,;= max [a(.S’)+dimS"], (11) 
"-] 


i S 


*See, eg., L. M. Graves, The Theory of Functions of Real 
Variables (McGraw-Hill Book Company, Inc., New York, 1956). 


— 
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then the following statements hold: 


(a) fr(P) exists; 
(b) fr(P)eAn-x, with asymptotic coefficient a7(S) 
given for any SCE by 


a(S) max [a(5S’)+dimS’—dimS]. (12) 


A(I)S’=S 


Here S’CJ means that S’ is a subspace of J, including 
the possibility S’= 7; dim’ is the dimensionality of 5’ ; 
A(1)S’=S means that the projection of S’ along J on E 
is § (this last is discussed in detail in the Appendix). 
The “max” in (11) and (12) means that we take the 
maximum over all subspaces S’ satisfying S’CJ and 
A(1)S’=S, respectively. Actually, by using the Heine- 
Borel theorem we the next 
section that only a finite number of S’ need be taken 
into account, so that 


will be able to show in 
“‘max’”’ is finite 

Let us now see how this theorem may be applied to 
the example of Se 
that the only S’ 


II. There J was one-dimensional, so 


I is S’=1. Thus 


D, al] +-dim/ — 3+ 1 (13) 


so that 
(a) 2(p’) exists; 
(b) 2(p’)eA1, which means that we can write 
= (p’)=Of{ p's" (logp’)?™ }. (14) 
Note that A(/)S’=E is satisfied for S’= R.=1+E, and 
for S’ any line in R, except 7. Thus by (12) and (IT-8), 
a(E) 3+2-—1, (> = R;) 
—1+1-—1, (S’={(1,1)}) 
2+1-—1, (S’={(1,0)}) 
3+1—1] (S’ other lines) 


[ 
max| 


(15) 


l, 


which agrees with (II-4). 

It is interesting to compare statement (a) of the 
asymptotic theorem with what we should expect if we 
attempted to estimate the degree of divergence of 
integrals by just “counting powers” of the arguments 
p’, p’’, «++. Naively, we should expect the degree of 
divergence of the integral fr of f over any subspace J’, 
to be given by the asy mptotic power a(I’) of f(P) for 
P — « along typical directions in 7’, plus one unit for 
each integration performed. We shall call this quantity 


D, =a(l’)+dimI!’, (16) 


over . 
a) of the asymptotic theorem, how- 
ever, the sufficient condition for existence of the integral 


the superficial divergence of the integral of / 
According to part 


of f over J is not just that the integral converge super- 
but that all subintegrations also 
converge superficially (i.e., Ds <0 for S’CI), since 
according to (11 


ficially, (i.e., D, <0), 


D;= max Ds’. (17 


CH 


— 
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It must be stressed tha subintegrations we mean 
all iterated integrals for all possible linear recombina- 
tions of the integration variables. This is the mathe- 
matical foundation of the perturbative renormalization 
theory, to be discussed in Sec. \ 


{ by all 


IV. THE ASYMPTOTIC THEOREM: PROOF AND 
POSSIBLE EXTENSIONS 


Our proof is by strong mathematical induction, and 
divided into the following ste ps 

(A) We prove by purely geometrical reasoning that 
if the theorem holds whenever dim/<k (where k>1) 
then it also holds for dim/=+1, so that it is only 
necessary to prove the theorem in tl case dim] Ez 

(B) We consider the ca where L 
vector «R,,) and show f7(P 
absolutely if D;<0 

(C) We describe a method covering the infinite 
interval of integration of f; with a finite number of 
subintervals / 

(D) We that if D,; the 
integrals over the intervals J belongs to 
given by part (b) of the asymptotic 

(A): 
space of integration has dimensionality 
(k+1)-dimensiona! subspace of R,. 
into 


is some 
converges 


0 that the 
Ba ly with al 


theorem. 


show sum of 


Assume the theorem holds whenever the sub- 


<k. Let J bea 
We decompose I 


(1) 


where S, and S, are some (non-null) independent sub- 
spaces of Rp, ke necessarily <k. 
(We could always choose 5, or S, to be one-dimensional, 
but the proof is then less illuminating.) Let fed,. The 
integral f; written fy fso)s;, or in other 
words, 


with dimensions &, 


can be 


By our induction hypothes! 
theorem to both the S, and § 


ipply the asymptotic 
tegrations, obtaining 
the following results 

(al) 


» converges absol r if (f)<0, where 


D 


dim 


(a2) If €An 
absolutely if D 


converges 


D 


(b2) If fseeA, r as given 
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by (2) belongs to A »-x-1, with 


a(S)= max (as,(S’)+dimS’—dimS]. (6 


A(S,))S'=S 


The whole integral clearly converges if both Ds2(/)<0 
and Ds;(fs:) <0, i.e., if D;<0 where 


D,;=max{_Ds2(f),Dsi(fss) }. 


Inserting (3), (4), and (5) into (7), we obtain 


D,;=max*(a(S”)+dimS"’}, 
s” 


where “max*” runs over all S” satisfying S’CS: or 
A(S2)S"CS;. According to statement (D) in the 
Appendix, this means that max* runs over all S” 
satisfying the condition S”CS,+4-S:, so that (8) becomes 


D; 


max [a(S”)+dimS$”’], (9 
rer , 


which completes the proof of part (a) of the theorem 
Turning to part (b), we see that if D;<0 then com- 
bining (b1), (b2), and (7) we have freA ,-4-1. Com- 
bining (4) and (6), the asymptotic power of fr is 


a(S) max [dimS’—dimS 


A(S;)S’=S 


+ max (a(.S")+dimS” —dimS’) | 


A(S2)S" = 5S’ ~ (10 


max [a(S”)+dimS”—dimS ]}. 
A(S))S’=S 
A(S2)S” = S’ 
By statement (E) in the Appendix the double condition 
A(S,)S’=S and A(S;)S” =S’ can be replaced by 
S=A(S,:4+S2)S”=A())S", (11) 


so that (10) proves part (b) of the theorem. 
(B): We wish to consider J={L}, and 


we 


fu(P) = { f(P+Ly)dy, 


r 


fri P 


where feA,. According to (I[I-1), we have 


f(P+Ly)=Of{y* (Iny)?} as yom, 


(13 
so clearly (12) converges absolutely if 


a(L)+1<0. (14) 


Since the only non-null subspace of J is J itself, we have 
according to (III-11), 


D,;=a(L)+1, 


(15 


so that part (a) of the theorem is verified. 

(C): Suppose we choose any sequence L,---L,, of 
vectors eR, (independent of each other and of L) and 
a finite region W in R,; our task is then to prove that if 


IN 


Ot 
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feA,, fLeAq1, or in other words, 


Lm}) 


fr(P) =O{n,*' Li (Inm,)** Ly er ak {la 


X (Iny,) PE Lae Lem} 


(16) 


for 


P= Lim: tnt Lene: - tm t+ + Lane tC, (17) 
where m-+-m» tend independently to infinity with C 
confined to W. We must also verify (IIT-12), showing 
that 


a(S) max 


(18) 
A(L)S’=S 


[a(S’)+dimS’ —dimS }. 


To this end we will first describe a decomposition of the 
interval — © <y< @ in (12) into a finite set of intervals 
J, each of which contribute a “‘term” to (18). Consider 


the sequence of m+-1 independent vectors, 
L.4 mL, L, T uoL, wince, L, +u,L, L. Li+t, a 


where O<r < mand u:: 


of L.., 


-u, are a set of r real variables. 
Since feA,, there must exist a set of numbers 


bi(uy:+-u,)>1 (OS1 <r), M(uy---u,)>0, 


such that 


f((Lit-mL) ai: + -nenot+ (Let ual)na- + -natot ++ 
+ (L,+u-L)n,- + -mano+Ln,1° “mmo 
+ Les ites’ "mt tot L..tmt C) 

<M (um: + -,)m* 

Ky tl Letual (Inn, )OC( bat an b+ +, rt wr} 

K pol Lae: Lr L}) (Jpg) AC La Le 

Keg tll Et-- Leet}? (Ing, 1) Ot 

XK tm { Ta 


Lit wi L} (Inn) 8! Lit mL)... 


Lr+ url 


Lr+iL})... 


Lom L)} (Lr) At Maes Lew) 


(19) 
when all 9;>,(u,---u,) and CeW. 

Now let: us consider the closed interval (— bo, bo). 
[When we refer to an interval as (a,b) we mean the set 
of all « with (a< u< b); by “bo” we mean the 5, function 
with /=r=0.] Every point u on this line is in the 
interior of a closed interval, [u—b,;~'(u), w+-by-'(u) }. 
Therefore, by the Heine-Borel theorem* we can find a 
finite set of points U’, with |U;| < bo, each U; contained 
in an interval (U/,;—\,, U «+ ,), such that the intervals 
(U;—d,y UitdA,d cover the entire closed interval 
(—bo, bo), and such that O0<A,;< bs" (U,,). Now consider 
any particular i, and the closed interval [—b9(U,), 
by(U) }. Again we may use the Heine-Borel theorem, 
and obtain a finite set of points U,,; with |U «| <bo(U,), 
and a set of closed intervals (U 4;—,4;, U gas), which 
cover the finite line [—bo(L’,), bo(U,) ], and such that 
hi be" (UU «;). Continuing in this fashion, we find m 
finite sets of points Li, Uinia, «+ -, Uin---4m and numbers 
hia, Adnin, «++, Adn---tm, Such that for any r<m, the 


2) 


* See, e.g., E. T. Whittaker and G. N. Watson, Modern Analysis 
Cambridge University Press, Cambridge, 1927), fourth edition, 
p. 53 
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(Uiy-- ip—Aty-- tr, Vi tp tA i) cover the line 
(— boli: **4p ws 


0< diy 


(20) 
(21) 
(22) 


bo(iy: «+ tr-1)), 
»+tpS 1/5, (i,- + -4,), 


Uiy ir S bois: + «i, i> 


where we introduce the notation 


bi (iy: **4,) 2b, (Ui,U izis, - : + Uizig ++ty). (23) 


We shall use (20), (21), (22) to split up the integration 
in (12). Take any set of 9:---n»>1. We will define a set 
of intervals Ji;---i,+(m) (r<m) to consist of all y that 
may be written 


y= Vim: + amt U time + +I 
+ «+ Vig. ie’ * Nm tr * Nm; (24) 
where 


NrAty ir >Iz +2> bo(i,- + -1,). 


ded | 


(25) 


For the case r=0 the intervals J*(n) are defined to 
consist of all y with 
ty=|y| > bom: --nm, (26) 


and the intervals /%;- 
that may be written 


im? are defined to consist of all y 


‘Nm t Uiyigna + -m 
+.---+U4.. 


y= Ui: 
imMmt 2, 
with 

12] Sbo(iy: + stim). 


It is easy to see that every real y belongs to at least 
one of these intervals. For if y is not in J*(m), then 
y| < bom: + +m. However, the finite line (— dom: +--+, 
+bon:+:m) is covered by the intervals (U a---nm 
—dm°+ +m, U wm: am tA: * *mm). Therefore, we may 
set 


4 


y Vim: +-naty’, | y’ Smt + MmAL, 


for some i;. This implies that if +y’> 9° - -nmbo(i:) then 
ye] i,;*(n) according to (24), (25). On the other hand, if 

y’| Se* + *nmdo(i), we can again place it in a covering 
interval, so that 


| 


> ha Ui: + amt U iviena: + + 4m t y", y"| ¢ 12° * *NwAiria. 


Thus if +> 2: --mmbo(isie), yeJixie*(m). This process 


can clearly be continued until the final alternative, 
which is ye/i;---im°(m). It therefore follows that 


> f dy| f(P+Ly)| 
i ir Jin ‘ ip*(m) 


2 f dy| f(P+Ly)|. 
. ™ Jiy ae | 0 "> 


™ 


(29) 


(D): Now we shall examine the asymptotic behavior 
of each term in (29) with P given by (17). 
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First, suppose 
(17), we have 


P+ Ly: : (L.+ l Ln: 


ye i; Combining (24) and 


mm (Let U sri) no: + 1m 
Ls, 


eh, 
+-2Ln.41 


i-L)n,- **m 


"mt Le Mrt* * Nm +++ +LianetC, 


or by a slight re-writing, 


P+ Ly (L,h+U ab °° *Nr—i\%- Z 
+ =F T L t l t) L \ 
aa eee ee i ee 
i, Lutim + of 


oe, eR at (30) 


Let us define 
a(iy: ' *t1) 


=a({L,+U al, Let l ijigl, «+ Lyt+l ‘1 iz}). (31) 


Applying (19) with », z|, we see that 


| f{(P+Ly) | 
<M (iy: + i,m 
X(n-/ | 2| 0" 
X (In| 2} Actes 
X (In, 4 1) PO 
Xm" 


(In, ) 9°" 9o* 
)(In(m, 
N41" 


providing that 


(35) 


However, since ye/i;---i-*(), conditions (34) and (35) 
are automatic. [See (25), (21). ] Thus, if (33) is satisfied, 
we have, making a change of variable in (29), 


f dy| f(P+L) 
Ji tr 7) 


X< (Inn)? Mees 


watt La 


nr 


It is now generally true 


b>1, a, a’, 


that for any numbers 0<A<1, 
’ ° ° , 
and non-negative integers §8,8,as7— « 


Aq 


f (n/z)*(In(/z) )?s* 
b 
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We can always take the original 8(S) to be non- 
negative integers, for since the asymptotic coefficients 
only set an upper bound on the behaviour of /(P), we 
are free to increase them as needed. [Of course, our 
arbitrarily increasing the B(S) to be non-negative 
integers causes the final formula for 81(S) to lose its 
significance. |] Therefore we can find numbers ¢(i,- - -i,) 
>1, N(i:---t,)>0 such that 


f _dy| f(P+Ly)| < M(is- - -i,)N(ix- - -ip) 
Jiy- ip*(n 


XK m% (Ings )* ii).. Mp —-) (Inn, 1 aCe ir—) 
MK mpeg El Ets be Ly +1 (Ling OU Ea br pd... 
XK th Mt Ets Lem Lp +1 (Ing, OC La -- Lew Ly) 
f app 1 ++) ( Langy, )AC A2- =< eOLY Let--> Lee +1 
if a(iy---tp)=a({L,---L,L})+1 
yt t+ ©) (inn,)F aos<f0. 
| (38) 
if (iy: + -i,)>ae({Ly- + -L,L}) +1 


nr Lia---LrL))+ 1(Inn,) PC Li-- Lr} - 





if a(iy: + -i,) <<a({L,---L,-L})+1, 
whenever 
nix bi(is- * ty) 


[Note that the interval Ji,---é,*(») does not contribute 
unless ,> b,(is- « -i-)bo(is- + + ,). J 
Now let us consider the two infinite intervals 


(l¥r), Mra clin: ** by). (39) 


f dy| f(P+Ly) -f 
J*(9) bom: ++" 


After making a change of variable, 


J, 


| f(P+Ly)|dy. (40) 


dy| {(P+Ly) 


») 


= Un ee tm f | f(+ Lzm- ° “Nm 
bo 


+Lim- : ‘Nat st +L,.nn+C) dz. 


Therefore, applying (19) for r=0, m=z we have 


f dy| {(P+Ly)| 
vs 


*(s) 
< MNay@ 4241 (ing OC ab 


x -- Me™ Li LmL})+) (Ing, A Li ‘Le L)) 


whenever 


mab, (1K l<m). 
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Here N is the finite positive number 


« 
N f s@©) (Ins) dz, 
bo 


where we recall that a(L)+1<0 by hypothesis. 
Finally, we consider the case ye/i---ig®(q). Com- 
bining (27) and (17), we have 


P+Ly= (L,+-UaL)n, tet (Le+ Ui) ne: ** tm 


+ +++ (La+Uy---inl) nat Ls+ , (45) 


where |s| < b0(i,---i,). Suppose we now define a new 
finite region R’, consisting of all vectors 


C’=Lz+C, 


where CeR and |s| < bo(i;-+ +i»). Since fed q, we can find 
numbers M’(i;-- +i») >0O, b;'(i;- + *tm)>1 such that 


| f(it+U ql): 7 ‘Nat a6 +(L.+U4- . mL) mt C’)| 
< M' (ix: . * im) (In) PO sl 


Xm it> + dem) (In-,) * ties tn). (46) 


wherever C’eR’ and 9;> ;'(m- ++»). Therefore, 


f dy| f(P-+Ly) | < 2bo(i)- + tm) M" (in: in) 
Jiy- . +i? (9) 


K 91% (lin ) PO - ‘ Nn ™ ii ton) (Lrrgp, PC 1° ++ od 


(47) 
provided that 


mim bi (is+++im) (151m). (48) 


All we need do to finish the proof is to inspect (38), 
(42), and (47), together with the corresponding condi- 
tions on 9, (39), (43), and (48), and use (29). We see 
that freA ,_1, with 


at({L,---L,}) 
= max{a(i;- . *tr), a({L,- . -L,L})+1), 
81({L,---L,}) 
(B(is- + -iy), 
for a(i;-+-i,)=at({L,--- 
iB({L,- . -L,L}), 
= max for a({L,---L,L})+1=ar({L,--- 
B(is- + -i,)+8({Ly: - -L,L})-+1, 
for a({L,---L,L})+1 
| +i) =a({Ly--+L,}). 


salty: 


The formula for 81, while giving a correct upper bound 
on the number of logarithms, is an overestimate, and 
will not be further discussed. (It may be noted, though, 
that ft is still a non-negative integer.) The formula for 
at may be rewritten: 


ar({L,---L,}) 
= max{ a(L,+ “L, L.+ uel. oom L.+ u,L), 


a({L,---L,L})+1], (51) 
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where the ,---«, take only the finite set of values 
Vi; Ui,---i,, According to statement C in the 
Appendix, this formula is equivalent to (18), which was 
to be proven. 


; ’ 


The most interesting possible extension of this theo- 
rem would be to introduce some sort of “positivity” 
conditions on {(P) which would enable us to set a lower 
bound, as well as an upper bound, on the asymptotic 
behavior of the integrals of {(P). Our method of proof 
is well suited to such a program, since we display ex- 
plicitly in (29) the part of the domain of integration 
giving each particular contribution to the asymptotic 
behavior. (It is easy to verify in the example of Sec. II 
that the covering intervals J can be arranged so that 
they don’t overlap.) It might then be possible to show 
that certain theories are rigorously nonrenormalizable 
in the Heisenberg representation. 

It would also be very useful to refine the theorem so 
that we are not forced to overestimate the powers 8,(.S) 
of Iny. In order to include the possibility of negative 
8(S) it would be necessary to introduce powers of In Inn 
into the definition (ITI-1). 

Finally, it might be interesting to extend the theorem 
to the case where the a de pe nd on the individual vectors 
L,---L, and not just the manifold {L,---L,}. This is 
very easy to do in the case where the subspace of 
integration J is one-dimensional, but 
physical application 


has no obvious 


V. APPLICATION TO PERTURBATION THEORY 


We shall now apply the general theorem proven above 
to the determination of the convergence and asymptotic 
properties of Green’s functions in covariant perturba- 
tion theory. Our treatment will follow closely that of the 
simple example discussed in Sec. II and at the end of 
Sec. ITI. 

Let us consider any particular Feynman diagram G in 
any local field theory. According to the usual rules there 
is associated with each internal and external particle line 
j of G a bare propagator A;(pj;,0), where p; is the mo- 
mentum four-vector carried by line j, and ¢ is a single 
label representing all discrete variables such as spins, 
polarizations, etc. The integrand F corresponding to 
diagram G is given as a simple product 


Wv 
I y(o) [I] A;(p;,0), (1) 


where y(o) is the product of all vertex factors, such as 
Dirac matrices, coupling constants, et 
important role (Since all indices are 
subsumed under o, the A; and y are ordinary complex 
functions, and can be multiplied without regard to their 
order.) In theories with derivative coupling, we must 


, and plays no 


here disc rete 


include in the A; any factors of p; arising from deriva- 
tive coupling vertices to which line 7 may be attached. 
rhe Green’s function G corresponding to G is formed by 
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summing and integrating F over all internal ¢ and 9;; 
it is then a function of the external variables. 
Now, we are supposing in (1) that all energy-mo- 
mentum j 


eliminated, leaving | 


. > | 
conservation 6 functions have already been 


independent momentum four- 


vectors, where of course VN <M. Let us unite all com- 
ponents of these inde pe ndent four 
vector P in the 4.V-dimer 


that each component p 


vectors into a single 
sional Euclidean space Ry, so 
u=Q0, 1, 2, 3) of each of the in- 


rn |} 


ternal and external momenta can be written as a linear 


combination of the components of P. To use vector 


tor eact , ua vector V jin Ryn, 
is given by the scalar product 


notation, we introdu 


such that Pi 


and therefore 


q [1-5 } If a vector P is 
orthogonal to all V,, for which / is an internal (external 


hat P li 


es in the 


[For an example, see | 
line, then we shall say t external (in- 
ternal) subspaces E(/ components then involve 
only external (internal) momenta. The subspaces FE and 
I are disjoint, and 

+) 
The Green’s fun graph §¢ is now 


given by the internal 


improper int the 


momenta, 


“iD 
7 
uy P cext 


where PeE. We will first study the asymptotic behavior 
of F, and then apply the general asymptotic theorem to 
learn what we want to know about G. 

Unfortunately, as it stands the function F(P,c) does 
not belong to the cla {4v, because of the sper ial 
at the propagators A;(pj;,0 


the scalar produc t 


circumstance th depend on 


4 
Pi = 
which can vanish for In order to apply our 


is necessa! contour of inte- 


theorem, it , 
gration for each energy in tion in (5) in a well- 
known manner from the real up to the imaginary axis.*: 
A general discussion of ties encountered in 


this step would be int: be y ymnd the s ope of 


this work; we shall ly assume henceforth that all 
if the 


larger dia- 


energy contours have leformed. Likewise, 
integral G is to be used as an insertion in a 
gram, we shal! be interested in its behavior for imagi- 
nary values of its energy We shall, therefore, 
onsider all four- 


mponent pjo= tp ja, 


restrict ourselves 


vectors p wit! 
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and hence with positive-definite square 
PF = pit pit pif t+ peZO (6) 


In this manner we circumvent, but do not solve, the 
special problems associated with the hyperbolic metric 
of space-time. [It will also be necessary in electro- 
dynamics to introduce a small photon mass in order to 
avoid infrared divergences in (5). ] 

With the above qualifications it is easy to see that the 
propagators A;(p,;,0) have a very simple asymptotic 
behavior, given by 


A; (p50) =O{C(p7) i}, (7) 


for each fixed ¢, and for p; tending to infinity along any 
direction. For example, if line 7 represents a spinless 
internal particle, aj= —2, since 


4;(pi,0)=1/(p? +u/), 


while if it represents an internal particle of spin }, 
a; —1, because 


pis” +m; 
ptm? 
SCT r{S.(p)S.'(ps)} }'=2 
Using (3) and (7), we may now show that F(P,c) 
belongs to the class A4gy (defined in Sec. III) with 


asymptotic coefficients, for any subspace SC Rgy, given 


by 
a(S)=>° {"a;, (8) 
6(S)=0, (9) 


i(pio)=S e( Ps): 


(p+m/)!, 


the sum in (8) running over all j for which V;, is not 
orthogonal to the subspace S. 
Proof. Let us set P in (3) equal to 


P=Ly m1: - tat: :++Lanmt+C, (10) 


‘m+ Lame: - 


where L,---L,, are independent vectors in Ryy (so 
m<4N), C is a vector confined to a finite region Wand 

‘*%m tend independently to infinity. Then from (7) 
we have for fixed o, 


Aj(V;-P,c)=Of (niga: + +m) ®}, 
where / is determined by the condition that 
V,-Li=V;-Le=---=V,-Ly1=0 but V,-L,;0. (12 


Therefore, from (3), 


(11) 


Nm) **}, (13) 


ul 
F(P,c)=O{ TL TT (noms: - 
lm1l j 


where the product [T,‘° includes only those j satisfying 
(12). Collecting powers of each 9, we have 


F(P,c)= O{m* ne" 2).. = m a 


—_ (r) 
a(r) = Li aj 


(14) 
(15) 
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contains only those j for which (12) 
<r, and hence just those j for 


where the sum >- ;” 
is satisfied for some / 
which 


L,- V,+0 or L,: V,;#0 or «+ or L,- V,;#0, 


or in other words, over all j for which V, is not orthog- 
onal to the subspace {L,---L,} spanned by L,---L,. We 
therefore are entitled to write ay) as a function only of 
the subspace {L,---L,}, 


a({L,---L,}), 


and obtain (8) from (15). 

We may now apply our general theorem. The first 
part tells us that the integral (5) converges if it con- 
verges superficially [i.e., a(/)+dim/<0] and if all 
subintegrations converge superficially [i.e., a(7’)+diml’ 
<0 for I‘CI). According to the renormalization pro- 
cedure suggested by Dyson? and perfected by Salam, 
we must subtract from each F a series of counterterms, 
which have the effect of lowering all these superficial 
divergences below zero. [For example, the last sub- 
traction term, corresponding to the subspace J itself, is 
a polynomial of order a(/)+dim/ in the external mo- 
menta. ] These subtractions have been proven equiva- 
lent to a renormalization of coupling constants, masses, 
and fields.‘ Our theorem then verifies the conjecture 
used without proof by Dyson and Salam, that such 
subtractions actually do render all integrals convergent, 
to any finite order in perturbation theory.® 

In order to apply the second part of our theorem to 
learn about the asymptotic behavior of G, and also to 
further understand its convergence properties, we shall 
now introduce a new concept, that of a subgraph G’ of 
the graph G. 

Definition. A set G’ of internal and external lines 7 
form a subgraph of G provided that there is no vertex in 
G to which is attached just one line of those in G’. 
Clearly, a subgraph G’ may be thought of as composed 
of a numbe r of paths which begin and end in external 
lines or each other, but which never end abruptly within 
G. Some examples are presented in Fig. 2. 

We shall associate with each subspace S’C Ruy a 
subgraph §’, consisting of all lines j such that V; is not 
ort hogonal to S’. It is easy to see that this actually does 
define a subgraph obeying the above definition. [ Proof: 
Suppose we have a vertex joining lines j;, j2, ---, Jr. 
Then by momentum conservation we must have 


. + Vj,= 0. 


(16) 


air = 


+ Vit Viet:- 


Thus if j;---j,. are not in G’, so that Vs--- Vs-4 are 
orthogonal to S’, we must wt Vj, orthogonal to S” also, 
and hence j, is not in G’.] This correspondence allows 
a simple interpretation of the asymptotic powers a(S’). 


* A detailed discussion of this point is given by N. N. Bogoliubov 
and D. W. Shirkov, Fortsch. Phys. 4, 438 (1996); they show that 
with proper use of “regulators” all integrations are rendered con- 
vergent. I wish to thank Professor M. Goldberger for bringing this 
reference to my attention. 
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Fic. 2. An example of the use of subgraphs in determining an 
asymptotic behavior. Here (a), (b), (c) aon subgraphs (darkened 
lines) of the graph pictured above, while (d) is shown as an ex- 
ample of a set of lines that is not a subgraph. If we label coordinate 
axes in a four dimensional space by k, g, p, p’, the subgraphs (a), 
(b), (c) correspond to subspaces S’ given by: (a) the line (1100); 
(b) the line (1000); (c) the plane spanned by (1000) and (0100). 
These subgraphs have dimensionality —1, —5, and —6+4=—2, 
respectively, as given by (19). Since (a), (b), (c) are obviously the 
only subgraphs containing external lines labelled k, k+p—p’ but 
not p or p’, the maximum [—1, corresponding to (a) of these 
— dimensionalities is the asymptotic power of the integral 
for k —» c; the integral goes as k~, times some power of logk. We 
have purposely chosen the variable of integration g in an eccentric 
manner. Virtual nucleons and pions are represented here by 
straight and wavy lines, respectively. 


According to (8), a(S’) is just the sum of all momentum 
powers a; for all lines j in the subgraph G’ corresponding 
to S’. 

Of the lines in a subgraph G’, corresponding to a 
subspace S’, the external lines are those that are not 
orthogonal to the projection A(J)S’ of S’ along J. The 
number of independent internal momenta 
therefore 


in G’ is 


dim.S’— dimA (J)S’ = dimA(E)S’. 


(17) 
It follows then that the coefficient 


D1(S’)=a(S’)+dimS’—dimA(J)S", (18) 
is just the net number of momentum factors of the 
subgraph G’, counting a; for each line j and 4 for each 
integration. In renormalizable field theories it may be 
shown? that 

D:(S’)=4—3F(S’)-— Bg), (19) 
where F(G’), B(S’) are the numbers of spin } and spin 0 
(or photon) lines attached to G’, including external lines 
of G belonging to G’. (We are supposing from now on 
that no bare propagators are associated with external 
lines of G.) The quantity D,(S’) will be called the 
dimensionality of the subgraph G’. 

In the special case where S’CJ, we have A(J)S’=0, 
and G’ is thus a subgraph including no external lines. In 
this case D,;(S’) is the superficial divergence a(S’) 
+dimS’ associated with the integral of the subgraph. 


The renormalization subtractions are designed to lower 
D7(G’) below zero for every purely internal subgraph 
G’ (including G itself without its external lines, if ¢ is a 
“proper” diagram.) It is important that the number of 
differentiations needed to perform the subtraction as- 
sociated with a subgraph G’ is not greater than D;(G’); 
this ensures that the renormalization counterterms 
introduced in the Lagrangian to account for these 
subtractions are themselves renormalizable interactions. 
Now we are in a position to apply part (b) of our 
theorem. Equation (IIT-12) may be rewritten, for any 

SCE, 
ar(S)= 


max D,(G’). (20) 


gS 


The “max” here is over all subgraphs GS’ containing just 
that set &, of external lines j for which V, is not 
orthogonal to S. According to the interpretation of 
a(S) in Sec. I1I, and of D;(S’) above, we can express 
(20) in the rule: 

If a set &,, of external lines of a graph G have moment) 
going to infinity (i.e., for line j in 8, py=em where 
n — 2, ¢; “almost any’’ set of fixed nonzero four-vectors, 
then the integrated Green’s function corresponding to S will 
behave as O{n*"*®” (logn)®"®”)}, where ar(&,.) is the maxi- 
mum of the dimensionality (given by (19)} of all sub- 
graphs S’ of G including the external lines &,, and no 
other external lines. (A detailed example of the applica- 
tion of this rule is presented in Fig. 2.) 

Strictly speaking, we should prove that the re- 
normalization subtractions needed to lower all a(J’) 
+dim/’(I’CI) below zero do not alter the value of (20). 
The proof is tedious, and will be omitted. It is important 
to note, however, that we should restrict the subgraphs 
G’ above to those that do not contain any parts entirely 
disconnected from &,, for since such parts are them- 
selves purely internal subgraphs of G, the renormaliza- 
tion procedure invariably lowers their dimensionality 
below zero. 

If we consider not an individual Feynman diagram, 
but the whole sum of Feynman diagrams for a particular 
set of external lines up to some sufficiently large but 
finite order, we find a remarkable simplification. When 
a set &,, of external lines have momenta tending to infinity, 
then the total Green’s function has as its asymptotic power 
a quantity a(&,) which depenas only on the numbers of 


lines in &,, and is given by 


a(8.)=4—3 f(8.)—b( 8.) —min[3 f(8’)+5(8’)]. 
. 
Cc 


(21) 


Here b(&), f(&) are the number of spin 0 (or photon) or 
spin 4 lines in the set &. The minimum in (21) is taken 
over all sets &’ of lines such that the virtual transition 
&.. ++ &' is not forbidden by selection rules, (If we are 
concerned with connected or proper Green’s functions, 
we may also stipulate that &’ must contain at least one 
or at least two lines.) For example, if &, consists of a 
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pair of incoming nucleon and antinucleon lines, the 
“min” in (21) is reached for 8’ a pair of pions, so that 
a(&,) is given by 4—3—2=—1. This is the maximum 
asymptotic power of any connected diagram or sum of 
diagrams for which a nucleon and an antinucleon ex- 
ternal momenta tend to infinity, with the other external 
momenta fixed. (The diagram of Fig. 2 shows the 
realization of this maximum in this case.) 

In order to verify this rule we need only note that 
every subgraph G’ included in (20) has attached to it all 
lines in &,, together with a set & of “bridges,” con- 
sisting of interna] and external lines belonging to G but 
not to G’. We can therefore write in (19) 


F(S’)= f(8.)+ f(8), 


(22) 
B(S’)=6(8.)+6(8), 


and inserting (22) and (19) into (20) we obtain (21). 
Any possible set &’ of bridges will occur if we go to high 
enough order, so that the maximum is always attained. 
Our result cannot easily be extended to the logarithmic 
powers 8;(S) ; it is known that these depend strongly on 
the structure and order of the graphs considered. Thus, 
although our proof shows that any Green’s function, 
calculated to any finite order, belongs to a class A, with 
asymptotic powers a(&,) given by (21), it is entirely 
possible that the logarithmic powers in the infinite sum 
add up in such a manner that the total Green’s function 
does not have asymptotic power a(6&,,), or perhaps does 
not even belong to a class A,. However, in the present 
state of field theory we may hope that results based on 
perturbation theory may serve as a useful guide. 


APPENDIX: PROJECTIONS OF SUBSPACES 


In Sec. III we introduce the operation of projecting 
one subspace along another. As our use of this operation 
may perhaps be unfamiliar, we shall define it more pre- 
cisely, and prove some simple statements used in the 
proof and interpretation of our theorem. 

Let I be a subspace of a vector space R,. It is always 
possible to choose (not uniquely) another subspace 
ECR, such I and E are disjoint (and therefore inde- 
pendent) and such that R,=J+£. With such a choice 
of E the operator A(/), the usual projection along J on 
E, becomes well defined : For any vector L’eR, we write 
L’=L+L”, LeZ, Ll, and set A(I)L’=L. If a set of 
vectors L,’ span a subspace S’CR, then A(J)S’=S, 
where S is the subspace spanned by the corresponding L,. 

The last equation, A(J)S’=S, is usually taken in this 
paper as a condition on S’, with J and S fixed disjoint 
subspaces of R,. As such a condition it is actually 
independent of the choice of E, as shown below by 
statement (A); we should, properly speaking, refer to 
A(/) as the projection onto the space R,/J. 
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(A) If J and S are disjoint subspaces, and we define 
A(1) by choosing E to be any subspace such that J and 
E are disjoint, R,= 1+, and SCE, then A(J)S’=S if 
and only if for every set of vectors L,---L, spanning S 
there exists a set of vectors L,’---L,’eJ such that 


S'={L,+Ly, ---, L-+L,'),S (1) 


Equivalently, A(/)S’= S if and only if there exists some 
set of vectors L,---L, spanning S and L,’---L,'el and 
satisfying (1). 

F Proof : If S’ is given by (1), with L,’ef and L,eS and 
thus Lye, then by definition A(/)S’ = {L,---L,}. On the 
other hand, we can always write any subspace S” as in 
(1) where L,‘el, LyeZ, and if A(D)S’=S we have 
S=({L,---L,}. Clearly we can take any new set of L, 
spanning S and preserve (1), with a new set of L’.] 

(B) If A(J)S’=S, with J, S disjoint, then 


S’CI+5S, 
dimS < dimS’ < dimJ+dimS. 


(C) If Lis a vector not in S, then A({L})S’=S if and 
only if either S’ = S+-{L) or there exist numbers u,- - -#, 
with 


S' = {L, +L, Lit ul, ea L,+u,L}, 


where S={I,---L,}. 

(These two alternatives represent the possibilities 
dim.S’ = dimS+1 and dimS’ = dimS, respectively.) 

(D) If J and S are disjoint subspaces then S’CS+TJ 
if and only if there is some subspace S”CS such that 
A(DS’=S”". 

(Proof: The subspace S” is just {L,’---L,’}.] 

(E) IfS, 5;,S:are disjoint subspaces, and A(S,)S’=S, 
then A(S;)S” =’ if and only if A(S,+5,)S”=S. 

[Proof: We can write S’={L,+L,’, ---, L,+L,’} 
where S={L,---L,}, Li’---L,’eS;. Then A(S2)S”=S" 
means that S”={L,+L,'+L,", ---, L-+L,’+L,”}, 
where L,”- --L,’’eS». Also, A(S;+5,)S” = 5S means that 
S” = Ly+L,", ---, L- +L," where Ly”: + - Lp" 6S14+-Ss. 
The most general L,’’eS; +S; may be written L/’”=L/ 
+L,’, so these statements are equivalent. ] 
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Note to be added in proof.—For the sake of mathematical rigor, 
the definition in Equation (III-1) of the class A, requires a slight 
modification. The coefficients 8 should be taken as functions of 


the individual vectors L;, Ln, --- and not ag Sng the subspaces 
(Li,L2,---}. The proof in Sec. IV that if feA, then fA.» is then 
correct, with no changes (except minor notational ones) required. 
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Moments of inertia of even-even nuclei are computed using the Nilsson model for deformed nuclei and the 
moment formula derived from the superconductor theory of nuclei. Values for the energy gap and the 
deformation are obtained from appropriate experimental data. Good agreement is found between the com- 
puted and observed energies of the first excited states of twenty-six rare earth nuclei. This success lends 
strong support to the superconductor theory of the nucleus. 


I. INTRODUCTION 


HE problem of calculating moments of inertia of 

spheroidal nuclei is one which has received 
considerable attention'* since the inception of the 
collective model of the nucleus. In the early treat- 
ments*® of collective motions, it was found convenient 
to regard the nucleus as a droplet of incompressible 
irrotational fluid. Inertial parameters were ascribed to 
the action of surface waves on the nuclear droplet, 
which involved the flow of only a small fraction of the 
nuclear fluid. The inadequacy of such a picture became 
evident as experimental information established that 
the actual moments are approximately five times larger 
than it implies.° 

The irrotational fluid model of nuclear moments was 
superseded by the “cranking model”! in which the 
nucleus was treated as an aggregate of nucleus moving 
independently in a deformed average potential well, 
and the effect of an externally driven rotation of the 
well was taken into account via perturbation theory. 
Excitation of nucleons near the top of the Fermi sea, 
due to the rotational Coriolis perturbation, led to rigid 
body values for the moments of inertia. These are two 
or three times larger than the observed moments.’ 

A possible solution to this dilemma was offered 
when Bohr and Mottelson? proposed that residual 
two-body interactions could be responsible for moments 
of inertia smaller than the rigid value. If nucleons in 
conjugate states® of the average spheroidal potential 


* Work performed under the auspices of the U 
Energy Commission 

1D. Inglis, Phys. Rev. 96, 1059 (1954). 

? A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 1 (1955). 

*R. E. Peierls and J. Yoccoz, Proc. Phys. Soc. (London) A70, 
381 (1957); J. Yoccoz, A70, 388 (1957) 

‘A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1954) 

’ A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953) 

*K. Ford, Phys. Rev. 95, 1250 (1954). 

7 This model is quite successful, however, in describing the 
magnitude of the differences between moments of odd mass and 
neighboring even-even nuclei. See O. Prior, Arkiv Fysik (to be 
published), cited in reference 22. 

*Single particle states of an axially symmetric deformed 
potential are doubly degenerate. The degenerate pair have 
identical quantum numbers except for the signs of the projections 
of their angular momenta along the symmetry axis. Such a pair 
of states will be termed conjugate 
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interacted strongly, an additional pairing energy D 
would be required to excite such a paired nucleon to an 
unpaired state above the Fermi sea. As a result, the 
“cranking model” formula would be modified by the 
addition of the pairing energy to the de- 
nominators : 


energy 


(i| jaak))? 
2 > >. a 


> i ; (1) 
i(unfilled) k(filled) E;— Ey +D 


These authors estimated that a pairing energy equal 
to about one-third of the characteristic independent 
particle level spacing would bring the moments calcu- 
lated with Eq. (1) into approximate agreement with 
observation. Detailed calculations using this formula® 
have shown that it is capable of giving correct magni- 
tudes and many of the general features of the structure 
in the moments in the rare earth region, although only 
when the pairing energies are assumed to be about twice 
those observed experimentally. 

This approach is based on the assumption that the 
principal effect of the residual two-body interactions is 
to modify the single particle energies without significant 
changes of the eigenfunctions. However, consistent 
perturbation treatments”: of two-body interactions in 
large systems of Fermi particles have shown that the 
modification of the wave functions is such as to cancel 
exactly the effect of the energy shifts on the moment 
of inertia. Thus, serious doubt is cast upon the validity 
of merely augmenting the energy denominators by a 
pairing term as in Eq. (1), provided that pairing 
corrections to the nuclear moments can actually be 
obtained by direct application of perturbation theory. 
There is some basis for questioning whether such 
perturbative expansions are applicable to nuclei. 

Following a Bohr, Mottelson, and 
Pines” that the systematics of the excitations in even- 


suggestion of 


even nuclei indicated the possible existence of an energy 
gap in the nuclear level structure, Belyaev"™ has recently 
applied the formalism of the theory of super- 

* J. Griffin and M. Rich, Bull. Am. Phys. Soc. 4, 

” R. Amado and K. Brueckner, Phys. Rev. 115, 

“ R. Rockmore, Phys. Rev. 116, 469 (1959 

2 A. Bohr, B. Mottelson, and D. Pines, Phys 
(1958) 

3S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 31, No. 11 (1959); also The Many-Body Problem (John 
Wiley and Sons, Inc., New York, 1958 


(1959). 
8 (1959). 
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MOMENTS OF INERTIA OF 
conductors**—"* to the problem of nuclear matter. He 
has shown that if the two-body interactions are such 
as to create a self-consistent field plus residual attractive 
interactions, effective principally between nucleons in 
conjugate states, an energy gap in the single particle 
spectrum will develop. On the basis of this theory, 
Belyaev has obtained the following result'’“* for the 
rotational inertia of deformed even-even nuclei: 


|<t| j2| R)|? 


a sat . 
_— —Zi, (2) 
i,k E+k, 


EE: 


where é; are the eigenvalues of the self-consistent field, 
\ is the “chemical potential” and is approximately 
equal to the Fermi energy of the system, and E, are the 
energies of elementary excitations of the 
conducting” nucleus given by 


E.=((&—d)?+A2]!. 


“super- 


(3) 


A is equal to the “superconducting” energy gap. The 
sums in Eq. (2) are over all distinct levels of the average 
potential. In the limit of vanishing energy gap, Eq. (2) 
reduces to the usual “cranking model” formula for the 
moment of inertia. This expression exhibits two 
mechanisms for the reduction of nuclear moments below 
the rigid value. First, the energy denominators are 
effectively increased due to the presence of the gap. 
In addition, the bracketed term in Eq. (2) approaches 
zero as €;—> & regardless of relative sign of (€;—\) and 
(€—A), thus suppressing contributions from transitions 
between closely neighboring independent particle 
states. 

In the following sections, we report calculations of 
nuclear moments of inertia in the rare earth region 
based on Eq. (2). The relevant parameters of the 
superconductor theory are discussed in Sec. IT, together 
with the model chosen for the self-consistent field. In 
Sec. ITI, the theoretical results are compared with 
experiment, and some discussion of their sensitivity 
to the assumptions required is provided. 


Il. THE NILSSON MODEL AND THE 
SUPERCONDUCTOR THEORY 


In order to apply Belyaev’s formal development of 
the superconductor theory of the nucleus to specific 


4 L. N. Cooper, Phys. Rev. 104, 1189 (1956). 

46 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 

1° N. Bogolyubov, Soviet Phys.-JETP 7, 41 (1958); Nuovo 
cimento 7, 794 (1958). 

' To facilitate the mathematical treatment of the theory, it is 
necessary” to work in a representation which averages over an 
ensemble of nuclei having a specified mean number of nucleons 
Further, a different “energy gap” A; is, in general, associated 
with each single particle level i. To reduce the theory to a tractable 
form, Belyaev assumed all gaps to be equal; thus, in a sense, A 
of Eq. (2) is an average of various A,. 

The derivation of the rotational moment in reference 13 
neglects possible matrix elements arising from transitions of the 
form 2=4 — 2= —4. Inclusion of such effects does not change his 
final moment formula. 
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nuclei, it is necessary to select a model for the self- 
consistent field. We have assumed that the eigenvalues 
and eigenfunctions of the Nilsson model" correspond 
to the eigenvalues ¢, and eigenfunctions of Belyaev’s 
self-consistent field, with some minor modifications to 
be discussed below. The quadrupole deformations used 
are those of the charge distributions as obtained from 
Coulomb excitation and collective electric quadrupole 
decay rates.” “ ri 

Neutrons and protons are treated separately. A 
chemical potential \ is obtained for each by solving the 
equation™ 

— 


2 (1-5 : ra ou 


The sum here, as in Eq. (2), runs over all distinct 
neutron (or proton) energies. In practice, the sums have 
been taken only over states of the partially filled 
oscillator shells of the Nilsson model. The small contri- 
butions to the moment of inertia from completely 
filled oscillator shells are neglected. Then N is the 
number of neutrons (or protons) present in the un- 
completed shells. The same value of the gap parameter 
A is assumed for both neutrons and protons. Equation 
(4) gives values for \w (or Ap) very nearly equal to the 
energy of the last independent particle level which 
would have been filled if the pairing interaction were 
ZeTOo. 

There remains unspecified in Eqs. (2) and (4) only 
the magnitude of the energy gap, A. In principle, this 
is determined uniquely by the form of the self-consistent 
field and the elementary nucleon-nucleon interaction. 
We have chosen in this work to use empirical values of 
this quantity derived from data on neutron separation 
energies in the rare earth region” (see below). 

With this choice, all of the parameters in Eqs. (2) 
and (4) are determined, and the theoretical value for 
the moment of inertia can be computed. Actually, there 
are some ambiguities which arise from (a) the interpre- 
tation of the data on the energy gap, (b) the experi- 
mental uncertainties in the quadrupole deformation, 
and (c) certain defects of the Nilsson model indicated 
by the analysis of the spectra of odd-mass nuclei.” 
The nature of these uncertainties is discussed in more 
detail below. 


(4) 


Specification of the Energy Gap Parameter 


The energy gap parameter, A, is approximately equal 
to one-half the pairing energy, which can be defined™ 


“5S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

™K. Alder et al., Revs. Modern Phys. 28, 432 (1956), and 
references cited therein. 

“W. H. Johnson and V. B. Bhanot, Phys. Rev. 107, 1669 
(1957). 

=B. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 

™ This is the definition of reference 21 from which the gap 
parameters used in the present calculations were derived. 
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NEUTRON NUMBER 
Fic. 1. Values for the energy gap A used in the present calcu- 
lations are plotted as a function of neutron number. A is given in 
units of Awe’. The corresponding experimental quantities (0.5Py) 
of reference 21 are indicated by circled points. 


as the difference between the nucleon separation 
energies for an even-even and a neighboring odd-even 
nucleus: 


Py=S(Z,N)—S(Z, N-1) 
=2«M(Z,N—1)—M(Z,N)—M(Z, N-—-2). (5) 


An exact equality between the energy gap and one-half 
the observed pairing energy does not hold. An esti- 
mation of Py using the expression for the ground state 
energy" of a “‘superconducting” nucleus and neglecting 
deformation differences among nuclei indicates that 
the pairing energy may differ from 24 by an amount of 
the order of one-half the average level spacing in the 
self-consistent field. Further, Py contains a rearrange- 
ment energy contribution due to differences in deforma- 
tion between nucleus (Z, N—1) and nucleus (Z,N). 
We have therefore disregarded the irregular structure 
in the empirical pairing energies and have instead 
constructed a smooth curve through the measured 
points. Values of A have been taken from this curve, 
and the same (neutron) data was used to determine 
gaps for both neutrons and protons. 

The experimental data of Johnson and Bhanot* is 
shown in Fig. 1, together with the curve used to specify 
A in our calculations. The high values of Py at N=90 
and N=112 have not been given full weight in con- 
structing the smoothed curve, because they are pre- 
sumably associated with the sudden decrease of the 
nuclear quadrupole deformation which occurs charac- 
teristically as one approaches closed shells, and it is 
desirable to eliminate such spurious rearrangement 
effects. Moreover, the formula used in computing the 
moments of inertia already represents an average over 
several neighboring even-even nuclei,” and the gap 
itself an average over gaps corresponding to various 
single particle levels within these nuclei. These are 
additional reasons for eliminating sharp structure of 
this kind. 

Although it does not seem possible to specify A 
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uniquely from the data presently available, Fig. 1 
suggests that the smooth curve is probably accurate™ 
to about +0.01/w,’ on the average. We have, therefore, 
computed the percentage change in the rotational 
energy which would result from such a variation in A, 
to provide a measure of the uncertainty arising from 
this ambiguity. Column 8 of Table I shows this un- 
certainty to be at most about 10%. 


Modification of the Nilsson Model 


Certain modifications of the relative positions of the 
model eigenvalues within a given major shell were made 
in order to remove obvious inconsistencies between the 
Nilsson model and the data on low-lying spectra of 
odd-mass nuclei. The /,:;2 proton eigenvalues were 
decreased by 0.2/9", and the remainder of the N=5 
proton eigenvalues were increased by 0.2/we’ to make 
the model consistent with the spin sequence of odd- 
proton nuclei. Also, all N=6 neutron eigenvalues 
except those of the ii3;. subshell were increased by 
0.1huw’. This change makes the model consistent with 
the fact that the level** 4+[651] is not observed in 
rare earth spectra below 0.5 Mev. Finally, the eigen- 
values of neutron level 521] were increased by 
0.04/iw)? to give agreement with the observed ground- 
state spins of nuclei with 99 and 101 neutrons. 

These changes affect numerous levels which are not 
actually filled in the rare earth region. However, the 
contributions of such levels to the computed moments 
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Fic. 2. The neutron level sequence in the rare-earth region is 
shown as a function of the deformation, 4. A state is labeled by its 
component of angular momentum along the symmetry axis, 
parity, and asymptotic quantum nur Dashed lines indicate 
levels which have been shifted { the original assignments of 
reference 19 (see text). 


pers. 


™ Except where otherwise stated, energies are given in units 
of Awe’ and quadrupole deformations in terms of the parameter 4, 
in conformity with the presentation of Nilsson.” For a nucleus of 
mass number A, Aw®41 XA? Mev 

% Energy levels are designated by the spin, parity, and the 
asymptotic quantum numbers [N,#,,A ] appropriate in the limit 
of large deformation (see reference 22 
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Taste I. Rotational energies of even-even nuclei. The first column lists the nuclei for which moments of inertia have been calculated. 
Columns 2 and 3 give the deformation and —— gap used in calculating the energy of the lowest (2+ ) rotation excitation. The experi- 
u 


mental and theoretical energies are listed in co 


measure of the uncertainties in the calculated rotational energies due to inadequate knowledge of the parameters 4 and A. The 


mns 4 and 5, and the percentage error given in column 6. Columns 7 and 8 provide a 


percentage 


change in the computed energy resulting from an increase in 5 by 0.01 is given in column 7, and the emer change due to an increase 
ec 


of 4 by 0.01Aw9"(~70 kev) is shown in column 8. The final column lists the percentage change in the comput 
from the shift in the N =6 neutron levels as compared to calculations with these states unshifted. 
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* These values were obtained from measurements on unseparated isotopes. 


are associated with large energy denominators so that 
their shift should involve only very minor changes in the 
moment of inertia. The levels which are important 
for the moments, on the other hand, are just those whose 
empirical behavior demands the modifications listed 
above. 

To test the sensitivity of the moments to such level 
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Fie. 3. This figure is similar to Fig. 2, representing 
the proton energy levels. 
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shifts, we have computed for each nucleus the per- 
centage change in the computed rotational energy 
which results when the shift of the N =6 neutron levels 
is omitted. These percentages are listed in column 9 
of Table I. They should not be interpreted as probable 
errors associated with lack of empirical information on 
the levels in question. The analysis of reference 22 
establishes the qualitative fact that these levels lie 
somewhat higher than Nilsson’s original model predicts. 
The shift used in the present calculations (0.1hw9?~ 700 
kev) is as small in magnitude as is consistent with the 
available data on low-lying spectra.” The levels may, - 
in fact, lie somewhat higher than assumed here. Thus, 
the sign of any actual error associated with an improper 
placement of N=6 neutron levels will probably be 
opposite to that listed in Table I. 

The proton modifications involve levels whose 
positions are better defined by experiment than those 
of the neutron states. Moreover, the protons contribute 
only about one-third of the total moment of inertia. 
Thus, the changes associated with their shifts should 
be at most of the same order as those in Table I. The 
neutron and proton eigenvalues used in the calculations 
are plotted against the quadrupole deformation in 
Figs. 2 and 3. 

Changes in the wave functions associated with the 
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Fic. 4. The experi- 
mental and theoretical 
energies of the first 
rotational excitations of 
the nuclei considered in 
this paper are plotted 
versus neutron number. 
Empirical energies are 
denoted by circles and 
calculated values as 
squares. 
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eigenvalue modifications have been neglected. This 
neglect should cause only a small error in the computed 
moments because the level ordering within a shell is not 
modified by the shifts. Thus, the general character of 
the wave functions (and, in particular, the asymptotic 
behavior for large deformations) is unchanged. 

To allow convenient calculation for a complete 
range of deformations, the eigenvalues and eigen- 
function coefficients of Nilsson were interpolated 
parabolically for positive deformations. The same 
parabolas were also used to extrapolate to deformations 
beyond the range of reference 19. This procedure seems 
justified by the generally parabolic character of the 
eigenvalues and the smooth variation of the eigen- 
function coefficients in the region of large deformations. 


Ill. RESULTS AND CONCLUSIONS 


Throughout this work, it has been assumed that 
Eq. (2) can be applied to individual nuclei and that the 
averaging process involved in its derivation does not 
smear out the variation of the calculated moments from 
nucleus to nucleus.” With this assumption in mind, 
the results of the computations are given in Table I. 
Listed are the nuclei, the deformations and the energy 
gap parameters assumed in the calculation, and the 
theoretical and observed™*’ energies for the first 
rotational state (£.,=3h?/S). Also indicated are the 
percentage differences between theory and experiment. 
The experimental and theoretical energies of Table I 
are plotted in Fig. 4. 

The agreement is remarkably good, with an average 
error of only about 6% and a maximum error of 20% 


* This assumption is supported by the generally slow change of 
moments calculated for a sequence of neutron (or proton) numbers, 
keeping A and 34 fixed, and the fact that the distribution over 
which Eq. (2) averages is not very wide. 

J. W. Mihelich, B. Harmatz, and T. H. Handley, Phys. Rev. 
108, 989 (1957). 
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in the theory. These errors are quite consistent with 
the uncertainties arising from the limited accuracy of 
the experimental parameters and from the substitution 
for the actual nuclear level structure of a model sub- 
stantiated only partially by experimental data. 

The last three columns of Table I provide rough 
measures of the three major uncertainties. They give 
the approximate percentage change which results in the 
calculated energy E(2+-) from (a 
quadrupole deformation by 0.01, (b 
energy gap parameter by 0.01hw, 
the omission of the shift of N=6 
discussed previously 

It is clear from columns 7 and 8 of Table I that 
suitable small variations in the gap 4 and deformation 
5 could into 
agreement with experiment. However, such a procedure 
would shed no further light on the ability of the super- 
conductor theory to 


a change in the 
a change in the 
~70 kev), and (c) 


neutron levels as 


bring the calculated moments exact 


reproduce experimental data. 

At the present time, the inadequate knowledge of 
the relevant parameters precludes a more stringent 
test of the superconductor theory by calculations of 
rotational moments. However, the present high degree 
of consistency between predicted and experimental 
moments of inertia, which 
strated for other proposed descriptions, can be con- 
sidered to offer strong support for the basic elements of 
the superconductor theory. 


so far remains undemon- 


ACKNOWLEDGMENTS 


The authors would gratefully like to acknowledge 
helpful discussions with Dr. Ben R. Mottelson and Dr. 
Lawrence Wilets. 

Note added in proof—A. B. Migdal [Nuclear Phys. 
13, 655 (1959) ] has recently obtained similar results to 
those reported in this paper for moments of inertia of 
deformed nuclei, base on a Green’s function treatment 
of nuclear superfluidity 
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Dispersion relations are proved for the electromagnetic and mesonic nucleon vertex functions considered 
as a function of the nucleon mass. The results are used to express the isotopic scalar and the isotopic vector 
electromagnetic form factors of the nucleon in terms of pion electroproduction (or photoproduction) and 
pion-nucleon scattering amplitudes in the J/=4, T=} state. 





I. INTRODUCTION 


N the past various attempts have been made to 

study the electromagnetic structure of the nucleon. 
In particular Chew, Karplus, Gasiorowicz, and 
Zachariasen' and Federbush, Goldberger, and Treiman’ 
attacked the problem using dispersion relation tech- 
niques. The quantity to be investigated is the matrix 
element (p’|7,(0)| p) where (p’| and | p) are one-nucleon 
states of indicated four momentum and 7,(0) is the 
electromagnetic current : j,(x)= — (0/dx,)*A,(x), where 
A,(x) is the photon field operator. In isotopic spin 
space (p’|j,(0)|) transforms in part like a vector and 
in part like a scalar. For practical reasons the above- 
mentioned authors were unable to study the isotopic 
scalar part of the nucleon structure and had to confine 
their calculations to the isotopic vector part. Further- 
more the validity of certain analyticity properties of 
the theory had to be assumed. 

In this paper a different approach which does not 
suffer from the above difficulties is proposed. It is 
based on the observation that the various invariant 
functions describing the electromagnetic structure of 
the nucleon depend on the three scalars in the problem: 
?*, p”, and ¢= (p-p’)®. Any of the three may be chosen 
as the variable to be continued to complex values with 
the other two treated as fixed real parameters. Chew 


ef al. and Federbush et al.2 choose to continue ¢ ' 


whereas we shall choose p’. As a consequence we are 
able to study both the isotopic scalar and vector parts 
of the nucleon structure. Furthermore the validity of 
all the analyticity properties required in our approach 
can be proved rigorously. 

Depending on the asymptotic behavior of the 
functions under study the dispersion relations do or do 
not require “subtractions.” In general this asymptotic 
behavior is not known. For a local field such sub- 
tractions must be in the form of a polynomial in the 
dispersion variable with coefficients that depend on 
the remaining parameters in the problem. Since it is 
the latter dependence (i.e., dependence on g*) that we 


* This work was supported in part by the U. S. Air Force 
under a contract monitored by the Air Force Office of Scientific 
Research of the Air Research and Development Command. 

1G. F. Chew, R. Karplus, S. Gasiorowicz, and F. Zachariasen, 
Phys. Rev. 110, 265 (1958). 

*P. Federbush, M. L. Goldberger, and S. B. Treiman, Phys 
Rev. 112, 642 (1958). 


are interested in we cannot afford, in general, to have 
subtracted dispersion relations. If the function under 
study is known for some fixed value of the dispersion 
variable then we can afford to have a once-subtracted 
dispersion relation for that function. Accordingly we 
shall assume that nonsubtracted dispersion relations 
are valid for one of the form factors and once-subtracted 
relations are valid for the other. 

In Sec. 2 the dispersion relations in p” are constructed 
and proved. In Sec. 3 the absorptive part of the form 
factors is calculated in the usual approximation, i.e., 
only lowest mass intermediate states are considered. 
In this way the electromagnetic form factors are 
expressed in terms of amplitudes for pion electro- 
production (or photoproduction) in the J=4, T=} 
state, and the pion-nucleon vertex function. The latter 
is evaluated by the same techniques in Sec. 4 and ex- 
pressed in terms of pion-nucleon scattering phase shifts 
in the J=}, T=} state. Although these J=}, T=} 
amplitudes and phase shifts are in principle measurable 
experimentally, they are at present either not known 
or known but poorly. A theoretical determination of 
these quantities is being considered. 


2. DERIVATION OF DISPERSION RELATIONS FOR 
THE ELECTROMAGNETIC FORM FACTORS 


The matrix element of the current operator taken 
between one-nucleon states may be written as follows: 


i,( p's’) 


(po'/M)S 


tug( ps) 


( i. plea ee 
a *(bo/M)* 


jn(O)| ps) = 
Here t,(k,r)= ug*(k,r)(ys)sa and ug(k,r) is the spinor 


describing a nucleon of momentum & and spin r. It is 
normalized according to 


i, (ky) ta (hr) = 5,9, 


the upper sign to be used for positive energies (r= 1,2) 
and the lower for negative (r=3,4). In the following 
we shall usually omit spinor indices (such as a, 8 above) 
whenever the meaning is clear. Our Dirac matrices are 
such that y= ia®, y¥s=8, Ve¥-= 4 set icy. If a, and b, 
are two four vectors, then we define their scalar product 
as a-b=a,b,=a-b— abo. Finally M is the nucleon mass. 

It follows from invariance under the Lorentz group 
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that the structure of I, must be 


r,= ym 


jb-O,1 


(iy: p’)Liv,A1*+10,4,A* 
+q,As*|(iy:py*, (2) 


where g,=),—p,' and A,* are functions of the three 

scalars in the problem which may be chosen as ¢, 

W"= —p” and W?= — p*. Since p’ will always represent 

a physical nucleon we may set W’=M. Thus A,* 
A *(¢,M?,W?). Using Eq. (2) and 


a(p’s’)(iy-p'+M)=0; s’=1,2, 
we may write 
ai(p’s’\T, 
=1i(p’s’){ Civ. Fi(W)+i0 6 W)+9,F (W)) 
< (W —iy:p)/2W+Liv,/' 1! -W)+i0,.4-F2(—W) 
+9,F s(— + iy: p)/2W}, (3) 


where the Fi(+W)=F(¢,M,2-W) are certain linear 
combinations of the A,* (by deciinition, M and W 
are positive). 

The number of invariant functions :nay be further 
reduced by making use of the requirement that the 
theory be gauge invariant, i.e., that the vertex function 
satisfy the generalized Ward idertity.* In terms of our 
functions F;(W) the generalized Ward identity reads 


(MFW)Fi(+W)+@Fs(+W)=(MFWhen, (4) 


where ey is the nucleon charge. We use Eq. (4) to 
eliminate F,(+ W) from Eq. (3) and obtain 


i(p’s’) (T y—tvsen) = WI rs) iowa Fa(W) 


¢ W—iy-p 
+(a- in.) | —— 
M—W 2wW 


+ ionarPs = W) 


? W+iy-p 
+(0- iv» )Fo(-W)] ——}, 
M+W 2W 


The form factors F,(¢@) (charge structure) and 
F,(qg*) (magnetic moment structure) that appear in 
the literature’? are related to our functions by 


Fi(¢ j= ev+ @F;' (¢,M,M), (6 
F;(q*) = F;(¢,M,M), 


where the prime denotes differentiation with respect 
to W and where we have used 


F3(q@?,M,M)=0. 


*Y. Takahashi, Nuovo cimento 6, 371 (1957). 
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Equation (7) is a consequence of invariance of the theory 
under space and time inversion which requires that 


Ay, (¢°,M?,W?)= A," (¢,W?,M?*), 
Ay*(¢,M?,W°) = —As*i(¢,W?,M?). 


Using the reduction formalism‘ to “take out” the 
nucleon p from (p’s’| j,(0)| ps) we obtain 


i(p’s’)T .= ( po’, Msi f as 
Xe'?**O(—x 


where 6(x9)=4(1+-2o/ | xo and 4(x)=(—vy,70/dx, 

+M))(x) with y(x) the nucleon field operator. In 

writing Eq. (8) we have left out an equal-time com- 

mutator which can have an effect only on the 

“subtraction” terms in the final dispersion relations. 
Consequently 


5 


F(+W)=¥ (pu /M)% f ats 
‘om 


Xe"? *76(— xo (p’s’ Ci. 0),4(x) | 0 


Xv," 


tW)u(p’s’), i=2,3, (9) 
where the v,‘(+W) are appropriately constructed so as 
to project the F;(+W) out of T,. The actual values 
of »,‘(+W) are of no importance (they are given in 
Appendix A)—the need for them arises solely from the 
irrelevant (for the purposes of proving dispersion 
relations) fact that nucleons and photons have non- 
zero spin. 

To establish dispersion relations we go into a special 
frame of reference—the rest frame of p’. In this frame 
we have 

p’=(0,M), 
p= (Eh, po), 
q= (Eh, po— M), 


and we may consider » as the dispersion variable. We 
note that 


(10) 


po= (W?+M?+¢)/(2M), 
l= (po— M)°+-¢=[(W?2—-M? 


+ 2¢*(W?+ M?)+¢q* |/ (4M?), 


(11) 


(12) 


and € is an arbitrary unit vector. In this frame we may 
write 


F(4w)= f ar f dxy e'Po*Of, 


The actual expression for the /;(+ W ; xo,r) is given in 
Appendix B. The only thing that concerns us here is 


t+W: xor), 


v=|x|. (13) 


*H. Lehmann, K. Symanzik, and W 
cimento 1, 205 (1955). 
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the fact that the f;(+W; xo) vanish for x»<0 and 
xo<r [composed as they are of @(x») and a commutator 
which vanishes for space-like x] and have no singu- 
larities as a function of W, the latter property following 
from the expressions given in Appendix B where the 
W dependence of the f; is explicitly exhibited. 
Consequently, for fixed r, the functions 


1 2 
Fi+(po; r)s2- f dix, el f,(W; x07) 
2 


” +fi—W; xor)], (14) 


and 


1 
F (po; 1)= 2W J dy e'™™* f,(W; xo,r) 


2 

—fi(—W;xor7)], (15) 
satisfy all the requirements necessary for the Hilbert 
relation 


fig ® dpy’ 
RePe(po; )=~ f 
w J _« po po 


to hold.* In writing Eq. (16) we have assumed that 
no subtractions were necessary—we shall return to 
this question later. 

Introducing Eq. (16) into Eq. (13) and inverting 
the order of do’ and dr integrations we obtain the 
desired dispersion relations: 


ImF*(po'; 7), (16) 


, 


ge 2 dpo 
ReF *( pp) - f ——~ ImF #( py’). 
T M« po’ — po 


The interchange of order of integration is permissible 
provided that / js never imaginary for p> in the range 
— © <po<+. Since we are only interested in proving 
the dispersion relations for space-like (or light-like) 
g we have g20, and therefore h=((po—M)*+¢ }! 
indeed cannot be imaginary. 

At this point it may be worthwhile to point out the 
difference in the derivation of dispersion relations in 
W?=—/ and in ¢. In the latter case it is convenient 
to rewrite h as [ (go+M)*+ p*}' with go as the dispersion 
variable; and we wish to prove the dispersion relations 
for p time-like, i.e., p?<0 (in fact p=—M"). Hence 
for some go in the range —%<qo<+ A will be 
imaginary and the order of integration cannot be 
simply interchanged. Of course, this does not mean 
that dispersion relations cannot be proved but rather 
that the method successfully used above when the 
dispersion variable was po fails when the dispersion 
variable is go. As yet no other method has been devised 
to prove rigorously the dispersion relations in go. 

Equation (17) is a dispersion relation in po (or W*) 
for the functions F (ps). We shall now show 
that ImF *(po) vanishes for po<_M+u+ (q¢°+ p"*)/ (2M) 


(17) 


* The symbol & denotes principal value 
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where y is the pion mass, and this circumstance will 
permit us to convert Eq. (17) into a dispersion relation 
in W for the functions F;(+W). 

It follows from invariance of the theory under space 
and time inversions that the imaginary or absorptive 
part of the various functions is obtained by replacing 
i@(— x») in Eq. (8) by }*: 


a(p’s’)T,A 
1 
= (po/M) fos e'?-*(p's’ | [ 7,(0),9(x) 1/0) 


1 ak 
= (po'/M)*- fas cody f gee 
2 n (2x)* 


x (p’s’ | (0) | mk), | (0) | O)em** 


dk’ 
-> f {p’s’|9(0)| n’,k’) 
n’ (2r)* 


X (w|i O)| Opes’, (18) 


where we have introduced a complete set of states 
labeled m (or n’) with rest-energy M, and momentum 
k=[k, + (k°+M,2)'] and where 


a(p’s’)T A 
| ? 
=1(p's’) icom ImF,(W)+ («- —in) 
| M-W 


W—iy-p 
ImP(W) | e =+|ionas ImF;(—W) 
OW 


| oe W+iy-p 
+(.- ing Jim —W) ’ 
M+W 2W 


For the same reasons that were outlined above we 
may interchange the order of d‘x and d*% integrations 
and obtain 


(19) 


a(p’s’)T A 


- (po'/ M)'n| > 2pA( pod wWw?— M,”) 
x (p’s’| j,(0)|n,p)(n,p!9(0)|0)4+S5 2qeh(—go) 


x5(¢+M,7)(p's’|4(0)|n’, —g) 
X(n’, —q\ju(0)|0);. (20) 


The state » must be a state of nucleon number one. It 


cannot be the one-nucleon state because‘ 
(one nucleon | 4(0)|0)=0, (21) 


* See, eg, ~ oo to the paper by R. Oehme, Phys. Rev. 
106, 1503 (1955). 
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but it can be a state of one nucleon and any number of 
pions, K-K pairs, and baryon-antibaryon pairs (photons 
are excluded because we are only calculating to lowest 
order in the electromagnetic coupling). The lightest 
such state is the one-nucleon plus one-pion state for 
which M,2M-+uyu. On the other hand the state n’ 
must be a state of nucleon number zero. Furthermore, 
the argument of the delta-function 5(¢+M,) can 
vanish only if M,:=0 since 20. The only state that 
can satisfy these requirements is the vacuum state and 
it will not contribute because of Eq. (21). Thus we 
conclude that the summation over mn’ may be 
ignored and consequently ImF;(+W) vanishes for 
W?< (M+). 

For the magnetic moment form factor F; we assume 


that no subtractions are necessary and obtain from 
Eq. (17) 


ReF,(M) 
Vv f 
rT \ 


f+p 


ImF,(W) tmF.,(—W) 
aw| +-; | (22) 
W-—M W+M 3 


For the charge form factor F; we njake use of Eq. (7) 
to write a once-subtracted dispersion relation so that 


ReF,'(M) 


a] 
. Ca 
(W+M) 


e 7” ImF;(W) 
=— f dw + 
T M+an (W-—M 2 
where the prime denotes differentiation. 

As stated in the Introduction, we do not know how 
many subtractions are needed. Pending a study of the 
asymptotic behavior of these functions our choice of 
no subtractions for fF, and one subtraction for /; must 


be viewed as a postulate. 


3. THE ABSORPTIVE PART OF THE ELECTRO- 
MAGNETIC FORM FACTORS 


The desired electromagnetic form factors [see 
Eq. (6)] are given by Eqs. (22) and (23) in terms of 
the absorptive parts ImF,;(+W). It follows from Sec. 2, 
particularly Eq. (20), that we have 


ImF,(W) 


2 
=> 
— 


(po'/M) x E 2po8(po)d(W?—M,2) 


a= 
x (p’s’|7,.(0) | m,p)(m,p|4(0) |O)v,'(W)u(p’s’), (24) 


where the sum over # runs over all states of nucleon 
number one, rest-mass M, and total four momentum p. 
The lowest mass such state is the one-nucleon plus 
one-pion state (since the one-nucleon state does not 
contribute), for which M,2M-+u. Its contribution 
to Eq. (24) may be written as 
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Im**F,(W) 


= > (po'/M)*x > fevras 2m) 


s/o] 
X (210)0(po'")0(to)6 (p+ M*)5(P+n?) 
x (p" +1— pp's’| ju(0)| (P" Din 


X((p" Din! 9(0) | O)y,'(W u( p's’ , (25) 
where >_, refers to the sum over the 
numbers (spin, isospin) of the (p’’,/ 
we have chosen to take for the 
n the states with the “in” 
Eq. (24) to Eq. (25 mass-shell delta-functions 
were added to extend the three-dimensional integra- 
tions to four dimensions. 

Because of the structure of the dispersion relations 
one hopes that the contribution from the lowest mass 
intermediate states dominates all other contributions. 
Accordingly we shall approximate ImF,(W) by 
Im**F,(W) and drop the superscript Nx in order not 
to complicate the notation 

The factor ((p”,J)in|#(0)|0) appearing in Eq 
related to the pion-nucleon vertex function We may 
write , 


discrete quantum 
system and where 
complete set of states 
convention. In going from 


some 


25) is 


ree 


(O| na(O)| (p''s" IN) in 


\ 26) 


‘7 * . . . 
where s’’ describes the spin (and isotopic spin 
nucleon ?”; A des« ribes the isot yp 


l,r, is the usual Pauli matrix operating in isotopic spin 


of the 
spin of the pion 


space and ¢,(A) is a unit vector in isotopic spin space. 
The constant g is related to the pion-nucleon coupling 
constant’ and will be specified more precisely below. 
From invariance of the theory under the Lorentz group 
one has 


where p,=p, +l, and the BY are functions of the 
three scalars in the problem: 7, p’”, and p*. Thus 
B= B4(—P, —p’", —p*) and we shall only need in 
Eq. (25) BY(y?,M?,W?). It will be convenient to write 


W-—1 
ru(p"s” | 
2W 


<Xysul p's’), (28) 


where K(+W)=K(ye2,M,A0 is a certain linear 

7 The pion-nucleon coupling constant is more conventionally 
defined in terms of the matrix element (p|J(0)|p”) of the pion 
current. For a discussion showing that we are dealing here with 
the same constant see M. L. Goldberger, Y. Nambu, and R. 
Oehme, Ann. Phys. 2, 226 (1957), Sec. IV. 
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combination of the B“. If we normalize K (W) according 
to 


K(M)=1, (29) 


then g is the Lepore-Watson coupling constant.* In the 
next section K(+W) will be evaluated in terms of 
pion-nucleon scattering phase shifts. 

The other factor in Eq. (25), (p’s’|j.(0)| (p” Din), 
is related to pion electroproduction (¢>0) or photo- 
production (g=0). It is needed in Eq. (25) only for 
such values of the total energy and momentum transfer 
that lie in the physical range of these variables. 
Consequently it may be taken over directly from 
experiment. We may write 


€n*(p's’|ju(0)| (ps”’ JA) in) 


M 7 
- [.—- a(p’s’)(MsA,+MgB,4+MC, 
2lopo' po’ 


+MpD,+MekE,+MeF,)ul p's” €,(d), (30) 


where, as a of Lorentz and 


invariance 


consequence gauge 
M a= —}ivs(7,7), 
M p=iys(p'+ 7", D), 
M c= —s(7,), 
Mp= —rl_(7, p'+p")- 4iM (y,7)], 
Me= iys(q,!), 
M r= —5(9,7). 
Here e* is the photon polarization four vector, q=p” 


+l—p'=p—p ’ is the photon momentum four vector, 
and 


(a,b) =a-e*b-q—a-qb-e*. 


Charge independence implies that the isotopic spin 
dependence of A,,---F, is given by 
A,=4(13,7,} At+4[13,7, |A~+17,4°, etc. 


(32) 


With these definitions our A*+~*, etc., are precisely 
the same as the ones defined for the pion electro- 
production process by Fubini, Nambu, and Wataghin.’ 
Noting that Eqs. (26), (27), and (28) imply 
((p’’s”’ Dd) sn | (0) | 0) 
e,*(d) a( ps”) 
pase esersy 
(2he)* [po”/M}* 


W—iy-p W+iy-p 
x| - K*(W)+———_ “Ke(—W), (33) 
2Ww 2W 


* J. Lepore and K. M. Watson, Phys. Rev. 76, 1157 (1949) 
*S. Fubini, Y. Nambu, and V. Wataghin, Phys. Rev. 111, 329 
(1958). 
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and making use of 


.: 


> €(A)e*,(A) =4,,°, 
" 


(34) 
we obtain after substitution of all these definitions 
into Eq. (25): 
ImF,(W) 
2 
—ig>- T d‘pd'l (2) *O( po’ )O(1o) 
a’=l 
5 (p’?-+ M*)b(P+-y")b (p’" +-1— p)ii(p’s’) 
W — ity: 
x (A,3+7;H,")(M- iver . K*(W) 
2wW 
W+iy-p 
+ K 


*(—W) Iv,'(W) ul p's’ 35 
— ( |. )u( p's’), (35) 


where 


¢,*H ,8=M ,AS+---+MpFS, A5=3A°, etc., (36) 


¢,*H,” =M4A¥+++-4+M pF’, AY = At++2A-, etc. (37) 


Equations (36) and (37) show that we are concerned 
only with those electroproduction amplitudes for which 
the pion-nucleon system is in an eigenstate of total 
isotopic spin T with the eigenvalue T=}. 

Since ImF;,(W) is a Lorentz invariant the right-hand 
side of Eq. (35) may be evaluated in any frame of 
reference. The most convenient frame turns out to be 
the barycentric frame of the electroproduction process, 
which is also the rest frame of p:p= (0,W). We define 
in this frame 

p’ = (pi,£:), 
p” = (p2,£2), 
%= COS)= pi *P2/(|Px| | Pz! ), 
and the relation of these quantities to the invariants is 
a= (p'- p+ E,Es)/(|pi! |p2!), 
E,= (pr+M)'=—p-p'/W 
= (W?+M*+¢)/(2W), 
E:= (p?+M")'=—p-p"”/W 
= (W?+ M*—y*)/(2W). 


The amplitudes A,---F are functions of three scalars 
(if one ignores the dependence on the masses of particles 
that are on their mass-shells) ; in the barycentric frame 
these may be taken as ¢, W, and x. To perform the 
integrations in Eq. (35) only the x dependence must 
be known and this dependence may be made explicit 
by a multipole expansion. 

Let 


ii(p’s’)He,*u( p's’) = —4n(W/M)x*(s’)5x(s’"), 


where x(s) is a two-component Pauli spinor and” 


The fourth component of ¢* has been eliminated by using 
qe =0. 


(38) 


(39) 


(40) 
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io: Pip2-e* 


|p: | | ps! 


7 o-pi Xe*o- po 
=is-6°S,-— ‘ 


| Pal | Ps| 
-e* io pip, e* 


Fy a —J5 


p: |p: | |p! 


., . 
1 * Pop. € 


~Fs. (41) 


The %;,i=1,---,6, are certain linear combinations of 
the A,---,F defined by the above equations. The 
definitions are such that these $;, i= 1,2,3,4, correspond 
to the amplitudes 5; defined by Chew, Goldberger, 
Low, and Nambu" for the photoproduction process. 
The multipole expansion of $,, i= 1,2,3,4, is given by" 


$= > (/My+Ep Pus (x) 
l—O 


+[(l+ 1)M-- +E )P, 1’( x), 


.=) Cd +1)My+IM - |P,'(x), 


| 


F,;= = [Ew -—_ Mu Pu 1’ (x) 
l=] 
+ [Er +My \Py1""( x), 


a 

F, = > [My _ Ew _ M;- Ey |Pi''(x), 
lm} 

and the expansion for i= 5,6 is given by 


F,= —F,—1x5;4 > [ (1+- 1) Lu Piys’ (x) 


l=O 


—ILyPi1' (x) ], 


F.= —xF, +> (1Lr _ (/ +1) Ly | s(x). 


b= 


The amplitudes My, Ey, Lye refer to electro- 
production due to magnetic, electric or longitudinal 
multipoles in which the pion-nucleon system has orbital 
angular momentum / and total angular momentum 
l+4. Their isotopic spin dependence follows from 
Eq. (32). They are independent of x but are functions 
of W and ¢. In particular for ¢@=0 the longitudinal 
amplitudes L,+ vanish and the magnetic and electric 
amplitudes go over into those of the photoproduction 
process. 

We are now ready to perform the integrations in 
Eq. (37). The result is 


>» sie & | P| E.—M ; 
ImF," 5(W)=— om ( -) K*(W) 
W |p,:| \E,4+M 


xL(W+M)M,-" 4(W) 


—(W—E,)L,-":5(W)], (48) 


u G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1345 (1957). 
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g |\po| (/E.—-M\'*W-—M 
ImF," -4(W) = —— - ( ) K*(W) 


W |p,| \E,+M ¢ 
<[¢M1-"-5(W) 


+(W—E,)(W+M)L,-"4(W)]. (49) 


It is seen that only the magnetic dipole and longitudinal 
monopole enter as was to be expected since only these 
multipoles could be emitted or absorbed by a nucleon 
without changing its total angular momentum and 
parity. 

The remaining functions needed in Eqs. (22) and 
(23) are 


g |\po| /E:2+M\! 
ImF," 4(—W)=— : ( : ) K*(—W) 
W \pi| \E,.—-M 


<[(W—M) Eq" 4(W) 


—(W—E,)Le" 4(W)], (50) 


g \po| /E:+M\'*W+M 
(sity Ee 
W |p:1| \Z:—M 

xX [g?Eor¥ 5(W) 


ImF,”:5(—W)=— (—W) 


9 


¢ 
+ (W—E,)(W—M)Lo" 4(W)], (51) 


and here it is the electric and longitudinal dipoles that 
enter. (These are the only multipoles that could be 
emitted or absorbed by a nucleon without changing its 
total angular momentum but with a change in parity.) 

Introducing Eqs. (48), (49), (50), and (51) into 
Eqs. (22) and (23) we obtain for the F;(g*) [see Eq. (6) ] 
the following expressions: 


ReF," 5(q*) 


g ¢” dW |p|) sE:—My\'K*(W) 
=ey" S__@o f oe ( ) “ 
« Ju., W \Ipl(\Ei4M/7 W-M 


<X(¢eM1-" 5+ (W—E,)(W+M)L,-" 4] 


E.+M\'K*(—W 

“{-) W+M 
ReF,”-5(¢) 

g of” dW |p| (E:—My'K*(W) 

; Bs i W |p, (=) W-—M 

x((W+M)M,-" 


F2+M\'K*(—W) 
+( ) ((W—M)Ew¥-S 
E.—-M/ W4+M 


[gtEo’ 5+ (WE, 


x (W—M)Le" 5) ; 


s—(W—E,)L-" 5] 
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Here F,5(¢)+F*(¢) is the electromagnetic form 
factor of the proton, F,4(¢*)—F,"(¢) is the electro- 
magnetic form factor of the neutron (i= 1: charge form 
factor, i=2: magnetic moment form factor) ; ev” 5= $e, 
where ¢ is the proton charge; |p:|, |p2|, 71, Es, are 
known functions of W and ¢ [see Eq. (39)]. The 
multipole moments M,-":5, L,-"-5, Eo" ’5, and Lo+" 4 
are functions of W and ¢ which in principle can be 
determined experimentally. There remains to be deter- 
mined the mesonic form factor of the nucleon K(W) 
and we address ourselves now to that problem. 


4. MESONIC FORM FACTOR OF THE NUCLEON 


In analogy to the electromagnetic case we shall refer 
to K(W) as the mesonic form factor of the nucleon. 
According to the definitions in Sec. 3 we have 


(0| (0) | (p's DA) in) 
W+ty'p ; 
+ K(—W fr 
2wW 


, [- 
= —igr,| - 
u(p"’s”’) €,(d) 


a ) 
(po”/M)* (2lo)4 
where K(4+W)=K (u?,M,4W), K(M)=1, p,= 9," +1,, 
P=—W*, p'"=—M’*, P=—y’, and g is the Lepore- 
Watson coupling constant. 
We now apply the reduction formalism‘ to the meson 
1 and obtain 


(0| (0) | (ps DA) in) 


—iy:p 
K 


-i f dx e*-=6(—x9)(0|[9(0), J (x) ]| ps”) 
Xe,(A)/[e}, (55) 


where we have left out an equal-time commutator. 
The meson current J,(x) is defined by 


fs) 2 
1,2)=|-(—) ++']es(), 
Ox, 


where ¢,(x) is the meson field operator. Combining 
Eqs. (54) and (55) we deduce after some straight- 
forward manipulations that 


Wine 


(56) 


M ” >> (p!’ ") ty: prw 
“<1 wie ane 


xf tz c*-"6(—24)(0|[n(0),J,(2)]|9"8"). (57) 


The W dependence of the right-hand side of Eq. (57) 
is explicitly displayed by going into the rest frame of p”’ : 


»”=(0,M), 
i (Ehi,le), 


(58) 
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with — an arbitrary unit vector and 
h= (leg— (59) 
lo= (W?— M?—y*)/(2M). (60) 


We can then show that the functions K*+(/o)=4[K (W) 
+K(—W)] and K~(l)=3(K(W)—K(—W)//W sat- 
isfy dispersion relations in J». 

The proof is quite analogous to that given in Sec. 2 
with one difference. The 4 of Sec. 2 was shown never 
to be imaginary for all values of interest of the remain- 
ing parameters. Here, however, 4; will be imaginary 
when 


—p<lo<p. (64) 


Nevertheless dispersion relations can be proved because 
the absorptive part of the various K functions vanishes 
for lo satisfying condition (61). These absorptive parts 
are proportional to 


f dxq €~**0'(()| [ (0), J, (x) }| Ms’”) 


tk 
=> f —— 296 (lo + M — ko)(O| 9 (0) | ,k) 
n (2x)? 


(nk | J,(x,0)| Ms’ -E f aati 


x (0| J,(x,0) | n',k’Xn’,k’|n(0)| Ms”), (62) 


where we have introduced a complete set of physical 
states » or nm’. The state m must be a state of nucleon 
number one, hence a state of at least one nucleon and 
one meson, i.e., ko= M+. Similarly n’ must be a state 
of at least one meson, i.e., ko’ 2m. These inequalities 
combined with the delta functions show that the 
expression (62) vanishes for Jy in the range (61). 
Subsequent integration over d*x shows further that 
the absorptive part of the various K functions also 
vanishes for /><—y and therefore our final dispersion 
relations may be written as” 


ReK(+W) 


° p* fimK(W’) ImK(—W’) 
of pay . 
riu,, WW Ww 


where we assume that no subtractions are necessary. 

Approximating the absorptive part of K(W), in 
the usual way, by the contribution from the lowest 
mass intermediate state (i.e., the one-nucleon, one-pion 
state) we find from Eq. (57) by replacing 6(—2») 
by (2i)° 





(63) 


® This method of proof is due to R. Oehme [Nuovo cimento 4, 
1316 (1956)] and has been used by K. Symanzik [Phys. oe 
105, 743 (1957)] to derive the same analyticity 
we prove in this Section. In Symanzik’s treatment the penal 
complications due to nucleon spin were omitted. 
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ImK (W) 


j 
-——(M py! f 
3g r 


—V')6( p+ M*)6 (12+ 2)0( po”) 


al dp” 
(2r)* 
x5 (p— p” 


iy: p—W 
XO(Lo')2po’”’ 2le’ > ai(p’’s’”) rs p.. ’ 
w— (W—M) 


a/'=] 


K(0}n(0)| ("DD ind ("in| J,(0)| p's"), (64) 
where >, denotes the sum over the discrete quantum 
numbers (spin, isotopic spin) of the pion-nucleon 
system (p””’,I’). 

The first matrix element in Eq. (64) is just the 
pion-nucleon vertex under study. The second matrix 
element is related to pion-nucleon scattering. Using 
invariance under Lorentz transformations one finds” 


e,*(A)(p"’s’”| J,(0) { p's!” UN’ )in) 


; 
- woe 
ul yo 
;| p of 
, 


V+ 
x (4 —ty: —B) u(y"), 
2 


where A and B are functions of the scalars in the 
scattering problem as well as of the isotopic spin 
indices \,A’. The latter dependence is limited by charge 


M 
210’ po’ Po 


(65) 


independence to be" 


A | A} 
(,)-['re(,) 
B | BI 
A! 
+ re —Brote)( ) foo, (66) 
B! 


where the superscripts 4, } refer to the total isotopic 
spin T of the meson-nucleon system. 
With these definitions we obtain from Eq. (64) 


eK (W) d'd'p'” 
aaree 
w—(W-MyJ (2x)! 


X5(p-+-M)5 (I+ p*)0( po’””)0(I0’) 


ImK(W) —l’) 


xT (W+ iy: p)(M—iy-p’”) 


i 


+l 
x(4" -iy-— Be) (Mm —in-9")|. (67) 
? 


The integrations in Eq. (67) are most conveniently 
performed in the barycentric frame for the scattering 
process, which is also the rest frame of p. In this frame 
A and B can be considered as functions of W*? and 


8G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1337 (1957). 
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x=cosé where @ is the scattering angle. The x depend- 
ence may be made explicit by a Legendre polynomial 
expansion.” In this way we find 

ImK (+W)=[e“*"? sina(+W)}*K(+W), 


where a(+W) is the P-wave J =4, T=} meson-nucleon 
scattering phase shift and 6(+W)=a(—W) is the 
S-wave J=4, T=} meson-nucleon phase shift.!* Below 
threshold for meson production (W<M-+2y) these 
phase shifts are real. We shall take them to be real 
aiso above the threshold which is consistent with the 
approximation of keeping only the lowest mass inter- 
mediate state when evaluating ImK(+W). 

Thus we find that we must solve the coupled linear 
integral equations 


(68) 


Pe? fe sina(W’)K(W’ 
ReK(+W)=- | 
wT! vig W'+W 
e*—-W)sina(— W’)K(—W’ 
+ jaw’, (69) 
W+W 
or, equivalently, 


1 2 fe-*@sina(W’)K(W’ 
K()=- f 
TY Miu W’- 


e-#@-¥ sina 


+ 


lim K(W-+ 
K(—W)= lim K(—W—ie). 

The method for solving equations of the form (70) 
is originally due to Muskhelishvili."° We deduce from 
Eq. (70) that K(z) is a function analytic in the cut 
z plane, the cuts going from +(M+ yz) to + and 
from —(M+y) to —@ and the jump in K(z) across 
these cuts is given by Eq. (68). Consider now the 


function exp[Q(z) ] where 
1 . a(W’) a —W' 
f ( wal aw", (72) 
wJus, \W'—s W'+2 
lim O(W+ie), 


«-0t 


O(2) = 


Q(W) 


QO(—W)= lim O(—W—‘ie). 


e-—0r 


“Our functions A,B are paptety the same as defined in 
reference 13 and the details of the polynomial expansion may be 
taken over directly from that paper 

8 The identity 8(+W)=a(—W) is a special case of the more 
general identity which relates phase shifts belonging to the same 
J and T, but different orbital angular momentum /, eigenvalues. 
In the notation of reference 13 this identity is 8+(4+W) 
=5(141)- (FW). 

1%N. I. Muskhelishvili, Singular 
Noordhoff N. V., Groningen, 1953). 
Appendix to paper by S. Okubo, R. E 
Sudarshan, Phys. Rev. 113, 944 (1959). 


Integral Equations (P. 
See also reference 2 and 
Marshak, and E. C. G. 
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It is readily verified that exp[Q(z)] has the same 
analytic properties as K(z). Of course this solution is 
not unique and in particular, because of the homo- 
geneous nature of Eq. (70), it may be multiplied by a 
constant. We make use of this freedom to insure that 
the normalization K(M)=1 is satisfied and so take for 
our solution 

K(s) 


= explQ(z)--Q(M) }. (74) 


In deriving Eq. (74) it is assumed that the behavior 
of the phase shifts a(+W) is such that the integral 
Q(z) exists. The solution, Eq. (74), could still be 
multiplied by a polynomial P(z) such that P(M)=1. 
Under certain reasonable assumptions’? it can be 
shown that such a polynomial should not appear. 


CONCLUSIONS 


We have expressed the electromagnetic form factors 
of the nucleon in terms of pion electroproduction 
(or photoproduction) and pion-nucleon scattering 
amplitudes in the /=}, T=} state. These amplitudes 
are functions of the total energy W in the barycentric 
frame and of (in the electroproduction case) ¢*, the 
square of the momentum transfer from the electrons. 
They are needed for physical-values of W and ¢ and 
therefore can, in principle, be determined experi- 
mentally. At present these amplitudes are not known 
very well and therefore we refrain from giving any 
numerical resuits for the form factors. A theoretical 
approach, based on the Mandelstam"’ representation, 
to determine these amplitudes is being considered. 
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APPENDIX A 


The quantities v,‘(+W) that appear in Eq. (9) are 
defined by 


F (+{W)=Tr{(2M)7(M—iy-p’)T v(+W)}, (A-1) 


from which we obtain by a straightforward calculation ' 


v2(+W)=— (iy pFW)(8MP)“"[(MAwy+¢} 
X(3(M4W)[¢iv,— (MFW)gq, | 
+[2¢—(M+W)* jio,.4-}, 
»,3(+W) = (iy pFW)(8MR)-[ (MAW) + ¢}) 
X (8M%q*g,+ (MFW)[2(M4WY—¢@*] 
X Liv. — (MFW) 79, ] 
+3(M’?—W?)io,4>}, 
where /? is defined by Eq. (12). 


(A-2) 


(A-3) 


APPENDIX B 


The functions /;(+W; x9) appearing in Eq. (13) 
are defined by 


= S. Mandelstam, Phys. Rev. 115, 1741 (1959). 


NUCLEON 


SAW; x0,7) 


2 


=> ir faa, exp(tE- xh)0(x9) 


a’=l 
x (Ms’| Cj (0),4(x, — x0) ]|0) 


Kn,v,"(+W)u(Ms’), (B-1) 


where for convenience we write j,(0)= j(O)n, with m,a 
four vector in the direction of 7,(0) and where the 
v,"(+W) are evaluated in the rest frame of p’. We 
recall that & is an arbitrary unit three vector. The 
fact that f; does not depend on — may be made explicit 
by integrating over the angles of £. In this way we get 


r: tof) = > ir fan, 
a'=l 


O(x9)(Ms’ | 7(0),4(x, — x0) ]| 0) 


f(+U 


KA(+W; x)u(Ms’), (B-2) 


where 


hv(+W ; x)= (4) fan, exp(iE-xh)n,v,"(+W). (B-3) 


Quite explicitly we have 


8M).(W; x) 
(W—-M)+¢ 


= No 
M 


—2(ng thin m jah) ix] 


(rh) g+W?—-WM—2M* 
—(W+M iva _ — 
rh M 


(}iy- nr’ 
rh 2M 


a. ja(rh) 
—iy-xn-x)—— I, 
. (rh)? 


ji(rh) (W—-M)+¢ 
x|n- + - 


(B-4) 
r 

8M)3(W ; x) 

(W—My+¢ 


= 2(not bir m)jlrh) tinea] ————N 


(rh) &+W*—-WM+4M* 
~ (W— Miya + : — 
th M 


ji(rh) 
| ns - + 


(W—M)*+¢" 
rh 2M 


~(hiry- nr? 


je(rh) : 
— iy: xn-x) | (B-5) 
(rh)? 


r 


where the j;(rh) are spherical Bessel functions of order 
1. Corresponding expressions are valid for \,(--W; x) 
with W replaced by —W. Since (rh)~9;(rh) is an even 
function of rh finite at rh=0, the above expressions 
show explicitly that the functions f/;(+W; xo) have 
all the properties claimed for them in Sec. 2. 
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High-Orbital S-State Capture of «- Mesons by Protons* 
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The consequences of the very short capture time for x~ mesons in liquid hydrogen, recently measured by 
Fields, Yodh, Derrick, and Fetkovich, are discussed. It is pointed out that collisional de-excitation mecha- 
nisms, even including the Stark effect enhancement of capture, seem inadequate to explain the experiment. 


Alternative possibilities are discussed. 





HERE has been very little experimental! evidence 
on the slowing-down and capture times for 2 
mesons in liquid hydrogen, until quite recently.’ 
Usually, in any situation which required estimates of 
these times, appeal was made to the calculation of 
Wightman and of Fermi and Teller? [Panofsky et al.,* 
e.g., estimate total de-excitation times to the ground 
state for the (x~,p) atom to be of the order 10-"—10~* 
sec. | 
Fields ef al.' recently measured the time which 
elapses between that point in the slowing down of a 
m~ meson in liquid H, when it has velocity V~0.05c 
and the moment of capture by a proton. To within a 
factor of three, this time interval is found to be 


bap ~3.5X 10-® sec, 


Yexp—~3.1X 10" sec. 


(1) 


This time is much shorter than average radiation times 
of excited states of the (#~,p) atom, except for the 
2P — 1S transition, for which‘ 


tr(2P — 1S)=6.8X10-" sec. (2) 


We would like to consider first whether the Stark 
effect and capture process previously proposed for the 
(K~,p) atom can explain this new experimental result. 
We briefly recapitulate this argument here in a slightly 
modified form. Consider a highly excited (x-,p) atom 
moving through liquid H, with a velocity V~10* 
cm/sec.*? When this neutral object penetrates within 


* This research was supported in part by the U. S. Air Force 
Office of Scientific Research of the Air Research and Development 
Command and in part by the U. S. Atomic Energy Commission. 

1T. Fields, G. B. Yodh, M. Derrick, and J. Fetkovich, Bull. 
Am. Phys. Soc. Ser. IT, 4, 402 (1959); and private communication. 

7A. S. Wightman, Phys. Rev. 77, 521 (1950); and Ph.D. thesis, 
Princeton University, 1949 (unpublished). E. Fermi and E. Teller, 
Phys. Rev. 72, 406 (1947). 

*W. K. F. Panofsky, R. L. Aamodt, and J. Hadley, Phys. Rev. 
81, 565 (1951). 

*H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- 
and Two-Electron Atoms (Springer-Verlag, Berlin, 1957), p. 253. 

*T. B. Day, G. A. Snow, and J. Sucher, Phys. Rev. Letters 3, 
61 (1959). 

* We wish to thank Professor S. B. Treiman and Professor R. 
Karplus for their many helpful comments on the original model 
of reference 5. We now believe that a velocity of 10* cm/sec 
is more likely than one of 10* cm/sec since the first few de- 
excitations of the atom release volts of energy to atomic mo- 


the electron cloud of a neighboring H atom, it feels a 
strong electric field (~e*/a¢?, a9= electron Bohr radius) 
which induces Stark oscillations between the degenerate 
angular momentum sub-levels of the given principal 
quantum number. The time for these oscillations is very 
short {e.g., for the x~ in the n=6 level, éstarx{ 61 — 6 
x (l—1) #10™"* sec}. Hence, during the collision, the 
other states will be coupled with the S state,’from which 
the pion can be captured.* 

The capture rate for a pion in the § state may be 
estimated just as before for the K~ meson. Using the 
low-energy pion cross-section data,’ we find 


Yeapt!= 1.1 10" sec, (3) 
Thus, if the pion were in a state of the (#~,p) atom with 
principal quantum number , and magnetic quantum 
number m,=0, there would be n—1 degenerate angular 


tion, and thermalizing times are much longer than the time 
required for further collisions with energy release 

R. K. Adair, Phys. Rev. Letters 3, 438 (1959) has questioned 
the estimates of reference 5. We agree with Adair’s statement that 
the problem should be treated more accurately. However, al- 
though we have not been able to prove our results rigorously, we 
believe that Adair’s criticism of reference 5, is incorrect, for the 
following reasons. . 

The dipole field giving rise to the Stark effect can be attractive. 
As a result, even for velocities as small as 10* cm/sec, the (K~— p) 
atom speeds up to energies of the order of the Stark shift energies 
(~1 ev). This means that the relative orbital angular momenta 
that are present at the time of absorption are ~10, instead of 
~1 as Adair claims. 

If one insists on calculating a cross section for the complete 
process, then one should include the absorption interaction (both 
for the transition rates and for level shifts) in which case the final 
reaction particles have a spectrum of final momenta, of their 
center of mass motion relative to the proton, extending to energies 
of the order of the energy release. This spectrum is heavily 
weighted about the value for elastic scattering with no absorption 
interaction as considered by Adair, but still with a width of the 
order of the Stark energies, corresponding to the speed-up 
discussed above. 

Moreover, a simple Born approximation approach to the 
complete cross section calculation, such as done by Adair, is open 
to question. For example, such a calculation of the inelastic 
scattering process for 6P — 6S, with no level shift in the S state, 
and no absorption, gives a cross section of the order 7X 10*ra? 
which would violate the optical theorem for such low-energy 
collisions. This indicates that any simple angular momentum 
barrier argument which uses the first Born approximation is very 
unreliable. 

* The #P-state capture is smaller than the #S-state capture by 
several orders of magnitude; see K. Brueckner, R. Serber, and 
K. Watson, Phys. Rev. 81, 575 (1951) 

* Proceedings of the Seventh Annual Rochester Conference on 
High-Energy Nuclear Physics, 1957 (Interscience Publishers, New 
York, 1957), p. I-15. 
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HIGH ORBITAL S-STATE 
momentum states with m,=0 coupled with the nS 
state, and the Stark capture rate would be 


_ 11.110" 
Yeapt” (Stark )—~— ‘ 
n n® 


sec. 


Since the inverse of the transit time is 
Verans™™($2a0/ V1.5 10" sec, 


there is very little capture during a collision of the 
(x-,p) atom. The amount may be estimated by saying 
that there is a cross section for capture of the pion in 
the » level with m,=0 of 


Ceapt (m= 0)—~[ 1 ai exp(— Yeapt” (Stark) /~Vtrans) }rae’, (6) 


and by further saying that the number of (m, m,=0) 
states is only 1/m of the total number possible.” Thus, 
the average capture rate for the pion in an m state is 
Peon” (Stark )—N V (1/1) ccape(mi=0) 

= 3X 10"(1/n)[1—exp(—7.3/n*) } sec, 


(S) 


(7) 


where N is the number density of H atoms in an H, 


bubble chamber. This is much smaller than the experi- 
mental rate, Eq. (1), for any of the initially high values 
of n. Thus, it is clear that the collisional] Stark mecha- 
nism alone cannot explain the experimental result." 

Moreover, while it is true that the Stark collision 
rates, Eq. (7), are ~10Xradiation rates for n~3-4, 
and thus could be expected to dominate for these n’s, 
the time estimated by Wightman? for a pion to go from 
initial capture in a molecule to n~4 in an atom is 
~5X10-™" sec. Thus the experimental result seems to 
rule out also the possibility that the Stark mechanism 
takes over after the usual collisional de-excitation 
brings the pion to low m values. Let us, then, adopt 
Wightman’s picture that the z~ slows down and is 
captured by replacing one of the electrons in the Hy, 
molecule more or less adiabatically. We now consider 
whether nuclear capture of the # for an isolated 
(x-,H:*) molecule can occur in times of the order of 
Eq. (1). 

While the x~ is in a molecule it is in a strong, non- 
central electric field at all times, rather than just during 


“It should be pointed out that this additional factor of n 
represents the effect of neglecting Stark transitions between levels 
with different m;, and corresponds to adiabatic motion of the atom 
through the electric field. Nonadiabatic motion will correspond to 
a smaller reduction factor, until the opposite limit is reached, 
where m; is no longer a good quantum number at all, and al! n* 
degenerate states are strongly Stark-coupled to the nS state. In 
this limit, the Stark capture rate of Eq. (5) becomes 


Yeapt” (Stark) = (1/m*)(veape’4/n*). 


"From this point of view, the corresponding rates for the 
(K~, —p) atom are (with V = 10* cm/sec) 
aT e011" (Stark O~3 X 10°(1 —exp(—3.1 10? /m*)) sec 
(Yeap =4.7X10" sec for the K—, p interaction.) Thus 
Yeour* (Stark) is still ~100Xradiation rates for n~10, as stated 


in reference 5, and the conclusions enumerated there are still 
valid. 


CAPTURE OF «> MESONS 865 
the time of collision with another atom, as before. For 
orientation, consider the pion in an orbit which has 
roughly the same root mean square radius and energy 
as the electron it replaces. As an approximate wave 
function, we could use the standard Heitler-London 
wave functions for the Hz molecule.” This would 
correspond roughly to an excited (#~,p) atom with 
n—12-14 in the electric field of another H atom. Thus, 
we would have a situation similar to that considered 
before, only now the capture rate Ye:"(mol) would 
be given by 


1 
Veapt” (Stark) S Yeape™(mol) S Yeap" (Stark). 
" 


(8) 


[See Eq. (4) and reference 10.] In a molecule, the 
quantum number which corresponds to the m;, of the 
atom is A, and this is a good quantum number only if 
the coupling between pionic motion and nuclear 
vibration and rotation can be neglected. A measure of 
the validity of the approximations in a Heitler-London 
type wave function is the smallness of the expansion 
parameter (m,/M,)' (see reference 12, p. 263). Since 
the pion mass is so much larger than the electron mass, 
the simple hydrogenic wave functions used in a Heitler- 
London wave function are very poor approximations 
to the actual picture. Thus, the value of Yeags"(mol) is 
unknown, and Eq. (8) can only be considered as a very 
rough indication of the limits on “Yea"(mol). If 
Yeapt”(mol) were approximately Yeap:"(Stark) with n-~12, 
then this would explain the experimental result, Eq. 
(1). 

Thus the results of this paper can be summarized as 
follows. The experimental number, Eq. (1) is so re- 
strictive that the Stark effect process of reference 5 
cannot explain the capture rates of pions in hydrogen. 
This is true either using the Stark mechanism alone at 
higher »’s, or, if Wightman’s results are correct, using 
the Stark mechanism after the usual collisional de- 
excitation processes have brought the 2~ to low values 
of n. (Of course, the experiment says nothing about 
K~ mesons stopping in hydrogen, for which, pre- 
sumably, the process of reference 5 could still be 
operative.””) 

Radiation is completely ineffective unless some 
process selectively populates only the 2/7 state. It 
appears from the w-mesonic x-ray experiments of the 
Stearns” that there is some nonradiative process which 
competes very favorably with the K, and L, radiation 
in low Z materials (excluding H and He) and is roughly 
Z independent, with transition rate for the K, case 
6X 10" sec". No explanation of this anomaly exists, 
to our knowledge. If this process is still operative in 
hydrogen (which is not @ priori clear), it is possible 

®L. Pauling and E. B. Wilson, Introduction to Quantum Me- 


chanics (McGraw-Hill Book Company, Inc., New York, 1935), 
p. 353. 


4 M. Stearns and M. B. Stearns, Phys. Rev. 105, 1573 (1957). 
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that it is the explanation of the experiment of Fields 
et al, 

As a fina! possibility, this paper proposes that the 
basic Stark effect model of reference 5 be applied to a 
(w~,Hz*) molecule. Thus, if it is assumed that such a 
molecule is formed, the result of Fields et al. could be 
accounted for with a molecular Stark effect. This would 
require a pion density at a proton of the same order as 
would be expected using a Heitler-London wave 
function for the pion in the Born-Oppenheimer approxi- 
mation treatment of the molecule if the pion were in an 
n—~12 state with A=0 only. While it is expected that 
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this approximation is quite poor for the #-mesonic 
molecule, it is not unreasonable to expect that the true 
pion wave function has a comparable density at the 
proton. 
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The scattering of neutral K mesons has been treated phenomenologically. The scattered beam, in general, 
contains both K» and Ky components having different amplitudes. These amplitudes interfere with each 
other in the generation of K, and K; components in the scattered beam. The relative sign of the two ampli 


tudes may then be determined from the analysis of K,, Kz decays. The leptonic 


decay rates of the scattered 


beam show a dependence on AM, the mass difference between K,, Xz in such a way that the sign of AM can, 


in principle, be determined experimentally. 


I. INTRODUCTION 


MONG the elementary particles, the neutral K 

mesons present a unique situation. They occur 
as two distinct kinds of particles according to their 
strong and weak interactions. The weakly interacting 
particles—the short-lived K, and the long-lived Ky 
have been described as linear combinations of the 
strongly interacting Ko and Ky particles, and vice 
versa.' Recent experiments support this description.? 
The encounter of such a mixture of particles and anti- 
particles shows some interesting phenomena, such as 
characteristic interaction in dense matter’ and the 
interference between K, and Ky, components in the 
leptonic decay modes.‘ 

The scattering of neutral K mesons may be explored 
to obtain some interesting results. Whereas a neutral K 
beam in dense material (Pais-Piccioni experiment) loses 
almost all of its Ky» component,® such a beam being 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission 

' M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

2M. Bardon, K. Lande, L. M. Lederman, and W. Chinowsky, 
Ann. Phys. 5, 156 (1958). Reference to earlier works can be found 
in this article. 

* A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 

*R. G. Sachs and S. B. Treiman, Phys. Rev. 103, 1545 (1956). 

* A more general analysis of Ko mesons traversing an absorber 
in the regeneration of XK, and Ky components has been made by 
Good in terms of forward-scattering amplitudes. [M. Good, Phys. 
Rev. 106, 591 (1957).] 


scattered by protons would contain both Ko and Ko 
components having different amplitudes. In the subse- 
quent decays, these amplitudes would interfere, and 
the decay ratios may be helpful in determining the 
relative sign of the Ko and Ko nuclear potentials. The 
interference in the leptonic decay modes would also be 
expected to be different from that of an unscattered 
beam. 


Il. NUCLEAR SCATTERING ON PROTONS 


For simplicity, we start with a Ko beam, allowing the 
K, component to decay almost completely, and consider 
the scattering of K, mesons on protons. The attenuation 
of the beam due to its decay may then be neglected, 
because the K, mean life is rather large. 

The wave functions for the different components are 

¥(K;) = (j 
¥(Ko) =(1 
¥(K,)=(1 
¥ (Ro) =f 1 
The wave function ¥(K_) is modified after scattering as 
Yocat. = (1/V2i) {4 (1—m) +4 (1—120) W(K 
—(1—tiW(Ao)}, (2) 


where 7;,0 is exp(2%; corresponding to the real 
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or complex phase shifts for 7=1, 0 isotopic spin states 
for the Ko—p interaction. Similarly, 4, is related to 
the Ky—p interaction having a pure T= 1 state. 

The absorbed wave-producing hyperons is given by 


Vare= (i/V2)(1— | i |?) Ro). (3) 


Equation (2) can be expressed in terms of the K, and 
K, components using Eq. (1) as follows: 


Yecat. = (1/22) {(4(1—m) +3 (1—m0) — (1—f:) W(K;) 
+4 (1—m)+4(1—m0)+ (1—tn) W(K2)}. 


It may be noted from these expressions that the 
hyperon-producing reaction is governed by a pure 
isotopic-spin-state (T=1) interaction and that the 
amplitudes of K, and Kz components in the scattered 
beam (Eq. 4) are dependent both on magnitudes and 
the relative sign of the Ko and Ky amplitudes after 
scattering. Thus the decay of the scattered beam would 
show an interference between Ko, Ko nuclear fie!ds. 


(4) 


Ill. INTERFERENCE IN THE LEPTONIC 
DECAY MODES 


The interference in the leptonic decay modes, for 
example, e+x~v and e~x* decays of neutral K mesons,* 
would occur in the scattered beam following the same 
mechanism as in case of a normal beam, and would be 
dependent on the mass difference AM between A, and 
K>. However, the decay rates of different charges are 
found to have somewhat different dependence on AM. 

Dropping the factor 1/2i in Eq. (4), which accounts 
for the attenuation of the original beam, we write 
the scattered beam as 


Yocat. = (A +iB)y(K1)+1(C+iD)¥(K2), 
with the substitutions 
$(1—1) +4 (1—n0) — (1-41) = A+1B, 
4 (1—1) +3 (1—20) + (1—41) =C+iD. 
The time-dependent scattered wave is 


v(t) =(A+iB) exp(—JAst—iov)¥(K) 
+i(C+iD) exp(—}r2t— iw) (Ks), 


(5) 


(7) 
where &(w;—w:)= AM is the mass difference between 
K, and Kz, and A, and dz, are the respective decay 
constants. 

Following Treiman and Sachs,‘ we can describe the 
decay schemes as 


¥(Ky) 9 ay (ete v tent) +B (ate) +--- 


and 


(3) 


¥(K2) > —iag (etx v—e 9) +-Ba(xta 2’) + --- 
where the a’s and @’s are real and specify the branching 
* These decay schemes are in accordance with the strangeness 


selection rule AS=1 and are also supported by experiments. See 
reference 2. 
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ratios of electronic decay modes to the dominant 
pionic modes. 

By substituting schemes (8) in Eq. (7), we can find 
the electronic decay amplitudes of different charges. 
The e* decay rate is given by 
Ri(etx-v) 

a®| (A+iB) exp(—Ait/2)+(C+iD) 
Xexp(—Ast/2)[cos(AM1) +i sin(AM?) }|? 

a*{ (A?+B*) exp(—Ail) + (C-+D4) 

Xexp(—Asl)+2[(AC+ BD) cos(AM1) 


+(BC—AD) sin(AMi) } exp[—4(Ar+A2)4}}, (9) 


where we have put o;=a:=a for simplicity. The 
decay rate R(e~x*i) is obtained from Eq. (9) by 
changing the sign of the third term. 

The leptonic (electronic) decay rates for the scattered 
beam differ from those for a normal beam in two 
respects: (a) the appearance of the sine term of AM 
dependence, and (b) the dependence of the third term 
of Eq. (9) on the signs and magnitudes of the ampli- 
tudes A+iB, and C+iD, in which the effect of inter- 
ference of Ky and Ky nuclear potentials is reflected. The 
appearance of the sine term indicates that the decay 
rates are also dependent on the sign of the mass differ- 
ence. Thus, in principle, a determination of the sign 
would be possible from the rates of leptonic decays.’ 

On the assumption \;>As, expression (9) may be 
simplified further to 


e 
R( 

- 

+ 2[ (AC+ BD) cos(AM1)+ (BC— AD) sin(AM1) } 
(10) 


)- (A?+ BY) exp(—Ad)+ (C+D?) 


Xexp(—A,l/2), 


which is a good approximation for time intervals 
comparable to the mean life of K,. 


IV. NUMERICAL COMPUTATIONS 


It may be of interest to obtain an idea of the effect 
of interference by a numerical analysis. It seems 
appropriate now follow the phenomenological 
treatment of the scattering of K mesons by the use of 
a zero-range approximation.* Zero-energy scattering 
lengths are then convenient to use and are defined as 
usual by & cotéy=1/Ar, where k is the wave number. 
Ar may be real or complex, and the higher-order term 
of # is neglected in the effective-range expansion. 
Using real scattering lengths for the Ko— interaction 
Ai,o=4;,9 and a complex length for the R.—p inter- 
action A,;=4d,+%,, we relate the numbers of K,, Ka, 
and hyperons H to the following cross sections derived 


to 


71 am indebted to Dr. Myron L. Good for pointing this out 
to me 
*7.D 


cimento 


ackson, D. G. Ravenhall, and H. W. Wyld, Jr., Nuovo 
, 834 (1958). 
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Fic. 1. Absorption cross 
section as a function of Ko 
beam energy for solutions I 
(solid curve) and II (dotted 
curve). 


end 
oO 


Absorption cross section Ci{mb) 
re) 
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from Eq. (3) and (4): 


a; ao a, +ib, 
o(K;)="|}- -4— a 
1—ika, 1—ikay 1+hb,—ika, 
=n|A+iB|? 
a ao a,+ib; 3 
o(K)=e)}—_+-}—___++—_—_—__ 
1—ika, 1—ikay 1+hb,—ikd, 


(11) 


=r|C+iD|? 


2x b, 


ceo = m 
k 1+2kb,+-#(a42+6,*) 


These expressions are in terms of cross sections, which 
one would observe under the hypothesis that all K, or 
K, decays (charged and neutral) are detectable and all 
absorptions are identified by themselves or from the 
associated pions. 

The magnitudes and signs of all the scattering 
lengths are at present not well-known. At low energies, 
however, the data on K* and K~ scattering may be 
described in terms of an s-wave interaction by the use 
of energy-independent lengths. The A*-nucleon data 
favor repulsive potentials for both the isotopic spin 
states. We therefore assume a,= —0.34 f (1f=10-" cm) 
and ao= —0.20 f. The value of a; is rather well-known 
from K*+—>p scattering data; as for ao, its magnitude 
seems to be smaller than that of a, at least at low 
energies. As may be inferred from K+-interaction data 
on emulsion nuclei, the charge-exchange scattering 
cross section seems to be quite energy-dependent at 
higher energies. At the energies considered here, within 
the frame-work of the effective range expansion, a 
weakly energy-dependent a)» may seem to be more 
appropriate. However, the results would not depend 
much on these finer details. 

Dalitz and Tuan have analysed the K~—p scattering 
data to determine the scattering lengths corresponding 
to different isotopic spin states."° Unfortunately, the 
solutions are not unique. They obtain two solutions for 
each isotopic spin state; those corresponding to the 


* M. Grilli, L. Guerriero, M. Merlin, and G. A. Salandin, Nuovo 
cimento 10, 205 (1958) 
 R. H. Dalitz and S. F. Tuan, Phys. Rev. Letters 2, 425 (1959). 
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T=1 state are 


A, = 1.62+ 10.38 f (1) 
and 
4 A; 


0.40+-10.41 f. (II) 


The positive real parts of the solutions imply a potential 
opposite in sign. to that of the AK*-nucleon potential. 
Only indirect evidence of an attractive K--nucleus 
potential is available at present from low energy K- 
interaction on emulsion nuclei." A large K~—> elastic 
and a small charge-exchange cross sections suggests that 
the potentials are of the same sign in both isotopic 
spin states." However, the sign of the real parts of all 
the solutions can be changed, which would explain the 
K-—>p scattering data equally well. If we assume the 
sign to be undetermined, there would then be four 
solutions for <A). Computations have been made to 
evaluate ok), eke, ow of Eq. (11) for these four solutions. 


s 


No. absorptions 
w 


No. K, deco 


-—— 


; 30 


K, beom energy (Mev) 

(b) 
Fic. 2. (a) K,/H ratio in the scattered beam as a function of 
beam energy for solutions I (solid curves) and II (dotted curves). 
The sign of the real part of the scattering lengths is labelled on the 


curves. (b) K;/K; ratio for the corresponding cases of (a). 
The electronic decay rates 

P 

*(_) 

é 
have been calculated from Eq. (10) via Eq. (11) for 
three values of AM, AM=0, AM=-+A,, and AM=—\),, 
for a Ko beam energy of 50 Mev. 

Some quantities of experimental interest are plotted 
in Figs. 1-4. We have restricted ourselves to the energy 
range of 10 to 100 Mev of the Ko» beam. The validity of 
the effective-range expansion at the high-energy end 
may be somewhat doubtful, because contribution from 
waves of angular momentum />0 would not be 
unexpected. 

The absorption cross section would be somewhat 
different (Fig. 1) for the two solutions. The ratio of the 
K, component to the absorbed component [Fig. 2(a) ] 


uW. Alles, N. N. Biswas, M. Ceccarelli, and J. Crussard, 
Nuovo cimento 6, 571 (1957). 

%R. H. Dalitz, University of California Radiation Laboratory 
Report, UCRL-8394, August, 1958 (unpublished). See also R. H. 
Dalitz and S. F. Tuan, Ann. Phys. (to be published). 
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Fic. 3. (a) The electronic decay rates Rie*) (dotted curves), 
and R(e~) (solid curves) for three different values of AM, of a 
50-Mev Ko beam as a function of time. The curves correspond 
to solution I, with the real part having a plus sign. (b) The same 
as in (a) with the rea! part having a minus sign. 


seems to be a sensitive parameter in determining the 
sign as well as the magnitude of the scattering length 
uniquely from the multiple solutions (I) and (II). 
The K,/K; ratio is shown in Fig. 2(b) for comparison. 
The electronic decay rates are shown in Fig. 3(a), 3(b) 
(solution I) and 4(a), 4(b) (solution IT). It may be 
noted that in some cases, the amplitude of the decay 


rates would be more oscillatory than that for an 
unscattered beam. This would enable one to obtain a 
greater resolution in the determination of AM, than 
that in a normal beam. The dependence of the decay 
rates on the sign of AM is also rather remarkable from 
these figures. 
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Fic. 4. (a) The same as in Fig. 3 for solution IT with a positive real 
part. (b) The same as in (a) with a negative real part. 


V. CONCLUDING REMARKS 


The numerical calculations presented here are, 
however, subject to change with the accumulation of 
more accurate K+ and K~ scattering data on nucleons. 
It seems reasonable that the change would not be 
drastic enough to obscure the effects to a great extent. 
Thus an experiment along this line, in spite of many 
technical difficulties, may yield some conclusive results. 
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The hard-core wavefunction for a three-nucleon system is used to calculate the capture rate 
» H*(ground state)+¥. It is found to be 1.66 10° sec”. 


uot He’ 


HE capture rate of the reaction w~+He’ — H*+y 

was calculated by Fujii and Primakoff' in terms 
of the beta decay rate H* + He*+e~+ 9. Use was made 
of Irving’s wavefunction? for the three-nucleon system, 
but the calculated capture rate is supposed to depend 
on the adopted nuclear model fairly sensitively. Hence 
the same calculation has been repeated with a more 
realistic wavefunction. 

The general expressions have been given already in 
the reference 1. For the reaction in question the problem 
is just reduced to find the numerical estimate of the 
parameter*® 


1 
R Lox fc exp(—ip-r,) Winston deen 
3 i—1 


where p is the neutrino momentum (p= |p| = 5.26 10" 
cm~'), ¥ is the wavefunction of the three-nucleon 
system and f, ff, f3 are the nucleon position vectors. 
The wave function proposed by Kikuta, Morita, and 
Yamada,*:* who took the effect of the hard core nuclear 
potential into account, reads 


¥(11,0 2,83) P)) for all p;=D, 


W(),fo,%3) =0 otherwise, 


where 9’s are the internucleon distances 


p= | 01 \f2—Ts|, pe 


and N is a certain normalization constant. The parame- 
ters » and » are to be determined by variational calcu- 


tf Work done at Brookhaven National Laboratory under the 
auspices of the U. S. Atomic Energy Commission in the summer, 
1959. 

1 A. Fujii and H. Primakoff, Nuovo cimento 12, 327 (1959). 

? J. Irving, Phil. Mag. 42, 338 (1951). 

* Reference 1, Eqs. (9), (10), and (11) 

‘T. Kikuta, M. Morita, and M. Yamada, Progr. Theoret. Phys. 
(Kyoto) 15, 222 (1956) - 

*T. Ohmura (to be published). 


reaction 


lation for a chosen core radius D. It is found that 


R=1.04X[n(p)/n(0) F, 


1 
n() feo p-(o 


+ 02+ 0;)doidordo; 


: 82? > 21+1 ] f ffi bp2/ 3) 71( pes/3) 
l=) 


p?+p:;—pr ; 
xPi( a _ )e P1,P2,p pip2psdp,dpedp;, 


2p 3 


in which 7; and P; are the spherical Bessel and Legendre 
function of order /, respectively. The integration over 
p’s is subject to the condition that p, ps, p3 form three 
sides of a triangle. One can see that the /=0 and 1 
terms are dominant, since for higher / terms | P;| $1, 
and the overlap between j; and the wavefunction is 
very small hence hardly makes any appreciable con- 
tribution. The completely analytic formula is obtained 
for the /=0 term by the method of integration shown 
in the reference 4. For the /=1 term the approximation 
D=0 is good, and again the integral can be performed 
analytically. 

The constants used for the numerical estimate are’: 
D=0.40X 10-8 cm, un =0.500K 10" cm-, »= 4.2710" 
cm for /=0, and D=0, u=0.503K10" cm, y= @ 
for /=1. The ratio n(p)/n(0) is found to be 0.932, thus 
R=0.903. The predicted capture rate is w™ = 1.66 10° 
sec', which is roughly 14% larger than the value 
w™ = 1.4610 sec in the reference 1. The increase 
is expected if the hard core wavefunction gives smaller 
mean square radius (~1.5X10-" cm) than Irving’s 
wavefunction (~ 1.8 10-" cm).® 

The author expresses his thanks to Dr. M. E. Rose 
of Brookhaven National Laboratory for his interest 
and hospitality, to Dr. M. Morita of Columbia Uni- 
versity for helpful discussions, and to Mr. R. Rose of 


Princeton University for assisting the computation. 


* Reference 1, Eq. (17 
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An analysis is given of the decay of the x in which allowance is made for possible breakdowns in T, P, 
and C symmetries. It is shown that experiments, until now, have demonstrated only that the two-photon 
state is an eigenstate of TP, but not of T and P separately. A discussion of experiments which may verify 


T and P symmetry for the two-photon state is given. 


I. INTRODUCTION 


N the course of surveying the published literature 

on the decays of the neutral bosons, we were struck 
by the fact that there exists no published discussion 
of the #° decay which is sufficiently general to include 
the possibility that the 7, P, and C symmetries may 
break down in the process. Since there is no experi- 
mental evidence for the decay 2° — 3y, we restrict our 
attention mostly to the main decay mode 2° — 2y. As 
is well known, the x” is an eigenstate of C with eigen- 
value C=1. Therefore, we are lead to discuss the 
behavior of the 2y state under P and 7. Yang,' who 
was first to discuss the determination of the parity of 
the w® from measurements on the two-photon state, 
supposed that the two photons were either in a scalar 
or a pseudoscalar state, but not in a mixture. He 
proposed an experiment, based on measuring the 
correlation in angle between the planes of pairs pro- 
duced in coincidence by the two photons, which would 
distinguish between these possibilities. In fact, if we 
call e and e’ the polarization vectors of the two photons 
and K their relative momentum vector, then the two- 
photon amplitude, (yy|S|#"), is given by ae-e’ 
+ 8eXe'-K/K and the correlation formulas which 
Yang gives distinguish between the cases a=0 or 
8=0. Here S is the S matrix for the decay. 

In a more recent paper Bernstein and Johnson* 
generalized the analysis to the situation where a3+0 
but both a=a* and 8=§*. As we shall see there is, in 
general, no justification for this reality assumption. 
On the contrary, a necessary and sufficient condition 
that the two-photon state be an eigenstate of time 
reversal is that Re(a$*)=0. Hence we have been led to 
give an analysis of the r° decay in which a and 8 are 
arbitrary complex numbers. It will turn out that the 


* National Science Foundation Post Doctoral Fellow. 

t Present address: Service de Physique Theorique, Faculte des 
Sciences, B.P. 12, Orsay (Seine-et-Oise), France. 

1C. N. Yang, Phys. Rev. 77, 722 (1950). A similar experiment 
for the positronium annihilation had been proposed by J. A. 
Wheeler, Ann. N. Y. Acad. Sci. 48, 219 (1946) and discussed in 
detail by M. H. L. Pryce and J. C. Ward, Nature 160, 435 (1947) 
and H. S. Snyder, S. Pasternack, and J. Hornbostel, Phys. Rev. 
73, 440 (1948). Since the quanta in the positronium annihilation 
carry off energies which are of the order of the electron rest mass, 
it is feasible to use coincidence Compton scattering to measure 
correlations in the photon polarization vectors, and this is what 
these authors discuss. 

* J. Bernstein and K. A. Johnson, Phys. Rev. 109, 189 (1958) 


circular polarization of each photon in the decay is 
given by Im(a8*). Hence the recent experiment of 
Garwin et al.? which shows, within experimental error, 
that Im(a8*)=0, does not prove that the two-photon 
state is an eigenstate of 7° and P separately, but 
rather of 7P. Hence, since it is an eigenstate of C, it 
is also an eigenstate of CTP. The fact that the experi- 
ment of Garwin ef al. does not separate T and P 
symmetries is somewhat similar to the fact that the 
nonexistence of an electric dipole moment for the 
neutron does not prove invariance under P, since T 
invariance leads to the same results.‘ In the last 
section of the paper, we discuss experiments which 
may serve to characterize the two-photon state 
completely. 

A final remark may be in order about the spirit of 
this work. It is certainly the belief of most physicists, 
including the present authors, that in a production 
process like y+N — #°+N or in a decay process like 
x®—+2y, which both proceed through strong and 
electromagnetic couplings, T and P symmetries are 
preserved. However, we feel that it is very important 
to have clearly in mind what has actually been proved 
by experiment and what one expects experiment to 
prove. 


Il. THE ANALYSIS 


In order to fix the notation, we begin by a discussion 
of the state of one photon. A photon may be char- 
acterized with the help of three complex vectors; k,the 
photon momentum, and e,(k), the circular polariza- 
tion vectors. We have the usual orthonormality 
relations 


e, (k)-k=0, 
e, (k)- ex(k)=0, (1) 

e, (k)-e, (k)=1, 
where the dot is understood in the sense of the Herruit- 
ian inner product. For the operations T, P, and 7P 


one has 
Te, (k)=e,(—k), 
Pestk 
ae T Pes (k) = PT es (k) = e¢(k). 
8 R. L. Garwin, G. Gidal, L. M. Lederman, and M. Wein:ich, 


Phys. Rev. 108, 1589 (1957). 
*L. Landau, Nuclear Phys. 3, 127 (1957). 
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In our future work we shal! usually regard k as fixed 
and shall not make explicit reference to it. 

It is useful to consider the correspondence 


t, — |), 


(3) 


where |e,) are ket vectors in a Hilbert space. This 
correspondence may be shown to be linear in the 
sense that if the general pure state of polarization is 
represented by 

e=C,e,+C_e, (4) 


(5) 


with 
[Cy [2+ |C_|*=1, 


then the corresponding ket is 
|e)=Cy/e,)+C_|e), 


with the same coefficients C,. 

We may construct the density matrix |e)e| for the 
polarization of the one-photon state. This will be a 
2X2 Hermitian matrix and hence may be expressed in 
terms of the Pauli matrices «. Using the usual repre- 
sentation of these matrices, we have the following 
relations : 


(6) 


|esXe,|=4(1+ 73), 
(7) 
e,(ex| =4(ritira), 
which lead to 
eXe|=4$(1+¢-4), (8) 


(9) 


where 


{= Tr(|eXe|*) 


is the so-called Stokes vector.® 

We may now turn to a discussion of the state of two 
photons in terms of their polarizations e,(+k), 
e,(—k) and momenta +k. Once again fixing the 
momenta, the states of polarization form a four- 
dimensional Hilbert space. A natural basis for this 
space is the orthonormal set 


|e,e,’), le 2.) le,e’), |e_e,”), 
where it is understood that we have symmetrized these 
kets with respect to the two photons. 

If the total angular momentum of the two-photon 
state, | vy), is zero, then one can show on the grounds 
of general invariance principles that the complex 
number (ee’| yy) is given by 


(ee’ | yy)=ae-e’+feXe’-K, (10) 


where e and e’ are any two polarizations and K is here 
the relative momentum vector of the two photons. 
We have specialized to the barycentric system. 

Using Eq. (10) we may expand the two-photon state 
in the orthonormal basis described above, to find 


* See, for example, U. Fano, J. Opt. Soc. Am. 39, 859 (1949), 
where the density matrix for photons is discussed. See also J. M. 
Jauch and R. Rohrlich, The Theory of Photons and Electrons 
(Addison-Wesley Publishing Company, Inc., Reading, 1955) for 
a description of the Stokes vector. 
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(where a, b, are +) 


lyy)= L Lak) Lok YY 
a,b 


= le,e,’)(a +-i8)+ | e_e_’)(a—if) 
It is convenient to take 
(ry\vv)=1, (12) 
which means 


la |? |B/2=4. (13) 


It is now straightforward to examine the effects of 
T,P, and TP on |v). To this end we first record the 
actions of these operations on the vectors | e,e,’): 

P| e,e,")= | e¢ez’), 
T | ex e,")= | exe,’), 


PT | ex 0,")=TP| e,2,’ 


tetz’). 
Therefore we have: 
P\yy)= (a—i8)| e4e,")+ (a+if) | ee’), 
T |-vv)= (a*— i) | e,0,')+ (a*+i8*) | ee’), 
PT \vy)=TP|\ry) 


= (a*+i6*)| e,e,’)+ 


(15) 


(a* —if*) | ee’). 


The reader is reminded that JT and 7 P are antilinear 
operations. Strictly speaking, the relations (15) are 
true only up to a phase. 

We may now list the necessary and sufficient condi- 
tions for |vy) to be an eigenstate of 7,P, and TP: 


of P, if and only if (a—i8)/(a+i8)= (a+i8)/(a—i), 
i.e., if and only if b=+1 
of T, if and only if 

(a* —i6* 
i.e., if and only if c=0 
of 7 P, if and only if 

(a*+-i8*) /(a+i8) = (a* —if*)/(a—is). 
i.e., if and only if d=0. 


a+iP) = (a*+i8*)/(a—ip), 


2+4.|3|2=4 we have defined 
b=2(|a|*— |8}*), 

c=4 Re(af*), 

d=4 Im(a8*), 


Having chosen a= |a 


and therefore 
P+ C+ fb = 1 ° 


Any experiment to measure the two photons will be 
represented by two Hermitian operators A and A’. 
For later use, we note that A must be a 2X2 matrix 
in the photon variables. This is because we have fixed 
the photon momentum and the photon polarizations 
span a two-dimensional space. Hence in terms of the 
Pauli matrices « and a real arbitrary vector u, A may 
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be written as 


A=r(i+u-), (17) 


with w= |u| <1. Here r is a real number. 
If the two photons are described by the density 
matrix 
R= |yyXv71, (18) 


then the outcome of the experiment is given by s, 
s=TrLR(A@A’)], 


where @ means the direct product of two matrices. 
We may record a few properties of the direct product 
here, which will help the reader check our computations: 


(A@B)(C@D)=AC@BD, 
Trl (A@B) ]=Tr(A) Tr(B), 
(A@B)t=At@ Bt. 


(19) 


We shall now write R in terms of the real numbers 
b, c, and d defined in Eq. (16). Since R is a 4X4 matrix, 
it can always be expressed in terms of the direct products 
of Pauli matrices in the following way: 


R=3{(1@1)+¢-[(2@1)+ (12) 41 (7,@7,)}. (19) 


We have made use of the identity of the two photons, 
and of our symmetrical treatment of them, in writing 
the second term on the right-hand side of Eq. (19). 
For the same reason we must have I',j=I,;. The 
length of the vector { corresponds to the degree of 
polarization of each photon and the third component 
of this vector is the quantity determined in the experi- 
ment of Garwin et al.* To find the coefficients in Eq. (19) 
we simply use Eq. (11) for the explicit computation of 
lyyXvy| and then compare terms. The reader will be 
spared the details of the arithmetic; the final answer is 


R=}{(1@1)+d[(7r:®1)+ (113) ]4+-T,,(7,@7,)}. (20) 
with [in the notation of Eq. (16) ] 


b—c0 
r= ~<=b0] 
0 O01 


It is clear from the definitions that if a8=0, only a 
measurement of } can distinguish the pure scalar from 
the pure pseudoscalar case. In order to characterize 
such measurements more sharply, we may now prove 
a theorem which is a generalization of a theorem proved 
in reference 2, where a and # were taken real. The 
theorem states: if A and A’ are any two apparati 
which are symmetrical under rotations around the 
relative photon momentum, i.e., which do not contain 
an azimuthal angular dependence, then experiments 
done with A and A’ can only measure the lifetime and 
d= 4 Im(a§*). The proof is immediate in our formalism ; 
for by the assumption of azimuthal symmetry we 
must have 


(21) 


A=r(1+ 373), (22) 
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Fic. 1. In this figure 
the photon coordinate 
systems are shown. We 
make use of the system 
OXYZ in writing 
Eq. (26). 





i.e., A must be of the general form of Eq. (17) and 
must aiso commute with rotations about the 3 direction. 

In fact, a rotation of angle ¢ around K in the two- 
dimensional Hilbert space, with basis |e,),/e_) is 


. represented .by the diagonal matrix 


2( ¢) = cos(y)—irs sin(¢). (23) 


It is important to notice that this rotation induces 
a transformation on u or { such that ¢— (’ where 


C'-2=2(¢)f-e2"(¢), 
fs'=fs, 
f;’=f, cos(2¢)—f2 sin(2¢), 
f=; sin(2y)+f¢2 cos(2¢). 


This is a “rotation” through 2¢. 
Now using Eq. (22) we have, 


s= Trl R(A@A’) ]=rr'[ 14d (ust my’) + gees’ |, 


(25) 


and all dependence on 6 and ¢ has vanished. By a 
similar argument it is easy to see that the same result 
obtains if only one of the apparati is azimuthally 
symmetric and the other one arbitrary. Therefore it 
requires a coincidence experiment with an azimuthal 
correlation to measure 5 and c. 

We must finish this section with a trite but necessary 
question of notation. Our explicit use of the conven- 
tional representation of the Pauli matrices in an 
equation like Eq. (7) implies that we have chosen a 
right-handed coordinate frame for each of the two 
photons, with the s axes along their momenta. Since 
the photons have opposite momenta these frames do 
not coincide (see Fig. 1). Customarily physicists choose 
a single set of axes to describe the two photons to- 
gether ; for example the set OX YZ of Fig. 1. Therefore 
let us call, arbitrarily, y the proton whose momentum 
is along the positive 0Z direction (the other photon 
will be denoted by y’). We shall make the convention 
that all matrices on the left of the @ symbol in R 
refer to this photon (photons are now distinguished by 
our description of them). We may rewrite R of Eq. (20) 
in this new coordinate frame simply by changing the 
sign of the coefficient of the matrices 7; and rz on the 
right of the ® symbol. This new matrix we call R’ and 


we have 


R’=}([(1@1)— (7s 173) ]}+-d[ (78 1)— (175) ] 
+b (r2® T2)+ (173@ Ts) 


+c (r1@72—(12@ 171) }}. (26) 
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When b= —1, R’ reduces to 
R’=43[ (1@1)— («®) ], 


an expression which has already been given by Fano*® 
with applications to positronium annihilation in mind. 

In the next section we give a discussion of measure- 
ments of 6 and c. 


(27) 


Ill. MEASUREMENT OF b AND c 


In the last section we gave necessary conditions for 
measuring the 6 and c terms. To see how this measure- 
ment is to be carried out, we consider coincidence 
experiments with two apparati A and A’ which have 
been designed to analyze plane polarizations. In our 
formalism the description of A, for example, is very 
simple. A is characterized by a “Stokes vector” u with 
components 


u(u cos(2¢,),u sin(2,),0). (28) 


The number |u|<1 gives the efficiency of the 
apparatus as a plane polarization analyzer and @, is an 
azimuth characterizing the “setting” of the apparatus. 
For example, in Compton scattering ¢, may be chosen 
as the azimuth of the scattering plane, for pair produc- 
tion as the azimuth of the normal to the plane of the 
pair, or for deuteron photodisintegration, as_ the 
azimuth of the plane of the final nucleons. The angle 
¢. is defined only up to x. 

We may also define ¢, to be the azimuth of the 
electric vector of the photon whose Stokes vector is 


{=(¢ cos(2¢,),¢ sin(2¢,),0). 


Clearly ¢, is also only defined up to . We must have 
Ig| <1. 


The rate of any experiment done with A is 


o=TrL}(1+¢-2)r(1+u-*)J=r(1+¢-u) 


(29) 


(30) 
=r[1+¢u cos(2¢) }, 


where ¢=¢,—¢,. For unpolarized photons, {=0 and 
a=r. We may remark, parenthetically, that in many 
computations given in the literature’ for totally plane 
polarized photons, i.e., {=1, the reader will find the 
cross section given in the form 


=a 1+7 cos*(¢) } (31) 


To go from this form to Eq. (30) is simply a matter 
of making the substitutions, 


r=a9(1+7/2), 
u=n/ (2+). 
In terms of the ideas and notations already presented, 
a coincidence measurement on the two y’s from the 7° 
decay using two apparati characterized by r, u(u,2@,) 
*U. Fano, Revs. Modern Phys. 29, 74 (1957). 


7 See, for example, N. Kroll and W. Wada, Phys. Rev. 98, 
1355 (1955). 
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and r’, u’(u’,2¢,') is given by 


Tr[R’(A@A’) ]=rr (14+-bu-0’+cuXu’- K) 
rr'{1+-uu’'l b cos(2w) 
+¢ sin| 2w) }}, (30) 
where 
W=Da — Pa- 


In any actual experiment one would probably choose 
the two measuring instruments, A and A’, as nearly 
identical as possible. In this case Eq. (32) reduces to; 


s=r°{1+10[b cos(2w)+c sin(2w) }}. 


If only relative counts are made, such a coincidence 
experiment is characterized by a single pure number 
w (with 0<#<1) which is fixed by the experimental 
geometry. We may give a few examples which are 
relevant for the x decay and which have been taken 
from the literature. 

Yang, in his original work,’ takes an idealized case 
of two infinitesimal counters counting pairs in co- 
incidence and finds #?= 5. In a recent paper,® Karlson 
has studied a less idealized situation in which all pairs 
produc ed by both photons are obse rved, for instance 
in a bubble chamber. Here # is considerably reduced; 
he finds #*=0.0091. On the other hand, Kroll and 
Wada’ have noted that the angular correlation between 
pairs produced by internal conversion of the virtual 
photons from the #° decay can also serve to measure 
the parameters of the virtual two-photon state. The 
important photons in this process are nearly real and 
our formulas can be taken over from the real photon 
case. Kroll and Wada give a branching ratio for 
2(e++e-)/2y of 3.47XK10- and find #47=0.18, i.e., the 
distribution of angle between the two planes of the 
pairs is s= 1+0.18[b cos(2w)+c sin(2w) | 

An experiment to 
process.” 


measure this correlation is in 
It is clear from Eq. (33) that any experiment 
designed to measure 6 can also be used to measure c, 
and a complete determination of the two-photon state 
of the 
have 


requires the measurement 
and d. In Eq. (16) we 
p=P+C+@=1. This 
empirically since in the case 
state we would have 0<p<1. 

Finally, we would like to remind the reader of a few 
facts about charge conjugation. If S|x9) should not be 


three numbers 8, c, 
the relation 
should also be tested 
iat the x” is not a pure 


stated 
relation 
+} 
tI 


an eigenstate of C, the component corresponding to the 
eigenvalue c= —1 anyway, appear in the 
decay mode x° — e*+e~ (since an angular momentum 
0, et+e has c=+1). Hence, if we take the 
point of view that the branching ratios among the 
different possible decay modes of the x° (for the same 


could not, 


state 


value of c) may be related to each other by quantum 
electrodynamics, the fastest decay into a c= —1 state 
is, in principle, x 


> 3y. Indeed, it is easily shown that 


* E. Karlson, Arkiv Fysik, 13, No. 1 (1958 
* J. Steinberger (private communication.) 





ry as 
any graph in which the #° decays into a single photon, 
real or virtual, vanishes on the grounds of current 
conservation, quite apart from other symmetry prin- 
ciples. At present, the experimental limit on the 3y 
decay mode is not strong evidence for or against such 
a c=—1 component. 
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A very simple, exactiy soluble compound-particle model, proposed by Wigner and Weisskopf in 1930, is 
briefly re-examined from the standpoint of renormalization. It consists of postulating, in the center-of-mass 


system, the wave equations 


[i(0/dt) + (1/2m)V* W(x) =F (x)x(t), 
[i(d/dt) —p jy (t) = fd*x F(x) (x,t) 
for two particles of separation x and reduced mass m, interacting through the formation and decay of an 
intermediate particle with a real form factor F. The analytic behavior of the S matrix is discussed in the 


local case F (x) = C8(x). 


lL. INTRODUCTION 


HE purpose of this note is to point out a very 

simple example, involving neither second quanti- 
zation nor relativity, of a theory with energy renor- 
malization and virtual particles. This model, which is 
soluble exactly, was proposed by Wigner and Weisskopf" 
in 1930, and studied again, independently and from a 
different point of view, by Moshinsky? in 1951. It will 
be briefly re-examined in this paper from the standpoint 
of renormalization. It then turns out to be closely 
related to the so-called one-particle sector of the Lee 
model.? 

We consider the following two systems, which can 
decay into each other: (a) a motionless particle, located 
at the origin, and whose wave function‘ x(/) depends 
only on time; (b) a moving particle of mass m, whose 
wave function ¥(x,f) depends also on the position x. 
Thus the state vector can be represented in Fock space 
by two components: 

| t)= |P(x,t),x (0). (1.1) 


The scalar product is 


Wixildars)= f Peyivet xen (1.2) 


* Most of this work was carried out at Brandeis University, 
Waltham, Massachusetts, and supported by the Office of Nava! 
Research. 

' E. P. Wigner and V. Weisskopf, Z. Physik 63, 62 (1930) 

2M. Moshinsky, Phys. Rev. 81, 347 (1951); 84, 525 (1951). 

* G. Sandri has derived the present model as the lowest sector of 
a Lee Model with nonrelativistic mesons (private communication ) 


* The Schrédinger picture is used throughout. 


The postulated equations of motion are 


[i(8/dt)+ (1/2m)V? W(x.) =F(x)x(), = (1.3) 


[i(d/dt)—p }x (1) - fos F(x)¥(x,0). (1.4) 


They have the following features: (a) the only inter- 
action consists of each particle acting as a source for 
the other; (b) F is a given real form factor and wa given 
real energy, so that time-reversal invariance holds; 
(c) the Hamiltonian H, defined by 


i(d/dt)\t)=H\t) (1.5) 


is Hermitian under the scalar product (1.2), so that 
probability is conserved. 

The lack of translational invariance is not an essential 
restriction. The model equivalently deals with the 
formation and decay of a compound particle (considered 
as elementary) in the center-of-mass system, m being 
the reduced mass. The case of main interest is the local 
limit 

F(x) 


+ C3(x) (1.6) 


for a real coupling constant C. For simplicity we assume 
F to be spherically symmetric about the origin. 


2. STATIONARY SCATTERING STATES 
AND THE S MATRIX 


We define Fourier transforms by 


F(x 2m) f ep cipes 2 
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(x,t) = (2) feof dE o(p,E)e'?*-**, (2.2) 


ne 


x)= f dE \(E)e***. (2.3) 


The transformed equations (1.3), (1.4) are’ 


(E— p?/2m)o(p,E) =G(p)A(E), (2.4) 


(E—p)A(E) = (29) fap G*(p)o(p,Z). (2.5) 
If E>0O, (2.4) gives 


G(p)A(E£) 
o(p,£)=- 


Pr 
+(0)8( B- -), (2.6) 
E—(p?/2m)+ie 


2m 


where «-—+0* and where g is an arbitrary function 


giving the asymptotic form of the wave packet for 
t—» —o., Inserting (2.6) in (2.5), 


Pr 
D*(E)\(E) = (2) *fepcrwetnn(z- -), (2.7) 
? 


where 


D(E) = E—p— (2r) fos 


Assuming that G(p)0 for all real momenta, we find 

that D(E) has no positive zeros. [As a proof, note that 

ImD(E)#0.] Then (2.7) has the unique solution 
G*(p) 


Pr 
\(E) = (29) fe r(pa( E—— ). (2.9) 
D*(p?/2m) 2m 


Insertion in (2.6) gives 


|G(p)|? 
. (2.8) 
E—(p*/2m)—ie 


¢(p,E) - fe O(p,q)e(q)5(E—g?/2m), (2.10) 
where 
Q(p,q)=5(p—q) 
G(p)G*(q) 


} cielanidadeedaiggmepiions . (2.11) 
(29)*L (gq? 2m)— (p?/2m)+ie |D*(q*/2m) 


Equations (2.9) and (2.10) give the scattering states 
for an initial asymptotic wave packet g(p) in mo- 
mentum space. Only S waves are scattered. 

The S matrix follows directly from (2.11). The 
transition amplitude between two momenta p, q is 


S(p— q)=5p,4 
2xdrl_(p?/ 2m) — (g?/2m) ]|G(p) |? 
y ane RO elt 
iV D*(p?/2m) 


» (2.12) 
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where V is the volume of quantization and where the 
Dirac 6-function 


57(0)=7/2z, (2.13) 


T being the total scattering time 


3. STABLE BOUND STATE 


If Eqs. (2.4), (2.5) have a negative-energy solution 
for E= E,<0, we can set for simplicity 


(3.1) 
(3.2) 


>(p,E) — oo(p), 
\(E) = 1. 
Equation (2.4) gives 
G(p) 


E,—(P, 2m) 
Then (2.5) yields the condition 
D(E,)=0. (3.4) 


Hence each negative zero of D gives a bound state. But 
there can be at most one such zero, since D(E) is a 
monotonically increasing function for E<0, as shown 
by differentiation. We find the cases 


D(0)>0: one stable bound state, 


D(0) <0: no stable bound state. 
The norm of the momentum-space state vector 


(3.5) 
G(p) |2 
E,- (p?/2m) F 
= D’(E,). 


(3.6) 


(3.7) 


The function |¢@,|* is the probability cloud of virtual 
y particles surrounding a stable x particle. The quantity 
Ey is its observed energy, while uz is its bare energy. 


4. BEHAVIOR OF THE S MATRIX IN 
THE LOCAL LIMIT 


If we take 
F(x)=C8(x), (4.1) 
i.€., 


G(p)=C, (4.2) 


then the integral in D [Eq. (2.8) ] diverges linearly. 
The following is a convenient energy cutoff: 


G(p)=CP/(p+P%}, (4.3) 


with P—+o after all calculations. We obtain by 
elementary integration, for E>0, 


C*P*m 
D(E) = E—p+- - 


29 (2mE+ P*) 


CP*m(2mE)! 


—j— 


Qn (2mE+ P*) 


(4.4) 
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For P+ @, 


D(E) = E—p!—i(mC*/2x)(2mE)', (4.5) 
where 


yp’ =p—C*Pm/2e. (4.6) 


The S matrix then depends on the energy as 


[E—p'+i(mC?/2x)(2mE)*P, (4.7) 


which is the one-level Breit-Wigner formula.’ If the 
observable quantity y’ is to be finite, we see that the 
bare energy wu must diverge linearly in P. 


Behavior of D(E£) in the Complex £ 
and 4/E Planes 


Equation (2.8) implies a branch cut along the positive 
real axis of EZ, such that Im /E<0O. Setting for 
convenience 

k= (E/\w'|)', 
a= (mC*/4x)(2m/ | u’| 4, 


(4.8) 


(4,9) 
we have 


D(E)= |p’ | (#—2iak1) (Imk<0) (4.10) 


if u’>0( <0), i.e., in the unstable (stable) case. In the 
second (“unphysical”) Riemann sheet defined by the 
cut we have the corresponding functions 


D,(E)= |u'| (+2iakF1) (Imk<0). (4.11) 


Stable Case (y’ <0, Lower Sign) 
The function D has one zero, 
k= —i[ (a?+1)!—a], (4.12) 
corresponding to 
E= Ey= — |p’ |((@+1)'!—a; 
similarly, D, has the “unphysical” zero 
k= il (e?+1)'+a]. 
For E>0 we find 
| D(E)|?= |’ |? (#+2a?+ 1)?— (2a*?+1)?+1], 


(4.13) 
(4.14) 


(4.15) 


* See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley & Sons, Inc., New York, 1952), p. 557. 
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Fic. 1. The zeros of D, in the complex (£/y’) nope (unstable 
case). The arrows indicate how the zeros move w a increases. 
The circle has unit radius. 


so that the cross section decreases monotonically as a 
function of the energy. 
Unstable Case (y’>0, Upper Sign) 
Here D has no zero, while D, has the zeros 
k= iat (1—a?*)!, (4.16) 
The position of these zeros for increasing a is shown in 
Fig. 1. 
For E>0, 


| D(E) |*= {u’ | (2 —14-2a)*+-4a*(1—a?)], (4.17) 


so that the cross section exhibits a resonance if a*<}. 
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